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ABSTRACT

HEURISTIC SEARCH UNDER TIME AND QUALITY BOUNDS

by
Jordan Tyler Thayer
University of New Hampshire, May, 2012

Intelligence is dicult to formally de ne, but one of its hal Imarks is the ability nd
a solution to a novel problem. Therefor it makes good sense #t heuristic search is a
foundational topic in arti cial intelligence. In this cont ext \search" refers to the process of
nding a solution to the problem by considering a large, posgbly in nite, set of potential
plans of action. \Heuristic" refers to a rule of thumb or a guiding, if not always accurate,
principle. Heuristic search describes a family of techniqgas which consider members of the
set of potential plans of action in turn, as determined by the heuristic, until a suitable
solution to the problem is discovered.

This work is concerned primarily with suboptimal heuristic search algorithms. These
algorithms are not inherently awed, but they are suboptimal in the sense that the plans
that they return may be more expensive than a least cost, or opmal, plan for the problem.
While suboptimal heuristic search algorithms may not return least cost solutions to the
problem, they are often far faster than their optimal counterparts, making them more

attractive for many applications.

The thesis of this dissertation is that the performance of subopti mal search
algorithms can be improved by taking advantage of information that , while
widely available, has been overlooked. In particular, we will see how estimates of

the length of a plan, estimates of plan cost that do not err on he side of caution, and
measurements of the accuracy of our estimators can be used improve the performance of

suboptimal heuristic search algorithms.

XXi



CHAPTER 1

INTRODUCTION

The focus of this dissertation is heuristic search, so we bé&gwith a description of the tech-
nique aided by a simple example. Then we discuss some of the sidasic techniques for
systematic heuristic search before providing an outline ofhe dissertation and its contribu-

tions.

1.1 A Simple Example

Search is a technique used to automatically nd solutions toa wide variety of problems
ranging from nding high quality alignments for sequences B2] of DNA to automatically
driving an automobile [38]. The following example is most lke nding a path for a character
in a video game, another popular use of heuristic search algthms [7].

Although the kinds of problems that can be solved by heuristc search are very di erent
from one another, they do share several important features.Typically, the problems can
be described by some initial con guration, or state, some gal state, or set of goal states,
and a set of actions which can convert one state into anotherHeuristic search algorithms
then systematically consider plans until they nd one which converts the initial state into
the goal state.

Figure 1-1 shows a simple problem that can be solved with heistic search: path nding
in a four-connected grid. We have an agent in the starting stée, the lower left hand corner
of the grid labeled \Start", and they would like to be in the up per right hand cell of the
grid labeled \Goal".



Goal

Start

Figure 1-1: Starting State

Figure 1-1 is lling several roles. It shows us an entire protem, it shows us a possible
con guration of the world, the initial con guration or star ting state, and it shows an in-
complete solution to the problem. In particular, it shows the partial solution in which we
take no action. We will be referring to a partial solution under consideration by a search
algorithm as a node

It is important to di erentiate between a state and a node A state is simply a con g-
uration of the world, for example the stick gure in the upper right hand cell. A node is
both a con guration of the world and the path by which it was re ached. This will become
important later on, especially in Chapter 5, when we discus$iow to handle the situation in
which a search algorithm reaches the same state by multiple gths, resulting in two nodes
representing the same con guration of the world.

Figure 1-2 shows the actions available to us in the initial sate shown in Figure 1-1.
From this state, we might move to the north, or we might move to the east. Taking either
of these actions would result in a new state, one in which the gent was one cell north of

the start and one where the agent was one cell east respectiye
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Figure 1-2: Actions
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Figure 1-3: Search Tree



Figure 1-4: Search Tree

When a search algorithm selects a node and considers addingtoons to the partial
solution it represents, we say that the search hagxpandedthat node. A single expansion is
shown in Figure 1-3. We see the initial search node, often cl@ld the root, generating two
successor, or child, nodes. The search state is shown, andetlpath by which the state was
achieved is drawn in red. As we've shown here, an expansion wsiders applying all legal
actions to the end of the current plan represented by the parat node. There are techniques
which consider only applying a subset of the available actins [81] and those which consider
inserting actions at places other than the end of a partial stution [40], however in this
dissertation we will focus on algorithms that consider adding all legal actions to the end of
a partial plan.

Figure 1-4 shows another pair of expansions on the nodes geated by the expansion of
the root, shown in Figure 1-3. It shows a couple of interestig features of heuristic search.
We should rst note that two of the grand-children of the root are plans which take us from
the starting state back to the starting state. Paying attention to such duplicate states in

search is important for performance.
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Figure 1-5: Solved Problem

We can also see that the search basically creates a tree of @iisle plans for solving the
problem in question. We can think about a heuristic search ajorithm as inducing a tree
over the problem, where each branch of the tree represents aaction and each element of
the tree is a state of the problem. A path from the root of the tree to a goal state represents

a solution to the problem, shown in Figure 1-5.

1.2 Basic Search Strategies

It is important to note that trees like the one shown in Figure 1-4 get very large very quickly.
The study of heuristic search is in part concerned with techiques for e ciently constructing
and navigating these large trees. We now discuss three of theost basic methods for
heuristic search. The rst two are optimal search algorithms. They are optimal in the sense
that they return cost-optimal solutions to the problem should one exist. The last algorithm
we will discuss in this section is a suboptimal search algatim which provides no guarantee

on solution cost relative to optimal.



UniformCostSearch (root )

1. open f rootg

2. while opené fg

3. let n = argmin ;5 g5en 9(N) N

4, if goal(n)

5. then return n

6. else open open f ng

7. for each child c of n, open open[f cg

8. return no solution

Figure 1-6: Uniform Cost Search Pseudo Code

1.2.1 Uniform Cost Search

Uniform cost search is one of the simplest techniques for niohg optimal cost solutions to
problems. It works by systematically considering potentid solutions in order of increasing
cost until a goal is found. Pseudo code for the algorithm is pesented in Figure 1-6.

On line 1, we initialize the open list of uniform cost search b contain the initial node,
the root.The open list is simply a collection of all nodes beaig considered by the search
currently. As we see in line 2 , search proceeds so long as tleeare plans that have yet to
be considered. Sometimes a node may have no children, that teere are no legal actions
to append to the partial plan. Other times, a node may only gererate children with states
that the search has already encountered by a better path, in Wwich case those children are
discarded'. If no nodes are left for consideration, the search algoritm has exhausted the
space, showing that there is no solution to the problem. The hility of a search algorithm

to always nd a solution to a problem should one exist and corectly report that a problem

1The pseudo code in Figure 1-6 doesn't include duplicate detection. It would be performed on line 7. We

will cover duplicate detection in detail in Chapter 5.



Figure 1-7: Expansion Order of Uniform Cost Search on a Pathnding Problem

has no solutions when it does not is called completeness.

On line 3 of Figure 1-6, we select the cheapest potential sdlion for consideration.
Speci cally we select the node with the smallestg-value from the open list. g(n) simply
tells us what the cost of executing the partial, or complete i the case of a node with a goal
state, solution represented by a node is. There may actuallype many nodes which share
the smallestg-value, so strictly speaking the pseudo code is wrong. Tieteaking is actually
a very important part of a heuristic search algorithm, and can have a large impact on the
performance of search algorithms [44, 68]. In the case of Ubirm cost search, breaking ties
arbitrarily or in a rst in rst out order are both reasonable strategies.

Figure 1-7 shows the order in which uniform cost search conders nodes on a path nding
problem of the variety we considered in Figure 1-1, albeit ora slightly larger scale. In this
problem, the start state is in the middle of the left-hand side of the grid (near the yellow
cells) and the goal is on the right-hand side (near the red céd), also in the middle. If a
cell is black, it was an obstacle in the search, a place wherehé agent couldn't move. If

the cell is white, the agent could have moved into it, but the agent never considered a plan



moving through there. If a state was part of a plan consideredby the search, then it is
colored according to when the search considered it. If the ste was considered early on, it
is colored in yellow. As time progresses, the color of the debecomes redder.

We can see that uniform cost search considers the nodes in a@ilar pattern, radiating
outwards from the start state in the center left. Cells with approximately the same color
were reached at about the same time by the search, and therefe have about the same cost.
The reason that cost radiates almost evenly outward from thestart state is that actions
in this domain all have identical cost. If the actions had di erent costs, the expansion
order would be quite di erent. Paying attention to action co st can be a determining factor
in getting good performance out of heuristic search algortims and is a topic that this

dissertation will return to frequently.

122 A*

There is something particularly unsatisfying about the expansion order of uniform cost
search as seen in Figure 1-7. The search algorithm considepgths going through many
states which we can clearly see are not good choices. If the @ois to move through the
grid from center-left to center-right, it makes little sense to consider states in the upper or
lower left-hand corners. Certainly, we may need to considethem, what if the only solution
to the problem was through there, but it is unsatisfying to see them considered so early on.

Our intuition about which states should and shouldn't be expanded by a search is more
formally called a heuristic. There are many sources of heustic information that can be
brought to bare when solving a problem, this is the primary focus of Chapter I. One of the
simplest, and probably most widely used, techniques for castructing heuristics for search
is that of solving a relaxed version of the problem.

Relaxing a problem means that we ignore all of the interestig parts that made it di cult
to solve in the rst place. In the case of a path nding problem, we make the unrealistic
assumption that no obstacles exist, and then we compute theast of a path from the state

being considered to the goal. An example of this for the staling state shown in Figure 1-1



Start

Figure 1-8: An Example Heuristic

is shown in Figure 1-8. Often we don't need search to construcdhe solution to a relaxed

problem. As we can see for these grid navigation problems, th sum of the horizontal
and vertical displacement of the current state from the goalstate gives the exact cost of an
optimal path from the state to the goal assuming no obstacles This is called the Manhattan

distance heuristic.

The pseudo code in Figure 1-9 shows a best- rst search algdhim like uniform cost search
modi ed to take a heuristic evaluation function into account. In fact the pseudo code is
identical to that presented in Figure 1-6 but for a small change in line 3. Previously, nodes
were selected for having the smallesp-value, the smallest costing partial solution. This
algorithm augments that by considering not only the cost of the current partial solution,
but a heuristic estimate of the cost of completing that soluton, h(n). This is the A search
algorithm.

Figure 1-10 shows the expansion order oA on the same problem as we saw in Figure 1-
7. We can clearly see the in uence of the heuristic on the seah algorithm. The heuristic

prevents us from exploring portions of the space that we reagnize as unpromising which



A (root)
1. open f rootg

2. while opené fg

3. let n = argmin ;5 gpen f (N) = g(n) + h(n) in

4, if goal(n)

5. then return n

6. else open open f ng

7. for each child c of n, open open[f cg

8. return no solution

Figure 1-9: A* Search Pseudo Code

-

Figure 1-10: Expansion Order of A* Search on a Path nding Prdblem
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produces the ame-like search order seen in the visualizatin.

A [45] search is a heuristic search algorithm that, like unifom cost search, produces
optimal cost solutions to a problem should one exist, provigd the heuristic is admissible
Admissible heuristics always underestimate the true costo-go from the state on which they
are computed to the goal. A formal proof of the cost-optimalty of solutions returned by
A* can be found in either [45] or [43], but the core of the argunent is as follows. Ifh(n)
is an underestimate of the cost-to-go, thenf (n) = g(n) + h(n) must be an underestimate
of the total cost of a solution through n. If we evaluate nodes in order of increasing (n),
then when we do encounter a solution it will have an estimatedotal cost no greater than
any other potential solution to the problem, and thus be costoptimal.

While admissible heuristics are very useful for proving tha a solution is cost-optimal,
or that it has cost within some bounded factor of the cost of anoptimal solution as we will
see in Chapter 5, there is nothing inherently wrong with inadnissible heuristics, that is,
heuristics which may potentially overestimate the cost-to-go from a state to the goal. Part
of Chapter | focuses on constructing powerful inadmissibleheuristics, and in Chapter 5
and on we will see that inadmissible heuristics can be used tomprove search performance

substantially.

1.2.3 Pure Heuristic Search

We've been talking about optimal heuristic search algorithms, but the focus of this work is
suboptimal search algorithms. Greedy search [16], someties called pure heuristic search is
the simplest suboptimal heuristic search algorithm. Pseud code is presented in Figure 1-
11. Again, the primary di erence between greedy search andhe previous two algorithms is
in line 3, where we determine the order in which nodes are coigered by search. In greedy
search, we only consider the cost-to-go heuristic, hence éhname \pure heuristic search".
The order in which greedy search expands nodes is shown in kige 1-12. In comparison
to the previous two algorithms, greedy search expands veryefv nodes, proceeding nearly

directly from the start to the goal. Unlike uniform cost search and A* greedy search
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A (root)

1.

2.

w

open f rootg
while opené fg
let n = argmin ;5 gpen h(N) N
if goaly(n)
then return n
else open open f ng
for each child c of n, open open[f cg

return no solution

Figure 1-11: Greedy Search Pseudo Code

Figure 1-12: Expansion Order of Greedy Search on a Path ndig Problem
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provides no guarantee on the cost of the solution it returns elative to optimal. Since it
provides no guarantees, it does not spend any time considerg solutions which may, in total
be cheaper. It simply pursues the cheapest-to-complete adtion in an e ort to be fast. As

we will later see in Chapters | and 5, pursuing solutions withlow estimated cost-to-go is
not the best approach to solving problems quickly, we shouldnstead pursue solutions with

few estimated actions-to-go.

1.3 Outline and Contributions of Dissertation

Optimal heuristic search is a well understood part of the ari cial intelligence landscape.
There are many algorithms for the optimal search setting tha are well understood. More
speci cally, they are well understood both empirically, that is in terms of what the perfor-
mance trade o s between the algorithms are, and they are welunderstood theoretically. We
know what information the algorithms can rely, ie admissible heuristics, and we know how
to derive powerful forms of that information directly from t he description of the problem.
Further, we know under what conditions which algorithms are guaranteed to be e cient
and under what conditions they are likely to be ine cient.

The theoretical understanding of optimal search is the motvation of this work. While
optimal search enjoys a well established theory, and the inght and improved algorithms
that such an understanding brings, there is still no theory d suboptimal search. We do
not have a listing of the sources of information that suboptmal search may nd helpful,
nor do we have a solid understanding of how these sources offimmation may be derived
directly from the problem. Beyond reasoning backwards fromempirical results, the eld of
suboptimal search has very little to say about the reasons wjn our algorithms perform well
or poorly.

This dissertation is, hopefully, the beginning of such a fomdation for the theory of
suboptimal heuristic search. The dissertation falls rouglty into two parts. In the rst, we

will discuss several kinds of information useful for subogtnal search algorithms and show
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how to construct these sources of information from the prolm being solved. In the second,
we will discuss suboptimal search settings and algorithmsin particular, we will show how
relying on the sources of information constructed in the rst portion of the dissertation lead
to improved performance for suboptimal search. We will disass a variety of suboptimal
search settings: bounded suboptimal search, bounded cosearch, and anytime search will
be discussed in great detail, while other settings such as pe heuristic search and beam
search will receive less attention.

The following provides a summary of the contents of each chapr, as well as its contri-

butions to the eld.

1.3.1 Estimating Actions-to-go

In this chapter, we discuss the construction of heuristics stimating the number of actions-
to-go between a state and the goal. Actions-to-go estimatebave appeared several times
throughout the history of suboptimal search [43, 20], howeer they are not as commonly
discussed as estimates of cost-to-go. The reasons for thiseatwofold. First, cost-to-go
heuristics are needed for any search algorithm that wants tqrovide guarantees about the
cost of a solution, either absolutely or relative to optimal cost. Secondly, many domains,
particularly the puzzle-like domains frequently used by the heuristic search community.
There, estimating cost-to-go is identical to estimating adions-to-go.

The chapter serves a second role, namely it provides a detaill description of the domains
used for evaluation throughout the rest of the dissertation In addition to discussing the way
in which the actions-to-go estimates are computed, we will Bo discuss how the admissible
cost-to-go estimates are constructed, as well as other intesting aspects of the problems
such as average branching factor and the number of goal stase Such features play a large
role in determining the performance of the search strategie discussed in the latter half of

the dissertation.
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1.3.2 Constructing Inadmissible Estimates by Hand

In this chapter, we will discuss the simplest technique for onstructing inadmissible estimates
of cost-to-go, namely constructing them by hand using insigt into the domain. We will
discuss three general techniques for building inadmissibl heuristics: book keeping while
computing the admissible heuristic, taking the midpoint of an under-estimate and over-
estimate, and combining multiple heuristics in potentially inadmissible ways.

While we know very well how to construct admissible heuristcs from the description
of a problem, the construction of e ective inadmissible esimates is more of an art, having
no formulaic approach like those enjoyed by admissible heistics. The contribution of
this chapter is to provide an outline for three general ways 6 constructing inadmissible
heuristics from the description of a problem. The approachs here are not as automatic
as those for constructing admissible heuristics, but they Bare many parallels with the

automated construction of admissible heuristics.

1.3.3 Learning Inadmissible Estimates

This chapter discusses three techniques for constructinghadmissible estimates of cost and
actions-to-go automatically using techniques from machie learning. We will look at three
times when learning could produce an improved inadmissiblestimate: before any search
takes place, in between solving problems, and during the seing of a single instance. The
latter of these is a major contribution of this dissertation to the eld. Speci cally, the idea
that the search should inform the heuristic just as the heurstic informs the search is very
important.

While the inadmissible estimates computed in the previous kapter require some amount
of human ingenuity, those discussed in this chapter do not. Erther, the heuristics con-
tributed by this dissertation, those learned online, during search, have several desirable
properties that their forerunners lacked. Namely, they do rot require a large set of homo-

geneous instances to work, and they can learn corrections itared to a speci c instance of
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a problem without impacting performance on other instancesfrom the same domain.
Further, the online heuristic learning could easily be usedon top of the oine or in-
terleaved learning approaches to improve the quality of aleady strong heuristics. The
online correction techniques presented in this chapter ma& no strong assumptions about
the properties, so there is no reason that they can't be usedrotop of previous techniques

for constructing powerful heuristics before or in between sarches.

1.3.4 Bounded Suboptimal Search

This chapter begins the second half of the dissertation whegin we discuss suboptimal heuris-
tic search strategies. In this chapter, we will discuss bouded suboptimal heuristic search.
These algorithms return solutions that are guaranteed to hae cost within a bounded fac-
tor of the optimal solution cost to the problem. The chapter contains a de nition of the
problem of bounded suboptimal search and a lengthy discussn of many, if not all, of the
algorithms for this problem setting.

This chapter contains three major contributions to the eld of heuristic search: a def-
inition of the goal of bounded suboptimal heuristic search,the explicit estimation search
algorithm, and a study of much of the previous work in the areaof bounded suboptimal
search. The study of previous work is broken into two parts, @ empirical evaluation of
the algorithms on a wide set of benchmark domains and a more #oretical evaluation of
the algorithms on a set of explicit graphs. The empirical evéuation shows that Explicit
Estimation Search is generally faster and more robust than pevious approaches, and the
theoretical evaluation explains that this is the result of actually attempting to solve the
problem of search under a suboptimality bound directly.

The problem de nition and the theoretical evaluation hopefully are the beginnings of
a theory of suboptimal search. Having a formal de nition of the desired performance of
algorithms, a concept of optimal behavior for bounded subotimal search, is necessary for

forming a theoretical foundation for the area.
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1.3.5 Bounded Cost Search

This chapter investigates a relatively new setting for subg@timal heuristic search. Unlike
algorithms in the previous chapter, which return solutions within a bounded factor of the
optimal cost solution, these algorithms seek to nd any soldion beneath a user-supplied cost
bound C as quickly as possible. The main contribution of this chapte are a bounded-cost
variant of the Explicit Estimation Search algorithm unimag inatively called Bounded-cost
Explicit Estimation Search, or BEES. The construction of BEES shows that the approach
taken when constructing explicit estimation search can be pplied e ectively to a range of

other settings.

1.3.6 Anytime Search

This chapter investigates the anytime search setting, in wlch search algorithms must nd

the best possible solution within an unknown time. In this chapter, we present a study
of many algorithms for the anytime search setting. In particular, we look at three general
frameworks for converting bounded suboptimal search algathms into anytime algorithms.

We examine the bounded suboptimal search algorithms presésd in the earlier chapter
within these frameworks.

When originally published, the study of frameworks and bourded suboptimal search
algorithms was the rst of its kind. The d-Fenestration algorithm presented here was an
original contribution, although in the end it turned out the algorithm was not particularly
competitive with other previously proposed work. Anytime Explicit Estimation Search,
AEES, is another major contribution of this work. AEES is to anytime search what BEES
is to bounded cost search: an application of the ideas that ga rise to EES to the problem

of anytime heuristic search.
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1.3.7 Summary

This dissertation attempts to lay the groundwork for a theoretical understanding of the area
of suboptimal heuristic search algorithms. Such and undetsnding is important because
it allows us to predict when suboptimal search algorithms wil work well and when they
will work poorly. A theory of bounded suboptimal search necssarily includes a formal
de nition of the problems solved using suboptimal search méods. Further, it requires an
understanding of the kinds of information useful to suboptimal search and then techniques
for constructing this information. Finally, it needs a set of baseline algorithms designed to

solve the various problems that were previously laid out.
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As we previously noted, heuristic search is a widespread appach to automated planning
and problem solving. If time and memory permit, we can use algrithms such as A* [23] to
nd solutions of minimal cost. These algorithms require an admissible heuristic evaluation
function, that is, a heuristic which never over-estimates the true cost-to-go from a node to
a goal. Under mild assumptions it can be shown that no similaly informed algorithm can
nd provably optimal solutions while performing less work than A* [14]. Unfortunately,
problems are often too large and deadlines are often too shibfor nding provably optimal
solutions [25]. When optimally solving a problem is impracical, suboptimal search can
be a practical alternative. Suboptimal search algorithms acri ce solution optimality in an
attempt to reduce the resources needed for solving problems

In this dissertation, | will be talking about four varieties of suboptimal search: greedy
best- rst search algorithms, bounded suboptimal search aorithms, bounded cost search
algorithms, and anytime search algorithms. While all four dgorithms solve slightly di erent
problems and are tailored towards di erent applications of suboptimal heuristic search, they
do have at least one common point: they can consider inadmigide sources of heuristic
guidance without sacri cing whatever guarantees about thesolution they already provide.
Greedy search provides no guarantees, so this is trivial, ahwe will discuss how to make
use of inadmissible cost-to-go estimates in bounded subaptal, bounded cost, and anytime
search without losing guarantees of bounded suboptimalitybounded cost, and convergence
to an optimal solution in Chapters 5, 6, and 7.

The chapters in this section of the dissertation investigag ways of constructing poten-
tially inadmissible heuristics to guide search. We look at hree sources of heuristic guidance:
estimates of actions-to-go, hand crafted inadmissible c#4o-go estimates, and estimates
constructed by automated learning techniques. These heustics all have di ering sources,
and even slightly di erent applications in the case of actions-to-go estimates and cost-to-go
estimates.

Estimates of actions-to-go may be inadmissible because the are many domains where

actions may have cost less than 1, one of example of this is a PSproblem laid out on a
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unit square. The distance between the towns is a number that rast be larger than 0 but

less thanIO 2. There are many values in that range with cost less than 1. IrSection 2, we
will discuss ways of constructing distance-to-go estimate for all of the problems considered
in this dissertation. We will additionally be discussing the construction of the cost-to-go
heuristics of the domains as well as other interesting prop#ies of these domains, such as
average branching factor and the number of potential solutons to a problem.

Anyone who has taught an introductory course in arti cial in telligence can attest to the
ease of constructing an inadmissible estimate of cost-toegby hand. Even when asked to
produce an admissible heuristic, many students will produe inadmissible heuristics because
they are more in line with the non-technical de nition of a heuristic: a general rule that
may occasionally be violated. In Section 3, we will discussechniques for constructing
inadmissible estimates of cost-to-go by hand.

Finally, we consider learning as way to construct these inadhissible estimates of cost-to-
go in Section 4. There are three possible settings where inatssible estimates of cost-to-go
can be learned automatically from data: before any search kgns, interleaved with the
solving of many instances, and during the solving of a singlénstance. We will discuss all
three approaches in Section 4, although the focus will be onhie online learning of cost-
to-go estimates, as that is the primary contribution of this work to the area of learning

inadmissible heuristics.
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CHAPTER 2
Estimating Actions-to-go

2.1 Introduction

This chapter discusses the derivation of estimates of actiws-to-go for use in suboptimal
heuristic search algorithms. Before we go too far along the ggh of nding out how to
compute estimates of the remaining actions, we should rst onsider why it is we want those
estimates. As we discuss in detail in Chapter 5, Chapter 6, ath Chapter 7, in suboptimal
search settings, the time required to nd a solution is oftenincredibly important. We will
argue in Chapter 5 that bounded suboptimal search algorithns should nd a solution within
the user supplied bound as quickly as possible. A nearly ideital argument will be made
for the bounded cost setting in Chapter 6, and a similar discgsion will be part of Chapter 7.

Since suboptimal search algorithms are often quite conceed with the time consumed
while solving problems, we should have some way of estimatinthe di culty of converting
the partial solution represented by a node into a complete stion. Estimating the actual
time required to solve a problem is an open problem in heurigt search, but the number of
actions remaining will provide a good proxy for the requirede ort to complete.

The di culty of solving a problem using heuristic search is strongly tied to the size of
the tree induced by search. The size of this tree is determireby two things, the branching
factor and the depth. If the size of the tree is roughlybf, where b is the branching factor
and d is the estimated depth of the tree, then clearlyd plays a very important role in
determining the di culty of solving a problem.

What holds for the whole search tree is also true of the nodesnithat tree. We can
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Figure 2-1: Inadmissible Estimates of Cost and Actions-togo Improve Speed

roughly guess how di cult it will be to convert some node in our search tree into a complete
solution by estimating the number of actions between the st&e that node represents and
the goal. By ordering nodes ond(n), their estimated actions-to-go, we are able to order
nodes roughly on their cost of completion.

In Figure 2-1, we see that ordering nodes in terms of action#s-go in greedy search
results in faster search for the heavy vacuum domain which wewill discuss later in this
chapter. In this plot, we show the size of the instance on the »axis, and the amount of time
required by greedy search to nd a solution in seconds on the yaxis. Not only is greedy
search on actions-to-go,d in the plot, faster than search on either admissible cost-tego
or inadmissible cost-to-go, admissibleh and inadmissible h respectively, but it also scales
better than either of these on the heavy vacuum problem. The lkilk of the dissertation will
be interested in how estimates of actions-to-go allow us topeed up search algorithms in a
variety of settings by allowing us to order nodes roughly by teir cost of completion. The

scaling behavior is interesting as well, but will not be investigated thoroughly here.
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Now that we have motivated the need for actions-to-go estimges, we will discuss tech-
niques for constructing them directly from the description of a problem. This chapter will
also serve as a description of all of the domains used in the a&wations throughout the
dissertation, as we will have to discuss the domain in detaito understand how to construct

d(n) for a given domain.

2.2 N-Puzzle

The n-puzzle, sometimes then? 1-puzzle, or the sliding tile puzzle is the fruit y of the
heuristic search community. That is, it is probably the most commonly experimented upon
problem in heuristic search literature, and for good reason The puzzle is simple to describe,
simple to represent, and while small versions of the puzzlera easy to solve, asn becomes
large, the problem becomes incredibly di cult to solve. Large, of course, depends on the
kind of solution we want to nd, ie optimal, bounded suboptim al, and so on.

In general, then-puzzle refers to a sliding tiles puzzle withn pieces and 1 blank. Initially
the tiles have some unknown con guration, and the goal is to,by sliding tiles from their
current position into the blank, to convert the initial con guration of the puzzle into the
goal con guration. Sometimes the tiles are simply numbered sometimes they are pieces
of an image that must be reformed, sometimes parts of words ggear on the tiles, but no
matter the goal, the problem is essentially equivalent. Although many con gurations exist,

we will consider only square puzzles in this dissertation.

2.2.1 Eight Puzzle

The eight puzzle is the smallest variant of the sliding tilespuzzle we consider in this paper.
It is a 3x3 grid containing the numbers 1 through 8. The goal ca guration is to put the
blank in the upper left-hand corner, and the numbers 1 throudh 8 following from left to
right behind the blank. If we think of the blank as having the number 0, then the idea is

to convert whatever original permutation of the numbers existed into the sequence 08.

24



In any state of the puzzle, our available actions are dictate by the position of the blank.
All we can do in a given state is move one of the tiles adjacentd the blank into the blank.
Later, we will discuss a variant of the n-puzzle that more accurately re ects the physical
puzzle in that multiple tiles may be moved at once. In the tiles puzzle, generally actions all
have the same cost, 1. Such domains are referred to as unitstodomains. In these domains,
estimating the cost-to-go is identical to estimating the adions-to-go.

In the following evaluations, we will predominantly rely on the Manhattan Distance
heuristic for estimating the cost-to-go in tiles puzzle. Fa each tile, we compute the hor-
izontal and vertical distance between it and its home locaton, ie x moves left or right, y
moves up or down, report a value for the tile ofx + y, and we sum this value for all tiles
on the board. In practice, we do not compute these values anetor each state. Instead, we
construct a look-up table before search begins so that we casimply look-up the distance
of a tile from its home position, rather than going to the trouble of performing simple arith-
metic. This heuristic is a relaxation of the original problem in the sense that it assumes we

can simply slide one tile through another, which is obvious} not true in the real puzzle.

2.2.2 Fifteen Puzzle

We will also examine the 100 instances of the 15-puzzle presed by Korf[34]. Again, we
will predominantly use the Manhattan distance heuristic for both h(n) and d(n). Other
more informed heuristics exist, for example we could add Mahnattan distance and linear
con icts [41] or use memory based heuristics like pattern déabases [12], but these techniques
have drawbacks such as being more expensive to compute or kggng large amounts of pre-
computation to construct.

This implementation of the 15-puzzle is not as fast as othersExpansion rates upwards
of a million nodes a second have been reported in the literate, however the implementation
used here is capable of handling arbitrary sized puzzles, nceo-actions, and interesting cost
functions. Each of these comes at the cost of increased pepde overhead. In relation to

the other domains in the study, this solver is the second \fagest" in the sense of nodes per
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second.

Another interesting feature of the n-puzzle is that it has incredibly long cycles, three
to four times as long as the other cycle-containing domains ansidered in the dissertation.
When we discuss the length of cycles in this dissertation, wéit we mean is cycles excluding
the trivial two-action cycle of making and immediately undoing an action, for example
moving a tile to the left and then immediately moving the sametile back into the blank it
created. Such actions are not helpful and can be safely prudein almost all cases. When
computing the average branching factor of a domain, we will &o use this optimization.
The importance of cycles and the duplicate nodes they creataill be a recurring theme in

Chapter 5.

2.2.3 Macro Fifteen Puzzle

The macro fteen puzzle is a more faithful representation ofthe sliding tile puzzle than the
previously discussed domains. In this variant, we might moe one, two, or even three tiles
at a time. That is, we can slide a single tile, a portion of a rowor column, or the entire row
or column one cell in the direction of the blank, much like we @n move multiple tiles in the
real puzzle with a single slide of our nger. However, even wan moving multiple tiles, we
only charge a single unit of cost for the action.

Being able to move multiple tiles at the same time does changéhe way in which we
compute the admissible estimates of cost-to-go. We still dg on the Manhattan distance of
all of the tiles from their home location, but this value may now over estimate the true cost-
to-go as a result of the macro actions. In order to keep the Mahattan distance estimates
admissible, we must account for the fact that we can now move pi to three tiles one space
closer to their goal locations in a single action. That is, wecan simply divide the Manhattan
distance by three in order to get an admissible heuristic esinate for the cost-to-go. The
resulting heuristic is admissible and still consistent, bu it is no longer integer-valued, which
can be important in obtaining an e cient implementation of a search algorithm, something

we will discuss in greater detail in Chapter 5.
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Now that we have discussed how to compute the cost-to-go forhis domain, we consider
how to compute the number of actions remaining between a give state and the goal state
1. The simplest way of computing the number of actions remainng is to have solutions that
always exist at a xed depth, such as they do in the traveling alesman problem. When
solutions do not exist at a xed depth, the simplest way of conputing an estimate of the
number of actions between a state and the goal is to perform sne book-keeping while
estimating cost-to-go in order to compute the number of actons-to-go simultaneously.

In the case of the macro fteen puzzle we are considering momp each tile individually
one space at a time from its current position into its goal pogion. For each space moved
we charge it% because in the ideal case we could be moving up to three tiled a time
at unit cost, and we can not allow a potential over-estimation of the cost. As we tally %
for the cost of the action for each move, we can also tally 1 fothe number of actions we
suspect we will have to take to solve the problem. In this casehis ends up being exactly
the Manhattan distance heuristic that we used for the previaus versions of the sliding tile
puzzle.

The macro fteen puzzle is unique in the domains evaluated hee in that it is the only
problem which has unit-cost actions and di ering base estimates of cost and actions-to-go,
h and d respectively. Any action could move multiple tiles, so we mst divide the costs of all
movement under the assumption that all tiles will be moved atthe same time as two others
in order to maintain admissibility. However, having probably solved a number of these
problems ourselves as children, we recognize that many of éhactions will not be to move
all tiles in a row or column simultaneously, and that such mows are often not bene cial.
Thus, the standard, undivided Manhattan distance provides a reasonable estimate of the
length of solutions for this domain.

Certainly we could construct di erent estimates of the length of the solution for the

standard 15 puzzle, without macro actions. We might conside using a more informed

1The goal state because the fteen puzzle has a single canonial goal state.
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estimate of the length of the solution, one that could potenially over-estimate the number
of actions required. This is really more like an inadmissibé estimate of cost-to-go, the
subject of the next two chapters. In the end, the distinction between inadmissible estimates
of cost-to-go and inadmissible estimates of actions-to-gon unit cost problems is really a
purely academic one. Still, it is a distinction that is important to make because it helps us

think about more complicated problem settings where the cosof individual actions di er.

2.2.4 Inverse Cost Fifteen Puzzle

We will examine the same 100 instances of the 15-puzzle usadthe standard 15 puzzle and
the macro 15 puzzle discussed in the previous two sectionsubwith yet another function
used to determine the cost of actions. In the inverse tile puzle, the cost of moving a tile
into the blank is ﬁ where face is the number on the tile. So moving the 15 tile costs
1—15 and moving the 8 tile costs%. The heuristic is simply a modi ed Manhattan distance.
For each tile we compute its displacement from its goal locdbn, and then multiply this
distance by the action-cost for moving that particular tile. This is then summed up for all
tiles.

While it may seem ridiculous to study nearly identical problems with slightly di ering
cost functions initially, it allows us to separate out the impact of action costs from basically
all other aspects of a domain when evaluating the impact of aion-costs on heuristic search
algorithms. By holding the branching factor, number of goak, average solution depth, cycle
length, and other important domain features constant while only varying the cost-function
for actions, we can get a better idea of how exactly the cost o&ctions impacts heuristic
search.

The inverse tiles problem has a relatively wide spread of aabn costs, but what is
particularly interesting is that all of these costs are lessthan 1. This means that, strictly
speaking, the distance-to-go estimate for this domain fregently over estimates the cost of
the solution for this problem. In other domains with action costs, for example the heavy

vacuum domain we are about to discuss, estimates of action®-go are generally far lower
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than the cost-to-go.

As before, to compute the actions-to-go estimate for the inerse 15 puzzle, we must
simply keep track of the number of actions we estimate we wiltake while computing the
cost-to-go estimateh(n). In this case, as with the macro 15 puzzle, that ends up beinghe

Manhattan distance for all of the tiles, summed together.

2.2.5 Twenty-Four Puzzle

We also consider a 5x5 sliding tile puzzle with 24 tiles in ourevaluation. These puzzles are
considered primarily in the context of learning heuristicsfor search in Chapter 4. Increasing
the size of the problem, even by such a small amount, increasethe di culty of solving

the problem dramatically. h and d are computed identically in the 24 puzzle using the

Manhattan distance.

2.3  Vacuum World

The vacuum world is domain motivated by the rst search spacedescribed in [55]. In it, a
small vacuum must navigate a room, modeled as a grid, and vaaum up all of the piles of
dirt. Naturally the room is not completely free of furniture , so we model these obstructions
to the movement of the vacuum robot as blocked cells on the gd. The robot can turn on a
dime, but can only move in the cardinal directions. The problem is solved when no piles of
dirt remains. We consider two variants of the vacuum world problem, one with unit action
costs and one with actions of varying cost.

The vacuum world problem is much like a mixture of the traveling salesman problem
and grid world navigation. In fact, at least for the unit cost variant of the problem, we could
solve these problems by computing all pairs shortest pathsdr all points on the grid, or at
least the vacuum and all dirty cells, and then solving the resilting problem as if it were a
TSP with a number of cities equal tot he number of dirts plus the vacuum. For problems of

the size we consider in this paper, solving such a TSP problerns pretty simple, however the
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point isn't to construct the fastest solver for an imagined problem, but rather to understand
the impact of domain features on solver performance and to ha a wide variety of domain
features present in our evaluation. In the case of the vacuunproblem, these features are
the inconsistency of the cost-to-go heuristic, the relatiely low branching factor, the tight

cycles and large number of duplicates, and the fact that thee exist multiple goal states.

2.3.1 Unit-Cost Vacuum

We consider two variants of the vacuum problem, one with unitcost actions and one with-
out. We will discuss the variant with unit-cost actions rst . We consider two sizes of
unit-cost vacuum worlds. For measuring the relative perfomance of bounded suboptimal
and anytime search algorithms, we used 100 instances that ar500 cells tall by 500 cells
wide, each cell having a 35% probability of being blocked. Weglace twenty piles of dirt and

the robot randomly in unblocked cells and ensure that the prdlem can be solved. When
measuring the accuracy of heuristics, we look at 100 instars that are 200 by 200 with 5
piles of dirt. These smaller instances can be exhaustivelyesrched on our computers, while

the larger problems cannot be exhaustively enumerated.

2.3.2 Heavy Vacuum

We examine 150 instances of vacuum problems in our evaluatis. Each instance is on a
200 by 200 grid. Each cell has a 35% chance of being occludedn&® the obstacles are laid
down, 10 piles of dirt and the vacuum are placed randomly on tle board. We then check to
make sure the problem is solvable by making sure that the robiband dirt piles are in the
same connected component of the grid. The cost of taking an &on is 1 plus the number
of dirt piles that the vacuum has already cleaned up. So initally all actions cost 1, then 2,
and so on up to a cost of 10.

The cost-to-go heuristic is computed as a minimum spanningree of the robot and dirt
piles. Once the minimum spanning tree is computed, the edgem the tree are sorted in

order of length, longest rst. We then weight the edges basedn the current action cost.
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The longest edge is weighted by the current cost of acting, th next longest edge gets the
current cost plus one, and so on.

Estimates of actions-to-go are computed by assuming the ptdem contains no obstacles,
and then computing a greedy traversal of the dirt piles. That s, the vacuum moves to the
nearest pile, then the next nearest, and so on. We compute mo®f this information while
constructing the spanning tree, so computing this more infomed action-to-go heuristic is
surprisingly cheap. While we could compute the actions to gsimply by counting the length
of each arc in the spanning tree instead of the weighted arc fggth as we do for computing
h(n), this estimate of distance-to-go ends up being more inforrad for little additional cost.

One interesting thing about the heavy vacuum domain is that the heuristic for this
domain is inconsistent. That is, the heuristic between two $ates will often di er by more
than the cost of the transition between them. This is becausehe heuristic is based on a
spanning tree including the agent. Moving the agent can alte the cost of all edges in the
spanning tree, which is what gives rise to the inadmissibily. Pilot experiments showed

that less informed admissible heuristics lead to longer swing times.

2.4 Life Cost Grids

Life-cost grids were rst proposed by Ruml and Do[54]. They ae a standard 4-connected
grid with a slightly di erent cost function, moving out of a ¢ ell has cost equal to the y-
coordinate of the cell. The instances studied here are 2000200 cells, with the starting
location in the lower left hand corner of the grid and the goallocation in the lower right.
As a result of the cost function, cheap paths involve moving p from the starting location
towards the top of the grid, cutting across, and coming back @wn to the goal. It is called
the \Life" cost function because cheap solutions incorporée many economizing steps, much
like many tasks in real life.

Computing cost-to-go for life cost grids is slightly more canplicated than using simple

Manhattan distance. It is easiest to think of the heuristic as ignoring all obstacles on the
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board and computing the cost of the cheapest solution from tle current state. In the case
of life cost grids, the cheapest solution will take one of twoforms. Either an 'L' shape is
produced where the agent makes a string of horizontal movesna a string of vertical moves,
horizontal followed by vertical if the agent is north of the goal, vertical then horizontal if
the agent is south of the goal or alternatively the agent movs in a 'n' shape, straight up
for some number of moves, then across and down.

We compute the cost of both solutions and take the cheaper ofite two. The choice
of which solution to take also impacts the actions-to-go esiate for the state. In the
case where we take the 'L' shaped path, the actions-to-go cahe estimated by Manhattan
distance. In the 'n' shaped paths, we must count the up, downand horizontal actions which
are usually much larger than the Manhattan distance betweenthe agent and the goal.

The life cost grids have the largest spread of action costspseading over a range at least
an order of magnitude larger than other domains with action @sts. Despite this, algorithms
which paid attention to the di erence between solution length and solution cost did not fare
as well on this domain as they did in others, as we saw in the el@ation in Section 5. We
suspect that this is because the cost-to-go heuristic for tls domain is particularly strong.
Paying attention to an additional source of information has several bene ts, but one of

them is to shore up weaknesses in some of the heuristics [53].

2.5 Dynamic Robot Navigation

This domains follows that used by Likhachev, Gordon and Thrwun [37]. The goal is to nd
the fastest path from the starting location of the robot to some goal location and heading,
taking momentum into account. We perform this search in worlds that are 500 by 500
cells in size. We scatter 75 lines, up to 70 cells in length, \h random orientations across
the domain and present results averaged over 100 instance. hE cost-to-go heuristic is
constructed by computing the optimal distance of every locdéion of the board to the goal
location, call this hggiic (n). h(n) = Nsic (M) 5 d(n) = hggagc (n). Thatis, the admissible

maxvelocity
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heuristic is simply the length of the shortest static path divided by the maximum speed of
the robot, and the estimated number of actions is the length 6 the static path.

Dynamic robot navigation has by far the larges branching fator of all of the domains
considered in this study, with a maximum branching factor two orders of magnitude larger
than other algorithms, and an average branching factor one mler of magnitude larger than
other domains. This is because we are considering a large niar of potential headings

and speeds for the robot, and any of these could change betweévo search nodes.

2.6 Dock Robot

We implemented a dock robot domain inspired by Ghallab et alp1] and the depots domain
from the International Planning Competition. Here, a robot must move containers to their
desired locations. Containers are stacked at a location usg a crane, and only the topmost
container on a pile may be accessed at any time. The robot mayrie between locations
and load or unload itself using the crane at the location. We ested on 150 randomly
con gured problems having three locations laid out on a unit square and fteen containers
with random start and goal con gurations. Driving between t he depots has a cost of the
distance between them, loading and unloading the robot cost 01, and the cost of using the
crane was 005 times the height of the stack of containers at the depot.h was computed as
the cost of driving between all depots with containers that dd not belong to them in the
goal con guration plus the cost of moving the deepest out of ace container in the stack
to the robot. d was computed similarly, but 1 is used rather than the actual osts.

The dock robot domain has a large number of legal goal statedar larger than most
of the problems here. While tiles, inverse tiles, life grids and dynamic robots all have a
single canonical goal, dock robots only speci es in which ¢ the crates must be at the end
of search. It says nothing about the ordering of those cratesn the goal pile, which is why
there are so many legal con gurations. It is rare that all crates would need to be moved to

one pile, which has the largest number of legal con guratiors at 1,307,674,368,000, and it
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Tiles Inv. Tiles | Life Grids | Heavy Vacuum | Dynamic Robot | Dock Yard

Max Branching | 4 4 4 5 150 4
Avg Branching | 2.13 2.13 1.66 1.67 51.41 3.08

Action Costs | 1 {1 0{1200 1{10 {1 0{15
Shortest Cycle | 12 12 4 4 None 3

Consistenth | Yes Yes Yes No Yes No

Number of Goals | 1 1 1 10 1 35 i 15
N(SJngs 642577 | 52460 771680 20958 568859 108495

Table 2.1: Properties of the Domains Under Investigation

is also rare that each pile would contain ve crates, which ha the smallest number of legal
goal con gurations at 360. This makes computing the heuristc particularly challenging for

this domain.

2.7 Summary

There are a wide variety of problems that can be solved usinguboptimal search techniques
like the kind discussed in this dissertation. Table 2.1 give a brief summary of many of
the important properties of the domains used in this disseration. The domains themselves
span navigation problems for a vehicle with dynamics, orgaizing crates at a ship yard,
and nding the solution to a puzzle. This doesn't even begin © cover the spectrum of
problems approachable with heuristic search techniques, ut it does provide a decent range
of important domain properties.

The table presents the domains and columns, and attributes s rows. \Max Branching"
reports the maximum possible branching factor for the doman. \Avg Branching" reports
the average branching factor experienced by a uniform costearch run to completion or
until it exhausted memory on all of the instances. \Action Costs" reports the range of

action costs for the domain, from least cost action to most egensive action. \Shortest

34



Cycle" reports the length of the shortest route by which the ssarch may leave and return
to a give node, assuming that we disallow the trivial two-stg cycle of doing and undoing
a move. \Consistent h" denotes whether the base cost-to-go heuristic was conskstit for

the domain. \Number of Goals" reports the number of goals to agiven problem from the

domain. \Ngggs- reports the rate with which search can, on average, genera states. We
computed this by examining the number of nodes per second genated by greedy search, as
this is the algorithm with the least overhead that also compues the heuristic of all states.
Nodes per second will obviously di er from algorithm to algorithm, but this provides a sort

of lower bound.

35



CHAPTER 3

Constructing Inadmissible

Estimates by Hand

3.1 Introduction

In this chapter we consider several techniques for constrding inadmissible estimates of
cost-to-go, which we will refer to ash, by hand. The techniques contained in this chapter
are not specic to any of the domains considered here, the domins for which we exhibit

the techniques are simply illustrative.

3.2 Book Keeping

The simplest technique by which we can compute an inadmissib estimate of the cost-
to-go from a state to the goal shares much in common with the tehnique by which we
computed the distance to go. When computing the admissible @st-to-go, we just need to
perform a small amount of book keeping in order to construct a inadmissible estimate as
well. Speci cally, we will be looking at the relaxed solution constructed by the admissible
heuristic and charging it for any violation of the rules of the real problem that it is trying
to solve. We will use the Life-cost grid navigation problem & an example.

The idea that a heuristic is computing a solution to a relaxedversion of the problem is
a common one, as we have already brie y discussed. In the exaste in the introduction, in

Figure 1-8, we showed that we could think of the Manhattan digance heuristic on a grid
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as the solution to a relaxed version of that problem, Similarideas come up in all areas of
heuristic search. In the dynamic robot problem, we are ignoing the dynamics of the robot

and instead solving the simpler static version of the problen. In dock yard robots, we are

assuming that we only care about one crate on each pile, the @pest one. In tiles, we
assume the tiles can move through one another, even though &y are physically unable to

do so. The same observations can be made of nearly any admisi& heuristic.

In life cost grids, we estimate the cost-to-go by construcing one of two paths through
the grid, assuming that there are no obstacles. Either the pth goes up and over, or up,
across, and back down. Let's assume for the moment that the gh goes up and over in an
‘L' shape. Now, normally we wouldn't explicitly construct t he path, we would simply use
Manhattan distance and the current y-value of the agent's Iaation to compute the cost,
but let's assume that we construct the whole path.

If we were to look at every grid-cell traversed by the relaxedsolution to the problem,
we would see that some of the cells are free and some of them doocked. Every time
the relaxed solution passes through a blocked cell, it has wlated the real constraints of
the problem. This is why the heuristic underestimates the tue cost-to-go, it takes cheap
moves that are not actually legal. If we could charge the relaed plan for each illegal move
it makes, we would likely get a more powerful heuristic.

The reason that such a technique is a by-hand construction oén inadmissible heuristic
and not an automated construction of the inadmissible heurstic, as we will be discussing
in the following chapter, is that it is not clear how we should charge the relaxed plan for
this violation. In the case of life cost grids, we might consiler charging it twice the cost of
moving through a free cell in the same row. This assumes that @ will have to make some
additional moves in a previous or subsequent row in order to #id the occluded cell here.

There are, however, obvious problems with just charging tweée the cost of the row.
Obviously, we will not be passing through this cell in the red solution, because we can't,
and yet we have not altered the rest of the relaxed plan. When emputing the remainder

of the heuristic, we may be adding on penalties that we will nolonger experience because
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we will need to deviate from the relaxed plan early on. Similaly, it is unclear if twice the
cost is the best choice. Three of four times the cost could atsperform well. The need to
do such tuning to the inadmissible heuristic computations s the reason that such heuristics

are constructed by-hand, and not truly automatically constructed.

3.3 Mean of Under and Over Estimates

Sometimes, a benchmark or problem where we would normally ggy heuristic search is only
di cult to solve because we want optimal or near optimal solutions. In these situations, it is
often the case that a suboptimal solution to the problem can e constructed in polynomial
time. The traveling salesman problem and the sliding tile pwzle are excellent examples of
this. In the case of the traveling salesman problem, we can siply greedily go to the next
nearest city. This constructs a valid, often expensive, saition to the problem. Similarly,
there exists a recursive decomposition of the sliding tilepuzzle, where the right most
column and bottom row are solved, and then we recur inward to hen 1-puzzle, and so on
until the problem is solved[58]. The solutions computed ths way are often quite expensive
but they are legal.

In these situations, we can compute an upper bound on the cogif an optimal solution
to the problem. Speci cally, the cost of a solution to the problem must be at least as large
as the cost of the optimal solution to the problem, so it acts & a natural upper bound on
optimal solution cost. We also have a lower bound to the cost bthe optimal solution in
the form of h(n), the admissible heuristic. Obviously the true cost-to-gq h (n) must be
somewhere between this upper and lower bound.

If we have no idea how far o the pre-computed solution is fromoptimal, a simple and
rational choice is to simply compute the mid point between the two values and use this as
the cost to go heuristic. If we have some notion of the cost oftte suboptimal solution to the
problem relative to the optimal cost solution, then we could perform a weighted average of

the two values to get a more reasonable estimate of the true st-to-go.
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It is interesting to note that we do not necessarily need a po}-time solution to the
problem to be able to employ an approach like this. Considerlie dynamic robot navigation
problem, for which we do no know of a poly-time solution. We cald substitute a solution
found with greedy search for the polynomial solution to the goblem, if we're relative certain
that such a solution can be found quickly. The greedy solutio has all of the desirable
properties of the previously discussed constructions saver one: we do not have any bound
on the amount of time it can take to nd a greedy solution to the problem. There are many
situations in which simply solving the problem greedily is quite challenging, for example
the 35-puzzle.

Now, we should not simply use the cost of solution computed fsm the root of the
problem when computingH for all states in the problem. This would simply in ate the
cost-to-go estimate for all states evenly, and would have wy little bene t in most search
algorithms. We also, realistically, can't compute a complée solution from each state in the
space. Although we may be able to solve the problem in poly-the, we would like our search
algorithms to expand tens of thousands to millions of nodes gr second, so constructing a
complete solution from each node is right out. Instead, we ca subtract the cost of arriving
at a node, g(n), from the cost of the suboptimal solution computed at the root to get a
quick estimate of the cost of a suboptimal solution from thisnode. Of course, this assumes

that the search is moving towards, and not away from, the goal

3.4 Weighted Sum of Features

The nal approach for constructing an inadmissible estimate of the cost-to-go from a node
to the goal by hand is simply a more general version of the praous approach. Rather than
take a weighted sum of the admissible heuristic and an upper &und on the true cost to
solve a problem, we can take the weighted sum of a set of arbiiry features, include these
two elements or not as we see t.

One of the rst examples of inadmissible heuristics for seash is of this variety. Nilsson[41]
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once suggested that we could use the Manhattan distance pluthree times the number of
linear conicts in a state of the eight puzzle to estimate the true cost-to-go rather accu-
rately. While the Manhattan distance heuristic and the linear con icts summed together
is a powerful admissible heuristic, by weighting the linearcon icts component, Nilsson[41]
produced a powerful inadmissible heuristic to the problem. Finding the proper weighting
requires either expert insight into the domain, a fair amourt of testing and revising, or large
amounts of data and machine learning.

This approach is really the foundation of much of the next chater. We will see that
there are many ways of automatically nding a good set of weidpts for a given set of features
if we want to accurately estimate the true cost-to-go for seach. Typically, we will nd these
weight by writing down for many states the values of the featues and the true cost-to-go,
and then performing machine learning to nd a set of weights that most closely reproduces

the true-cost-to go from the features.

3.5 Summary

In this chapter we discussed three techniques for computingnadmissible estimates of the
cost-to-go from a description of the problem. While the tecmiques should be easy to apply
to any domain of interest, they must be carefully applied. When charging for violations
of the real problem in the relaxed solution computed by an adnssible heuristic, we must
think carefully about how much we will charge. The idea of ushg the mid-point between
an admissible cost-to-go estimate and the cost of a suboptial solution to a problem is
a powerful one, but we may not be able to easily construct a subyptimal solution to the
problem. Finally, the weights and the features in a weightedsum of features must be
carefully selected if we want the resulting heuristic to be & e ective one. That is not to say
these techniques are not all useful for constructing inadnssible heuristics, they certainly
are, but they cannot be automatically derived in the same waythat the heuristics discussed

in the next chapter can.

40



CHAPTER 4

Learning Inadmissible Estimates of

Cost-to-Go

4.1 Introduction

Heuristic search is a widespread approach to automated plarning and problem solving.
If time and memory permit, we can use algorithms such as A* [2Bto nd solutions of
minimal cost. These algorithms require an admissible heustic evaluation function, that
is, a heuristic which never over-estimates the true cost-tego from a node to a goal. Under
mild assumptions it can be shown that no similarly informed dgorithm can nd provably
optimal solutions while performing less work than A* [14]. Unfortunately, problems are
often too large and deadlines are often too short for nding povably optimal solutions [25].
When optimally solving a problem is impractical, suboptimal search can be a practical
alternative. Suboptimal search algorithms sacri ce soluion optimality in an attempt to
reduce the resources needed for solving problems.

We will focus on two types of suboptimal search algorithms: geedy best- rst search
algorithms that attempt to nd solutions of high quality as g uickly as possible while pro-
viding no guarantees on solution quality [16], and bounded gboptimal search algorithms
that return solutions whose cost is guaranteed to be within sme user-provided factor of
optimal. Suboptimal search algorithms tend to be faster than their optimal counterparts
because they do not need to prove that the solutions they rettn are optimal. By not prov-

ing solution optimality, they avoid having to expand all nod es that could potentially lead
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to a solution of lower cost. Because suboptimal search algithms do not prove solution
optimality, they can consider inadmissible sources of heustic guidance.

This paper investigates learning as way to construct thesenadmissible estimates of
cost-to-go. We are not the rst to consider guiding search afjorithms with inadmissible
learned heuristics. As we later discuss in detail, severaluhors have proposed learning
informed inadmissible heuristics by recording for many stées the true cost-to-go, which we
call h , and a set of features. They then learn a function from the fetures to a potentially
inadmissible estimate of the cost-to-go, which we calB. Such an approach makes the
limiting assumption that we either have access to a represdative training set, or the
ability to generate one automatically and su cient resources to nd h for many states.
It further assumes that the training instances and test instances are similar enough to one
another for the learning on the training instance to transfer e ectively to the instances we
truly care about solving. This can be problematic in settings, such as STRIPS planning,
where instances can be very di erent from one another becawsof the expressivity of the
problem description language.

In this paper, we demonstrate that learning heuristics during search itself is a practi-
cal and e ective alternative to learning before search or larning interleaved with search.
In Section 4.2, we present a new technique for improving heistics during the execution
of search, called single-step correction. It improves a gen initial heuristic based on ob-
serving its behavior over paths in the search tree. We provehat, assuming knowledge of
the heuristic's behavior over the entire search space, ouretchniques will produce perfect
heuristic estimates. Although this assumption will rarely be met in a real problem, it does
demonstrate that the technique is theoretically sound. In Sction 4.2.3, we demonstrate that
it works well in practice in an empirical study across eight kenchmark domains. Heuris-
tics learned during search nd solutions up to three orders & magnitude faster than the
base heuristic when used in greedy best- rst search, and thealso tend to improve solution
quality substantially. In Section 4.2.6, we show how inadmssible heuristics can be used in

bounded suboptimal search. We introduce a new algorithm, séptical search, that is capable
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of using arbitrary inadmissible heuristics. Skeptical seech improves upon the performance
of the state-of-the-art optimistic search algorithm [67] while removing the need for param-
eter tuning. In Section 4.3.2, we show that, although heuriics learned either o ine or in
between search episodes are often substantially more acaie than those learned online,
they provide worse guidance, leading to slower solving of stances. To close, in Section 4.4
we compare against work aimed a learning heuristics using asof instances. Other related

work is summarized in Section 4.6.

4.2 Learning During Search

Heuristic evaluation functions are the distinguishing conponent of heuristic search algo-
rithms. Notated h(n), these functions estimate the cost of the cheapest compl&n of a
given noden, that is, the cost of the cheapest sequence of actions tranmfming the state
represented by noden into a goal state. Our starting observation is that the optimal cost
of a solution beneath some node is the cost of completing its best child plus the cost
of transition to that best child. More formally, let h (n) represents the perfect heuristic
function that exactly predicts the cost-to-go for all nodes For any parent node p, if bdp)
is the next node along an optimal path fromp to a goal and c(p; bdp)) is the cost of the

arc betweenp and bdp), then:

h (p) = h (bqp)) + c(p; bqp)) (4.1)

This is a slight generalization of move invariance [10], whih holds that the entire node
evaluation function f (n) = g(n) + h(n), where g(n) is the cost of arriving at node n,
should not vary between a parent and its best child. Here, raher than trying to hold f (n)

constant across nodes, we're trying to force the heuristica di er by exactly c(p; bdp)). A
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little algebra shows us that these are equivalent:

f(p) = f (bdp)

9P+ h (p) = g(bdp)+ h (bdp))
h(p) = h (bdp)+(g(bdp)) 9(p)
h(p) = h (bdp)+ c(p;bdp))

Obviously, during the course of search, we do not have acce$s perfect heuristics. If
we did, search would be unnecessary. We would simply performill-climbing from the root,
expanding only those nodes along the solution. However, esgetime an imperfect heuristic
deviates from the relationships described above, we have ebrved a mistake. Every observed
mistake is an opportunity to learn an improvement to the underlying heuristic functions.
In this way, our perspective is that of temporal di erence learning [65]. Using temporal
di erence learning to improve heuristics has been suggestebefore [42, pages 172-175], but
to our knowledge never actually implemented and evaluated ntil this work. In the next

section, we present the details of our approach.

4.2.1 Single-Step Error Corrections

We can measure the error in a heuristic for a single step by coparing heuristic values
between the parent and the best child. With a measurement of he error across a single
step, we can attempt to correct for the error by estimating the number of steps to go
and adjusting the heuristic estimates accordingly. As show in Equation 4.1, there is a
relationship between the cost-to-go estimates of a parentrad its best child. This allows us

to de ne the single-step error in h at p as:

h, = (h(bdp)) + c(p;bdp)))  h(p) (4.2)

The sum of the cost-to-go heuristic and the single-step erns from a nodep to the goal

equals the true cost-to-go:
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Theorem 1 For any node p with a goal beneath it:

X
h(p) = h(p)+ hin (4.3)
n2p goal

wherep goalis the set of nodes along the path between the nopgend the goal, including

p and excluding the goal. p, is the single-step error in h between a noden and its best

child.

Proof: The proof is by induction over the nodes in the path. For our bese case, we show

that when bdp) is the goal, Equation 4.3 holds:

h (p) = c(p;bdp)) becausebdp) is the goal
= h(p)+ c(p;bgp)) h(p) by algebra
= h(p)+ c(p;bdp)) + h(bdp)) h(p) becauseh(bdp)) = 0
= h(D)+ by Eq. 4.2
= h(p)+ P n2p goal hn becausep goal= fpg

As the best child of p was a goal, the optimal cost of completingp is exactly the arc cost

from p to its best child.

For the inductive case, assuming that Equation 4.3 holds fobdp), we show that it holds

for its parent p as well:

h ()= cpibdp)+ h (bdp)) by Eq. 4.1
= o(p:bdp) + h(AP) +  nnqe gou he by inductive assumption
= h(p)+ n, + i n2bop) goal hn by Eq. 4.2
= h(p+ i n2p goal hn by def. of

which is exactly Equation 4.3, completing the proof.

We de ne the mean one-step error , along the path from p to the goal as:

P
n2p goal hn

d (p)

hp =

(4.4)

where d (p) is the length of the cost-optimal path betweenp and a goal. It is important

to remember that the mean single-step error is de ned in terns of the true length (number

45



of arcs) of the remaining path, d (p), and not the cost (sum of weights) of the remaining
path, h (n). We will reconsider this decision in a future section, and vhile both approaches
can be shown to be technically correct, using path length preides the better performance
empirically. Solving Equation 4.4 for P n2p goal hn yields:

hn=d (P n, (4.5)
n2p goal

Thus, if we had the base heuristic, its average single-steprr, and a perfect estimate of the
number of actions remaining, we could compute a perfect codb-go heuristic. Substituting

Equation 4.5 into Equation 4.3,

h (p)=h(E)+d(p) n (4.6)

In a realistic setting, we are not going to have access to thertie distance-to-god (n),
and so we can not use Equation 4.6 to produce an improved cost-go estimate directly.
Given the important role that distance plays in Equation 4.6, we will require that a heuristic
estimate of search distance-to-go, call id(n), is available. In Section 4.3.1, we will consider
heuristic correction without d(n). In domains in which all actions have equal cost,d(n) =
h(n). In other domains, one can usually construct a distance-tego heuristic using methods
very similar to those for the cost-to-go heuristic. For exanple, one can tracking the number
of actions required to solve a simpli ed version of the probém, rather than the cost of those
actions. Further examples are given by Pearl and Kim[44], Ghllab and Allard[20], and
Thayer et al[68].

Just as we correct a giverh(n), we will want to correct d(n). We take a similar strategy

as before. In analogy to Equation 4.1, the perfect distancée-go estimated (n) obeys:

d(p)=1+ d (bdp) (4.7)

Notice that c(p; bdp)) has been replaced with 1 in the previous equation. That is lecause
while an arc between two nodes may have a wide range of weighéssigned to it, the distance

estimates only care about the number of arcs traversed.
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A key feature of search distance-to-go for a particular node is that, as noted in Equa-
tion 4.7, its best child should have a true distance-to-god (bdp)) of exactly one less than
the true distance to go of its parent. When we are not working wth perfectly informed
heuristics, we must introduce a term that represents the eror ¢, present in the heuristic

when evaluated at a parentp and its best child:

d(p) =1+ d(bdp)+ g, (4.8)

Solving for the one-step distance error of the parent 45, we get:

d, = (1 + d(bdp)) d(p) (4.9)

Note that the single-step error is speci c to the nodep. This is because several states, each
with di erent heuristic values, may share the same best chitl. Imagine a situation where
several nodes, each with a di erent distance-to-go estima, all generate the same goal node
as their only child. All nodes share a best child, but each has di erent single-step error. As

a result, the error is speci ¢ to the generating node. We reqire that the best child selected
for this calculation not represent the parent state ofp. Thus, states with no children other
than the inverse action back to their parent have no associsd 4. Goals also have no best

child. Using Equation 4.9, we prove the following analogue bTheorem 1:

Theorem 2 For any node p with a goal beneath it:
X
d (p) = d(p) + dn (4.10)
n2p goal

wherep  goal is the set of nodes along an optimal path between the nogeand a goal,

including p and excluding the goal.

Proof: The proof is by induction over the nodes in the path. For our bese case, we show

that Equation 4.10 holds whenbdp) is the goal:
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d(p = 1 becausebdp) is a goal
= dip+1 d(p by algebra
= d(p)+1+ d(bdp)) d(p) becaused(bdp)) =0
= dp+ q by Equation 4.9

P
= dp+ n2p goal dn becausep  goal= fpg
As the best child of p was a goal, obviouslyp is a single step away from the goal and the

base case holds.

For the inductive case we show that by assuming that Equation4.10 holds forbdp), we

can show that it holds for its parent p as well:

d(() = 1+ d (bdp)) by Eq. 4.7
= 1+ d(bdp))+ n2bdp) goal Gn by inductive assumption
P
= d(p) + dp + nzb((p) goa| dn by Eq 49
P
= dP+  2p goal dn by def. of and bc

which is exactly Equation 4.10, completing the proof.
We can de ne the mean one-step error g4, along the path from p to the goal as:

P

_ n2p goal dn
dp = —dm D) (4.11)

Using Equations 4.10 and 4.11, we can de na& (p) in terms of 4:

d(@=dp+d@ d (4.12)

Solving Equation 4.12 ford (p) yields:

d(p)

dp

d (p) =

i (4.13)

Another way to think of Equation 4.13 is as the closed form of te following in nite

geometric series that recursively accounts for error ird(p):

d (p) dip) + d(p) g, +(d(P) d,) gy * i (4.14)

P .
dp) 21 (g) (4.15)
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This series takes the average single-step errorg, and assumes that we will observe that
error during each step that d(n) is predicting. This results in some number of additional
steps. Unfortunately the mean single-step error will also le observed in the additional steps.
Naturally this results in more steps, during which the error will again be observed. This
process recurs, resulting in the in nite series.

Substituting our compact equation for d (Equation 4.13) into our equation for h

(Equation 4.6), we have:
d(p)

dp

h (p) = h(p) +

i ho (4.16)

Given Equations 4.13 and 4.16, if we had both 4, and p,, we could construct perfect
estimates of both the distance and cost-to-go beneath an artvary node n. The quantities
4, and p, are the mean one-step errors along an optimal path throughn to a goal in
the distance and cost heuristics respectively. During a saah, these values are unknown,
although they are bounded. The average error can never be leghan 0, and can never
be larger the largest arc-cost in the case of,,, or 1 in the case of 4,. The heart of our
proposed method for learning during search is to estimate,, and 4, using the observed
errors described in Equations 4.9 and 4.2. We then use thesestemated values to improve
the performance of the cost and distance-to-go heuristics uting the same search. We now

discuss two techniques for estimating 4, and p, online.

Global Error Model

The Global Error Model assumes that the distribution of one-step errors across thentire
search space is uniform and can be estimated by a global aveye of all observed single-
step errors. We need only keep a running global sum of obserdeerror in h and d as
well as a running count of the number of observations taken. Tis is roughly equal to the
number of expanded nodes, although some nodes may have noldnen and thus generate no
observations. The one di culty in employing the global erro r model is that we must estimate

which child of node p is bdp). We assume it is the node with minimumf (n) = g(n)+ h(n)
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among all of p's children, breaking ties onf (n) in favor of low d(n). Pilot experiments
showed this to be just as e ective as usingf{n) = g(n) + B(n), where B is the current
corrected heuristic. We then calculate the corrected heustics ®and R using Equations 4.13

and 4.16 respectively:

gplobal ) = ]_d(ZI)otml (4.17)
d
Roobal(n) = h(n)+ deloba(p) global (4.18)

This approach has the benet of gaining information on avergye single-step error very
quickly and the drawback of the values constantly uctuating. Our estimates of single-step
error change every time we receive an observation, which ig aearly every expansion. If we
really want to expand nodes in the order dictated by the cost tinction, this would require
resorting our open list after every expansion. In most benchark search domains, heuristic
computation and node expansion are cheap enough that the co®f the search would be
dominated by the cost of constantly resorting the open list. In preliminary experiments,
we investigated several approaches, including constantlyesorting, a logarithmic resorting
schedule, and no resorting. We found that no resorting perfomed the best empirically and

those are the results presented in this work.

Path-based Error Model

The Path-based Error Modelcalculates the mean one-step errors,*" and P2, only along
the current search path. This model maintains a separate avege for each partial solution
being considered by the search. This is done by passing the cwlative single-step error
experienced by a parent node down to all of its children. We ca then use the depth of
the node to determine the average single-step error along th path. Rpath s computed

analogously to Equation 4.18:

dpath(n) = 10'(?am (4.19)
d
BPath(n) = h(n)+ () PA" (4.20)
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Figure 4-1: A worst-case domain for single-step correctiosn

The path-based model has a distinct conceptual (and practial) advantage over the
global error model: we need not estimate which node is the beghild at the time that a
parent node is expanded in order to compute average error. lthe path-based model, we
can simply say that every child of a node is the best child, ashis is what the search has
determined at the time of expansion. For when a node is exparetl by best rst search, the
search (and evaluation function) have decided that this paticular node, among all other
nodes available for consideration, is best. If a node is bestimong all nodes, it must also
be best among its siblings. The practical e ect of this is tha we need not worry about
resorting the open list, because the heuristic correction®f nodes in the path-based model
never change.

In either model, if our estimate of 4 is ever as large as one, we assume we have in nite
distance and cost-to-go. Because these are estimates, andtnbounds, we don't discard
nodes which we guess have in nite cost. This preserves the ompleteness of algorithms
using the corrected heuristics. An alternate approach thatwe do not explore would be to
put these nodes in a reserve list that is only considered whenodes with nite estimated
cost have been exhausted. The alternate list could then be sted on another criteria, for

example, the base heuristic org(n).
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Greedy search

A* search

Greedy search with learning

Figure 4-2: A best-case domain for single-step corrections
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4.2.2 \Worst and Best Case Scenarios

The single-step correction techniques presented above date limitations. Figure 4-1 shows
a grid path nding problem where single-step corrections peform poorly. The start state is
marked with "s', and the goal is marked with "g'. The grid is 4connected. The numbers
in the cells show the value ofd(n), the distance-to-go estimate. In this instance we use the
Manhattan distance in a 4-connected grid ford(n).

In this example, each move that could take us out of the beginimng section into the
half of the grid with the goal is a move that will increase the estimated distance-to-go.
For any search to escape the beginning of the problem, it musexperience a single-step
error of two repeatedly. When we reach the state with a distare-to-go of eleven, the
estimated single-step error will be two for both the global and path-based methods. Until
the estimate is lowered below one by expanding many additioal nodes with no single-step
error, H(n) = @(n) = 1, and our search will expand nodes in uniform cost order due to
tie breaking (in the search algorithms presented here, we l@ak ties in favor of low g(n)).
Thus, if the cost-to-go estimates become in nitely large, we will perform a best- rst-search
on g(n).

If we had just been doing a greedy search on the base heuristia this example, we
would go straight to the goal from the state marked eleven raher than performing uniform-
cost-search. Therefore, greedy search on the corrected gtic will perform much worse
than the uncorrected heuristic. In fact, we can make the examle above arbitrarily large,
and so the performance gaps could be made arbitrarily largesawell. Any heuristic with
large plateaus or local minima between the start and a goal aademonstrate this behavior.
If the plateaus and minima are larger than the areas where théneuristic performs well, we
would expect to see this pathology. It should be noted that ths is arguably correct, albeit
undesirable, behavior. If the heuristic is woefully uninfamed, or worse yet misleading, it
may be preferable to ignore it entirely and search accordingo cost incurred.

In contrast, the images in Figure 4-2 provide an example of stctured error that works
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strongly in favor of the single-step corrections presentedhere. In this ladder-like navigation

problem, the error is, as before, highly structured and thee are many nodes for which the
heuristic is very poorly informed (those in between the ‘rumgs’) and nodes for which the
heuristic is perfectly informed (those on the outside of theladder). Greedy search without
correction is much slower than even A* for this problem. Howeer, when learning is added
to the solving process, as it is in the bottom panel of the gure, the performance is identical
in this case.

This example demonstrates two things. The rst is that the corrections can work incred-
ibly well in some domains. The second is that in order to prodee the poor behavior noted
in Figure 4-1 the heuristic must be incorrect early onfor all nodes leading to a reasonable
goal It is not enough for the heuristic to merely be very incorred early.

In the eight benchmark domains considered in the evaluatiorbelow, we observed neither
of the behaviors present in these hand-crafted examples. Tif suggests that it is often the
case that the heuristic is neither consistently misinformel, nor is it perfectly informed. This
is to be expected, as heuristics are generally heavily engéered functions designed to work

well in practice.

4.2.3 Performance of Single-Step Corrections

We will consider two ways of evaluating the quality of our leaned heuristics. First, we
look at how accurately they predict the true cost-to-go. We then consider their success in
guiding a heuristic search algorithm towards a goal.

Absolute Accuracy

For the accuracy study, we consider three small benchmark dmains:

Sliding Tiles Puzzles We examined 100 random 8-puzzle instances. In our implemeat
tion, the goal state has the blank in the upper-left, with the numeric tiles laid out in

sequence left to right, top to bottom. All actions have unit cost. We do not consider
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moving back to the parent node's state, so very few duplicatestates are encountered
during search. Manhattan distance is used to estimate the cgt and distance-to-go for

all states.

Grid-world Navigation We tested on grid path nding problems using the \life" cost
function. This cost function produces problems where actias have a large range of
costs, short solutions are more costly than longer ones, anthe search space includes
several largeg-value plateaus. These properties have recently seen sigoant interest
[2, 78]. We examined 200 by 200 grids with 35% of cells blockedaindomly. The
cost function means that standard heuristics like Manhattan distance are no longer
an accurate (or even admissible) estimate of cost-to-go fothese grid problems. To
compute a heuristic for these problems, we assume that therare no obstacles and

analytically compute the cheapest solution from a node to tle goal.

Vacuum World  In this domain, which follows the rst state space presentedby Russell
and Norvig[56], a robot is charged with cleaning up a grid wold. Movement is in the
cardinal directions, and when the robot is on top of a pile of drt, it may vacuum. The
cost of movement is one plus the number of dirt piles that havealready been vacuumed
up. Cleaning has unit cost. We used 100 instances that are 200y 200 with 5 piles
of dirt and 35% of cells blocked randomly. An admissible costo-go heuristic is found
by computing the spanning tree of all dirty cells and the robd. The edges in the
spanning tree are then weighted, with the longest edge recéing the current robot
weight, the next longest the robot weight plus one, and so on. The length of the
solution is estimated inadmissibly by making a free space asimption and computing

a greedy traversal of the dirty cells.
In each domain, we examined the following single-step corotion techniques:

SS Path The path-based corrections based on single-step error corafed as in Equa-

tion 4.20.
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Figure 4-3: Accuracy of single-step corrections on the Eighpuzzle, \Life" grids, and vac-

uum world.

SS Global The global corrections based on single-step error computeas in Equation 4.18.
The best child of a node is computed using (n) rather than the improved estimate

Ib(n) as mentioned previously.

All algorithms were implemented in Objective Caml, compiled to 64-bit native code,
and run on Linux systems with 3.16 GHz Intel Core2 duo process's and 8 GB of RAM.
All of the algorithms share the same domain functions and daa structures to help ensure

fair comparisons.
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Figure 4-3 shows the performance of the learned heuristicselative to truth on our
small benchmark domains. Error, the y-axis, was computed a$ (n) H(n) where B is the
heuristic labeled on the x-axis. We present the data in the fom of a box-plot. The area
between the whiskers extend to the extremes. The box itselfrows data between the rst
and third quartile, and the line in the box shows the median vdue. The gray rectangle
shows 95% con dence intervals about the mean. The intervalsare so tight for most of the
plots this rectangle will appear as a short line. Occasion®y this line overlaps with the
median, and can not be seen.

In all three plots, we see that the baseline, the admissible éuristic has all of its error
above zero because it is required to underestimate the trueost-to-go. It is also relatively
accurate when compared to the two learned heuristics. The dreme values for the admissible
heuristic are always smaller than that of the learned heuritics. Further, the total range of
values is also always smaller than that for the learned heustics. In the eight puzzle, the
base heuristic is the most accurate, it has a mean error clos¢o zero than any of the other
heuristics being considered.

The second column in the plots shows the error present in sirg step path based cor-
rections on our three small benchmark domains. In all three dmains examined here, we
see that the path based correction has worse performance, ierms of error, than the base
heuristic it is attempting to correct. We see this in that the path based corrections have
median and mean values further away from 0 error and in that the path based corrections
result in more extreme error values.

The nal columns in all plots of Figure 4-3 present corrections based on global averages
of single-step error. We see that the global estimator prodoes the most accurate estimations
of the three heuristics presented in the gures for two of ourthree domains: life grids and
vacuum world. The estimates are better in that the mean and melian values are closer to
0.

Given the performance of these heuristics relative to truth we might expect a search

algorithm guided by global corrections to perform best in life grids, while the base heuristic
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would perform best in the eight puzzle and in vacuum worlds. 8rprisingly, this is not what

we observe in the following empirical evaluation. Single sp corrections based on path
based error, despite being the least accurate in terms of abtute error, provide the best
guidance when used in search. It appears to be the case that @aracy is a poor predictor

of the performance of a heuristic in search.

Guidance

We now turn from the absolute accuracy and evaluate the perfomance of these heuristics
inside of search algorithms. While absolute accuracy may ge us some indications as to
how a heuristic will perform inside of a search algorithm, itdoesn't tell the whole story, and

this is one of the most common misconceptions in heuristic s&ch [27]. We will see that,

surprisingly, path-based corrections provide superior gidance despite being less accurate in
absolute terms. We delay our evaluation of heuristics in bonded suboptimal search until

Section 4.2.6 so that we can evaluate the guidance of the hestics alone before examining
their interaction with admissible heuristics which are nealed to provide guarantees on so-
lution quality. Greedy search [16] is a best- rst heuristic search where best is determined
solely by a cost-to-go estimate. While this estimate may be dmissible, greedy search can
provide no guarantees on the quality of the solutions it retuns, so there is no need to limit

the heuristic by restricting it to be admissible. For the guidance study, we use four addi-
tional benchmark domains. They were omitted from the accuray study because we cannot
measure accuracy for all states as the search spaces are t@oge to be enumerated on our

machines.

Fifteen Puzzle We examined the 100 instances of the 15-puzzle presented byok[34]. It
uses the Manhattan distance heuristic for bothh(n) and d(n), just as we did in the

8-puzzle.

Dynamic Robot  Following Likhachev, Gordon, and Thrun[37], the goal is to nd the

fastest path from the initial state of the robot to some goal location and heading,
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taking momentum into account. We use worlds that are 200 by 20 cells in size. We
scatter 25 lines, up to 70 cells in length, with random oriengations across the domain
and present results averaged over 100 instances. We precoatp the shortest path
from the goal to all states, ignoring dynamics. To computeh, we take the length of
the shortest path from a node to a goal and divide it by the maximum velocity of the

robot. For d, we use the number of actions along that path.

Dock Robot We implemented a dock robot domain inspired by Ghallab, Nau,and Traverso[21]
and the depots domain from the International Planning Compdition. Here, a robot
must move containers to their desired locations. Containes are stacked at a location
using a crane, and only the topmost container on a pile may be @essed at any time.
The robot may drive between locations and load or unload itsé using the crane at the
location. We tested on 150 randomly con gured problems hawvig three locations laid
out on a unit square and ten containers with random start and gal con gurations.
Driving between the depots has a cost of the distance betweetihem, loading and un-
loading the robot costs Q1, and the cost of using the crane was:05 times the height
of the stack of containers at the depot.h was computed as the cost of driving between
all depots with containers that did not belong to them in the goal con guration plus
the cost of moving the deepest out of place container in the sick to the robot. d was

computed similarly, but 1 is used rather than the actual coss.

Vacuums This diers from the accuracy study in that now there are 10 piles of dirt to
remove instead of 5. The size of the state space is exponeritia the number of dirt
piles, so these problems are considerably more di cult thanthe previous ones.h and

d are computed as before.

Table 4.1 presents the results of using the learned heurists within a greedy best- rst
search for the domains in the accuracy study. Algorithms arerun until a solution is found,
memory is exhausted, or 10 minutes have passed. We report thmean CPU time required

to nd a solution (for the eight puzzle we report nodes generded because the times are
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Eight Puzzle Life Grids | Small Vacuums

generated cost| {5 £ secs cost

Baseline 582 128 | 169 2993| 0.990 2673

SS Global 763 43 74 3050 | 0.405 2457
SS Path 463 33 71 2795 | 0.260 2100

Table 4.1: Performance of single-step corrections in gregdsearch on domains from accuracy

study.
Fifteen Puzzle | Dynamic Robot Dock Robot Large Vacuums
1660 cost | 3550 cost | secs cost secs cost
Baseline 29 302 | 60 522| 169 Failed 55| 9.07 9635
SS Global | 177 136 | 563 1321| 77.2 Failed 24| 3.56 6808
SS Path 15 90 | 14 47 | 0.38 29 | 1.22 6063

Table 4.2: Performance of single-step corrections when udein greedy search on larger

problems.

extremely small) and the mean cost of that solution. The wor$ entry in a column is

italicized, and the best value in each column isbolded . The table reveals that the more
accurate predictors do not always lead to improved performace within a search algorithm.

If they did, the global corrections, which were consistenty more accurate than the path-

based single-step approach, would have the best performaac We see that, despite its
relatively poor accuracy, the path-based corrections prodce the best performance in terms
of both solving time and solution cost in a greedy search on tbse three small benchmarks.
Further, the global correction, which was more accurate than the base heuristic in two

domains, provides worse performance across the board in t@s of solving time.

We show results on more di cult problems in Table 4.2. These problems are di cult

enough that not all heuristics can guide greedy search to a $ation using the machines we
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15 Puzzle

Heuristic Togs  cost
Manhattan Distance 29 302
7-8 PDB 44 85

Manhattan Distance SS Path 15 90

7-8 PDB SS Path 13 65

Table 4.3: Performance of Learned Heuristics Compared to tht of Pattern Databases

had at our disposal. When an algorithm fails to nd a solution within system memory or
within 10 minutes, we say that it failed. So, for more dicult instances, the cost column
either reports the mean solution cost or the number of instaces the algorithm failed to
solve. Seconds is mean elapsed time for all instances, rediss of why the algorithm
halted (i.e. timeouts score 600 seconds, memory exhausticas long as it takes to exhaust
memory, and so on). We see that the same trend in performancehat path-based single-
step corrections provide the best guidance, holds for largeproblem sizes as well as for a
wider variety of problems than we examined in Table 4.1. The @ckyard robot domain is
particularly interesting. Here, the single-step path corrections solve more instances than
either approach. By observing the performance of the heurtic on a single instance we can

solve problems that we could not solve with the base heurist alone.

4.2.4 Impact of Base Heuristic Accuracy

One might wonder if these observed improvements are limitedo relatively weak heuristics
like Manhattan Distance. In Table 3 we compare our best learing method with a modern
pattern database for the 15-puzzle, the 7-8 PDB [33]. The 7-&db is actually the sum
of pdb heuristics that have been computed such that they can b added together without
becoming inadmissible. Rather than computing the distanceof every tile from its goal

location, a PDB heuristic works by enumerating the state spae for a relaxed version of the
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Vacuums Life Grids

Learning oo | 000 | Toos | %600
Base 206 10| 115| 2993
SS Global 62 7 42 | 3049
Same Instance 48 7 36 | 2992
Random Instance 64 7 36 | 2983

Table 4.4: The learning is instance speci c.

problem, in this case one where all of the tiles other than 1 though 7 have no symbol on
them. The space is then enumerated using all of the actions ailable in the real problem,

and the distance of each state from the goal is recorded. Dumng search, we then abstract
the state we are examining into the pattern used in the patten database, that is we imagine
all of the tiles other than 1-7 have been wiped clean, and therask the pdb how expensive
our current con guration is. In the case of the 7-8 pdb, this astraction and look-up is done
twice, and then the values are summed up to provide an estimat of cost-to-go.

We see that using the pattern database heuristic substantily improves the performance
of greedy search when compared to the Manhattan distance heistic. However, our path-
based heuristic nds solutions faster than the PDB heuristic and those solutions are not
much worse on average, and on some instances our heuristicrcand better solutions.
This is accomplished without the benet of the pre-computation needed to construct the
pattern databases. If we add our path-based correction to te PDB heuristic (the last line
of Table 4.3), it further improves performance, nding bett er solutions faster than ether the
PDB alone or path-based corrections on top of Manhattan disance. From this we conclude

that single-step correction can improve the performance otven strong heuristics.
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4.2.5 Instance Specic Heuristics

One advantage of online corrections is that they do not requie the use of a set of training
instances. This means we can altogether avoid the problem a#nsuring that our training
instances are similar enough to our test instances for the &ning to generalize. Since all of
our learning is being performed online during the solving ofa single instance, we needn't
worry about generalization. However, we might wonder if theinformation being learned
during the search is speci ¢ to one instance, or if it can be usd to seed the estimated error
values for searches on other instances in the same domain.

Table 4.4 shows the performance of our global single-step el used in greedy search
in two new ways. The rst row of the table shows the performance of the base heuristic and
the second row of the table shows the performance of the globaingle-step model learned
on line. The third line, \Same Instance" shows the performarce of the global single-step
model values for error learned by the global model on the sam@stance of the problem
being solved. \Random Instance" is similar, but as the name implies the learned values
come from a random instance. We use the global model becaudeis clear how to transfer
the information learned from one instance to another: we sirply take the nal values we
computed for , and 4 and use those as the average error in a new problem. In this tdb,
we present results in terms of nodes generated in order to fos on search guidance and
ignore the overhead of learning (Table 4.2 already demonséated that using online learning
can improve the speed of search algorithms). We present twoainains, the vacuum domain,
where learned heuristic errors are very di erent between istances, and life grids, where
learned error is similar between instances.

As we saw before in Table 4.2, the online corrections produdeetter results than the base
heuristic. Additionally, for both domains, using the errors learned previously for the same
instance improves performance substantially. This shows sithat the improved performance
is not because of some fortuitous synergy between learningnd search. |If it were, the

online model would out-perform the same errors fed into a stic model. As it does not, we

63



conclude that we are learning a meaningful ordering over thanodes.

We see that the heuristic learned from the same instance pesfms better than one from
a random instance in the vacuum domain. This indicates that the technique is learning
an instance-speci ¢ model online, and that instance-speai information is bene cial to
our searches. Interestingly, we see that error estimates t®&n from a random instance
produce strong performance on another instance for the lifegrid problem, but produce
worse performance for the vacuum problem. Recall that for e grids, the start and goal
state were always in the same location, and the obstacles werplaced down uniformly at
random. This suggests that the error in the heuristic is likdy to be similar between any
two random instances, and thus the learning should generate well from one instance to
another.

The results presented in Table 4.4 suggest that the heuristi corrections we learn are truly
speci ¢ to the instance. In fact, all of the online learning ssems to produce results tailored to
the instance, as we also observed the learned weights for ahlearning techniques (discussed
in Section 4.3.2) varied substantially across instances irseveral domains, most notably
vacuum problems and dock yard robot problems. We take both othese as indications that

the outcome of the learning, in all of the online cases preséed here, is instance speci c.

4.2.6 Bounded Suboptimal Search

Greedy best- rst search attempts to nd high quality soluti ons quickly without providing
bounds on either the quality of solutions or the time required to nd them. There are
settings in which such a best-e ort approach is inadequate ad we need hard bounds on
solution quality. When we want to nd solutions whose quality is within a xed range of
optimal, we rely on bounded suboptimal search.

Bounded suboptimal search algorithms like weighted A [46] rely on the admissibility
of their base heuristic to obtain their suboptimality bound. However, there are algorithms
that can use arbitrary heuristics for at least a portion of their search. Optimistic search

[67] is one such algorithm. As proposed, optimistic search arks by running weighted A
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OptimisticSearch(root; b; w)

1. incumbent null

2. open f rootg

3.  while(incumbent = null and opené fg)

4. removen from openwith minimum f9qn) = g(n)+ w h(n)

5. if n is a goal

6. incumbent n

7. otherwise, expandn and insert children into open

8. while(opené fg)

9. fmin n 2 openwith minimum f (n) = g(n) + h(n)

10.  f%  n2 openwith minimum fYn)= g(n)+ w h(n)

11 ifb f(fmin) g(incumbent)

12. return incumbent

13. otherwise, iff {f 0. )  g(incumbent)

14. if f 0. is a goal

15. incumbent  min (f %, ; incumbent)

16. otherwise, removef 2. from open, expand it, and insert its children.
17. otherwise, removef i, from open, expand it and insert children into open

18. return incumbent

Figure 4-4: Optimistic Search pseudo code with escape hatch
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with a weight higher than the desired suboptimality bound. After nding an incumbent,
additional nodes are expanded in A* order until we can prove he solution found was within
the desired suboptimality bound.

We prove that the incumbent is within the bound by comparing its cost to the estimated
cost of the node with the smallestf -value. The f -value of a node acts as a lower bound on
the cost of a solution through that node, so thef -value of the node with the smallestf -value
acts as a lower bound on the cost of an optimal solution to a prblem. Therefor, if f (f min )
is within a factor b of the cost of the incumbent solution, we know that the incumbents
quality is within a bounded factor of the cost of an optimal sdution. The \weight higher
than the desired suboptimality bound" can be hand tuned per goblem or per domain,
although we found that a weight twice as large as the desired dund worked rather well in
the domains we've evaluated the algorithm in.

Pseudo code for the algorithm is provided in Figure 4-4. In lhnes 3 through 7, weighted
A* using a weight w higher than the bound bis used to nd an initial solution. The remain-
der of the code is focused on proving that the incumbent is witin the desired suboptimality
bound (lines 11, 12, and 17) or opportunistically improving the quality of the incumbent
solution. In lines 11 and 12, we test to see if the incumbent dation can be shown to be
within the bound currently, and we return the solution if it i s know to be within the bound.
In line 17, we removef nin from open and expand it. This may raise the lower bound on the
cost of an optimal solution to the problem, allowing us to return the current incumbent in
the next iteration. Lines 13{16 seek to improve the current hcumbent solution. If it ever
appears that a node might lead to a better incumbent solution it is pursued. In practice,
these rules are rarely, if ever, used. For a node to be expandeby these rules, it must
rst be generated by an f i, expansion, otherwise it would have been expanded before an
incumbent was found in lines 1{7. In practice, we prove the gality of a solution long before
such a node becomes a candidate for expansion in line 13.vifand b are selected such that
the solution initially found is outside of the bound, these rules will be used.

The pseudo code makes no attempt to specially handle duplica states, that is states
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re-encountered by a cheaper path. It is well known that spedlly handling duplicate states,
by not re-expanding them, often improves the performance ofveighted A* [39, 74]. If the
heuristic being used is consistent, dropping duplicates h&no impact on the suboptimality
bound. If the heuristic is inconsistent, the bound is incredbly relaxed, see \Weighted A
Search { Unifying View and Application"[17] for details. In skeptical search, we cannot
drop duplicates entirely. The must be retained because of th way we prove the quality
of solutions returned by the search algorithm. At best, we ca choose to delay duplicates
during the rst iteration of skeptical search, when we are looking for a potential solutions.
This leads us to nd potential solutions faster, but they tend to be of lower quality. This
makes the step of proving solution quality take longer. Preiminary experiments showed
that delaying duplicate expansions until the cleanup phaseprovided better performance,
and this is the approach taken in the results reported here.

When searching for an incumbent solution, optimistic searb can use any inadmissible
heuristic and still retain its guarantees of bounded subopimality as long as an admissible
heuristic is available for proving that the incumbent was within the desired bound. While, at
rst glance, it may not be obvious that optimistic search is using an inadmissible heuristic,
we can show that it is by closely examining line 4. Rather thanwriting f {n) = g(n)+ w h(n),
we could instead writef {n) = g(n)+ b ¥ h(n). We can think of ¥ h(n) as an inadmissible
heuristic which attempts to correct for the under-estimating nature of h(n) by scaling it
up uniformly (recall that w > b). We can replace the weighted admissible heuristic from
the rst phase of optimistic search with any learned heuristic. We call this modi cation
of optimistic search skeptical search and we provide pseudo code for it in Figure 4-5. It is
skeptical in that it does not place absolute trust in the baseheuristic. Note that the ad hoc
additional weight parameter of optimistic search has been emoved, and so skeptical only
accepts two parameters instead of three. As we will see in thillowing evaluation, skeptical
search o ers two bene ts over optimistic search. It removesthe need for parameter tuning
and provides improved performance in several benchmark doains.

Figures 4-6, 4-7, 4-8, and 4-9 compare several parameter sags for the original opti-
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SkepticalSearchfoot; w)

1.

© ©® N o g A~ w BN

e e S S S S
o o &~ W N = O

17.

18.

incumbent  null
open f rootg
while(incumbent = null and opené fg)
removen from openwith minimum fn) = g(n)+ w R(n)
if n is a goal
incumbent n
otherwise, expandn and insert children into open
while(opené fg)
fmin n 2 openwith minimum f (n) = g(n) + h(n)
2. n 2 openwith minimum f%n) = g(n)+ w A(n)
ifw f(fmin) g(incumbent)
return incumbent
otherwise, iff(f®. )  g(incumbent)
if 2. is a goal
incumbent  min (ﬁ%in ; incumbent)
otherwise, removei*r’;,in from open expand it, and insert its children.
otherwise, removef i, from open, expand it and insert children into open

return incumbent

Figure 4-5: Skeptical Search pseudo code
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Figure 4-7: Life Grid Navigation
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Figure 4-9: Vacuum Problems
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mistic search [67], weighted A and skeptical search. The x-axis of the plot is the subopti-
mality bound, the desired guarantee on solution quality. The y-axis represents the amount
of time needed to solve problems for the given bound. We shownty the results for skeptical
with path-based correction, the solid line in all four plots as it produced the best results.

Although many of the algorithms are often di cult to disting uish in detail, what is
clear is that skeptical search is always at least competitie with optimistic search for any
of the optimism settings examined. On the fteen puzzle (Figure 4-6) and dynamic robot
navigation (Figure 4-8) because the con dence intervals orthe search time between skeptical
search and the best con guration for optimistic search ovelap. For life cost grids (Figure 4-
7), we see that skeptical search takes between half and a thdrof the time needed by any
optimistic search and and it is substantially better in vacuum world (Figure 4-9).

In addition to out-performing optimistic search, skeptical search removes the need for
parameter tuning. Optimistic search requires two parametes, the desired suboptimality
bound and an optimism factor. The optimism factor tells optimistic search how aggressive
it should be in pursuing the initial solution. If it is set too high, the incumbent solution
will be outside of the desired bound, and the performance oftte algorithm will su er. If it
is set too low, nding the initial solution will take too long , pulling down overall algorithm
performance. Skeptical search has only the desired suboptiality bound as a parameter.
Rather than requiring an explicit optimism factor, skeptical search constructsR using its
experience during problem solving. It's best suited to domas where expanding nodes
and computing heuristics is relatively inexpensive. If conputing heuristics and generating
successors is very expensive, more complicated techniquilsee explicit estimation search
[70] are more appropriate. Of the domains presented here, gkcit estimation search only

outperforms skeptical search in vacuum world.

4.2.7 Summary

As we have just seen, our approach to learning heuristic coactions online, during the solving

of a single instance, produces heuristics with strong guidace and poor overall accuracy.
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We saw that the strong guidance led to good performance in bdt suboptimal and bounded
suboptimal search, improving substantially on the performance of the base heuristics. We
provided several indications that the learning being perfomed learned something specic
to the instance being solved, which is particularly useful vihen the instances of interest have
substantially di erent properties despite being from the same domain, as they might in
planning, for example.

Finally, we should note that we make no assumptions about thecharacteristics of the
heuristics used as the basis for learning, This allows our @hnique to be as general as
possible. None of the equations showing that the learning okingle-step corrections is
theoretically sound rely on assumptions about the basic naire of the underlying heuristics
save for the following: h(n) estimates the cost-to-go fromn to a goal, and d(n) estimates
the number of actions in that solution. We did not make, nor do we need make, any
assumption as to the consistency, admissibility, or accuray of the underlying heuristic.
Naturally, better quality from the start will lead to better quality in the output, but even
with very uninformed heuristics the techniques are technially sound. This results in a wide

applicability for the described techniques.

4.3 Alternate Approaches

The single-step corrections presented in the previous sdon are not the only way that the
relationship between a parent and its best child might be leeraged. The following are some
alternative approaches that, while similarly justi ed and natural, do not appear to work as

well in practice, as we will see in the following evaluation.

4.3.1 Single-step Correction Without Distance Estimates

We might naturally wonder how much the distance-to-go heurstic d(n) is contributing to
the singles-step correction process. To evaluate this we tared the single-step error model

to use only cost-to-go estimates, removing the need for dishce-to-go estimates entirely.
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Rather than measuring the error in h(n) per-step, we measure it per-cost:

cost — (h(bqp)) + c(p;bdp))) h(p)

(4.21)
e o(p; bap))
This can also be rewritten using Equation 4.2:
cost = __ o __ (4.22)
P c(p;bdp)
Then, we compute the mean cost-step error ap as:
i 2p goal he
cost _ nzp goal hp
he h (D) (4.23)
We then compute the corrected heuristic as:
h(n
eosiny = (4.24)

n

using, as we did in Equations 4.18 and 4.20, either a path-ba&sl or global average to estimate

ﬁ‘;“. The following proof shows that this is a legitimate correcion:
Theorem 3 For any node p with a goal beneath it:

h( = hE+hE K (4.25)

p

where ﬁ‘;St is the average per-cost error in the cost-to-go estimat&(p).

Proof: The proof is by induction over the nodes inp  goal, the optimal path from p to

a goal node. For our base case, we show that whes(p) is a goal, Equation 4.25 holds:

h (p) = c(p;bdp) becausebdp) is the goal
= h(p)+ c(p;bgp)) h(p) by algebra
= h(p)+ c(p;bqp)) HETAE by algebra
= h(p)+ c(p;bqp)) OEARVLAEBAD) () h(bc(p)) = 0
= h(p)+ c(p;bqp)) R by Equation 4.21
= h(p)+ h (p) £ becausebdp) is the goal

p
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For the inductive case we show that, assuming that Equation 45 holds for bdp), we

can show that it holds for its parent p as well:

h(p) = c(p;bdp)+ h (bdp) by Equation 4.1
= ¢(p;bdp)) + h(bdp)) + h (bdp)) ﬁﬁf(‘p) by inductive assumption
= h(p)+ n, + h (bdp)) ﬁ‘;f(tp) by Equation 4.2
= h(p)+ n + i n2bdp) goal ho by Equation 4.23
= h(p)+ i n2p goal post _ by de nition of
= h(p+h(p) 55" by algebra
= h(p+ h(p) P by Equation 4.23

p

Solving Equation 4.25 forh (p), we can arrive at something nearly identical to Equa-
tion 4.24. The dierence is that here we have the exact singlestep error, and in Equa-

tion 4.24 single-step error is being estimated.

h (p) h(p)+ h (p) 5
h() h(p) P = h(p
hp @ P h(p)

h
I

As with the single-step model, there are many ways we could dose to aggregate the

observed error in the heuristic. In this work we evaluate twa

Cost Global ComputesF\ based on the cost-based error irh(n), computed as in Equa-
tion 4.24 using a global average to estimate the error irh. The best-child is estimated

as in the global model.

Cost Path Computesh based on the cost-based error irh(n), computed as in Equa-
tion 4.24. Error in the cost-to-go heuristic is aggregated &ng paths as in the previous

path-based model.
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Figure 4-10: Accuracy of cost-step model on \Life" grids (Iét) and small vacuum problems

(right)

We now evaluate the cost-step model. This will allow us to se¢he in uence of distance

estimates on our single-step corrections.

Accuracy

Figure 4-10 shows the absolute accuracy of the cost-step mel$ on \life" grid navigation
and small vacuum problems. The eight-puzzle is omitted beaoase it has unit cost, and the
cost-step models are identical to the single-step models fcsuch domains. Additionally,
the cost-based global model is omitted from Figure 4-10 as ibccasionally estimated the
heuristic to be in nitely large. The gure shows that, like t he single-step approach to
learning, the heuristics constructed online using cost-sp error are less accurate than the
base heuristic that they are being built from. As we saw in thepreviously presented distance
based corrections, the global model appears to be less acate in general than the path

based corrections.
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Life Grids Small Vacuums

Ty St | secs cost
Baseline 169 2993| 0.990 2673

Cost-Global | 5140 9846| 1.042 2786
Cost-Path 2509 3246| 1.725 1910

SS Path 71 2795 | 0.260 2100

Table 4.5: Performance in greedy search on domains from ac@acy study.

Dynamic Robot Dock Robot Vacuums
Toco cost| secs cost| secs cost
Baseline 60 522 169 Failed 55| 9.07 9635

Cost-Global | 600000 Failed 40 349 Failed 73| 1.75 Failed 1

Cost-Path 14 46 11.8 Failed 2| 1.94 Failed 22

Path 14 47 | 0.385 29 | 1.22 6063

Table 4.6: Comparing cost-step corrections to single-steporrections on larger problems.
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Guidance

Table 4.5 shows the performance of the cost-step heuristids a greedy best- rst search on
the domains used in the accuracy study. While we might expecthat, like the single-step
models, cost-step heuristics would provide better guidane than the baseline, the experi-
ments reveal that they do not. We see that, for these domainsboth cost-based approaches
are worse than the base heuristic in terms of time and solutio cost.

Table 4.6 shows the performance of the cost-step heuristiosn larger benchmark prob-
lems. We see that although the global version of the cost-sfeapproach is consistently worse
than the base heuristic, the path-based approach often make substantial improvements,
solving problems faster and providing solutions of lower cst. The single-step path-based
heuristic is still substantially better in that it is never s lower and it never failed to solve
one of our benchmark instances. From this we can conclude thausing the distance-to-go

estimate d(n) is important to the good performance of our corrected heurstics.

4.3.2 Comparison to Generic Regression Algorithms

If our corrected heuristics were perfect, we would see thathe estimated cost of the parent,
0 was exactly that of the estimated cost of the best child. If we were computing the

corrected heuristic as a weighted sum of features we could pand this equation to be:

fp) = Mbqp)) (4.26)

ap)+ R(p) = g(bdp) + A(bep)) (4.27)
B(p = o(bap) o(p) + A(bdp)) (4.28)

B(p = R(bdp) + c(p;bdp) (4.29)

AP  B(bdp) = c(p;bdp)) (4.30)

(P (baqp)) w c(p; bgp)) (4.31)

This shows that, so long as we can determine which node is thedst child, we can use linear

regression to compute an improved estimate of cost-to-go. @ do this, we use the di erence

77



of a set of features between a parent and its best child and lea a function from them onto
the cost of the transition between them. The same function fo estimating the cost of the
transition from the di erences in features will be an estimator of the full cost-to-go from
any node, as shown by the above algebra.

Unfortunately, this does not work for all regression algorthms. If the learned function
is not a linear combination of the features, then we cannot pgorm the transformation in
between Equation 4.30 and Equation 4.31. We can still use regssion techniques in these
situations, so long as we are willing to assume that the heustic values of nodes deeper
in the search tree are more likely to be accurate than that of wwdes higher in the tree.
Equation 4.1 suggests that we can approximateh (p) as h(bdqp)) + c(p; bdp)). It may be
reasonable to assume that the heuristic of the child has a meraccurate heuristic because
the best child is one step closer to a goal, and therefor hasde to be uncertain about. What
this e ectively provides us is a target value for standard regression techniques that can be
used during the search itself. For all nodes (save the root)we can collect a set of features
of the parent and then train them to estimate the heuristic of the best child plus the cost
of arriving at that child, which should be more accurate than the original heuristic.

We use the following four features for performing linear regession and training arti cial

neural networks:

g(n) the cost of arriving at n from the root

h(n) an estimate of the cost-to-go fromn to a goal along a cost-optimal path fromn to the

goal
depth(n) the number of actions between the root andn

d(n) an estimate of the number of actions along a cost-optimal pth from n to the goal

We take care to try to normalize the features between 0 and 1 bsed on an estimate of
their range (using the h and d values of the root), as this typically improves the performance

of learning. We cannot always normalize the values between @nd 1 because we do not
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always know what the maximum value for a feature is a priori. We evaluate the following

learning techniques:

LMS

ANN

ANN

LMS

Least means squared linear regression can be used to train amproved estimator of
cost-to-go. In the o ine setting, this is typically done wit h batched regression using
a library like LAPACK. However, in our online setting, batch ed regression, while
incredibly e cient, is impractically slow. We use streamed regression which will still
convergeprovided the data are presented in a random orderSince an online approach
will present the data to the learner in an order related to the search order, we are
violating one of the assumptions that guarantees our learmg will converge. Therefor
we can only make observations as to the empirical performarof online regression,

not its correctness.

This learning technique was also used by Jabarri Arfaee, Ziés and Holte[28]. We
trained a three layer neural network with three hidden nodesand used it to compute
R. We used a back-propagation learning rate of 0.01. To initiize the network, we
collected the rst 100 training pairs and performed a batch regression for 1000 epochs
or until the network converged. Doing the batched regressin any shorter or longer
had a negative impact on performance. After this initial period, we began streaming

subsequent features and target values to the learner.

Oine We used the same network architecture and training algorithm as before,
but now in the oine sett. We used at least 500,000 feature-target pairs taken from
10 random instances, with the exact number of pairs varying lp domain. We used
h (n) as the target value and usedg (n), the optimal cost of arriving at a node from
the initial state, as features in addition to d(n), h(n), depth(n), and a constant. We

trained the network for 10,000 epochs or until it converged.

Oine  Using the same data as we did when training the o ine ANN, we optimally

solved a least mean squared linear regression usihg(n) as the target value andg (n),
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Eight Puzzle Life Grids | Small Vacuums

generated cost| {x  £o5 secs cost

Baseline 582 128 | 169 2993| 0.990 2673
O ine LMS 337 113 | 275 3967| 6.266 1573
Online LMS 514 108| 216 2993| 0.158 1368

O ine ANN 798 31| 323 2809| 0.390 2459
Online ANN 610 56| 919 5056| 0.995 5415

SS Path 463 33| 71 2795 | 0.260 2100

Table 4.7: Performance in greedy search on small domains

d(n), h(n), depth(n) and a constant as features.

Accuracy

Figure 4-11 shows the performance of the machine learning ¢Bniques in terms of absolute
accuracy on the Eight puzzle, \life" grid navigation, and our small vacuum benchmark. We
see, most notably in the eight puzzle plots of Figure 4-11, tht the oine estimators are
better predictors of cost-to-go than the base heuristic or heir online counterparts. That
is, they have a mean error that is closer to 0 than the other heristics. We also see that
the online LMS corrections are unstable. It may be very accuate as it is in Life Grids, or
it could be incredibly inaccurate, having error many ordersof magnitude larger than other
estimators, as we see in the eight puzzle. We will see that dpie this wild uctuation in
accuracy, online LMS regression produces the best performae of all regression techniques

evaluated here when used in a search algorithm.

Guidance

Table 4.7 shows the performance of these learned heuristies greedy search for the same

domains that we used in the accuracy study. We see that the oine ANN tends to out-
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Figure 4-11: Accuracy of heuristics constructed with standird regression techniques on

Eight-puzzles, \life" grids, and small vacuum problems.
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perform its online counterpart. This isn't particularly su rprising. The o ine learners have
better data available as they are learning against true costo-go values.

For the Eight puzzle, O ine LMS nds solutions faster than an y other approach, while
the O ine ANN nds the best solutions but requires a few more e xpansions. For permu-
tation puzzles like the 8 and 15-puzzle, the state space forllaproblems is identical and a
heuristic learned on one instance of the problem transfers grfectly to new instances of that
problem. The o ine techniques benet by knowing the \correc t" answer at the beginning
of search while the online technique must learn the improvedheuristic on the y. That is,
the o ine techniques have already performed all of their learning and converged on a set
of weights to produceH. This function will be used on all nodes in search. In contrag the
online techniques are learning their weights, and s® will uctuate over time leading to
potentially unfair comparisons of nodes.

We see that for these small benchmarks the online LMS correimn is competitive with
the single-step path corrections. It is nearly as e cient for the Eight Puzzle, and produces
better solutions in less time on the small Vacuum World bencimarks. It is interesting to
note that online LMS performs best when it is least accurate a these benchmark domains.
It is, however, just over three times slower on the Life Grid kenchmarks. When we move to
larger benchmarks, we will see that online LMS is not competive with single-step path-
based corrections as it nds worse solutions and is often mutslower.

Table 4.8 shows the performance of the learned heuristics igreedy best- rst search
on problems that are too large to enumerate. As these problesare so large, we can not
perform o ine learning directly. The LMS heuristics now out perform the ANN heuristics
which had less variance and a better mean. Why is this? Firstrecall that the target values
for both learners are very di erent. The o ine techniques ar e allowed to see truth, while
the online techniques must approximate the target value forlearning using thef -values of
their children. We posit that the ANN is more sensitive to noise in the target values. Since
it is capable of learning a more expressive range of functianthan linear regression, it is

also more prone to over-training. It may be learning to predct the noise in our prediction
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Fifteen Puzzle | Dynamic Robot Dock Robot Vacuums

Secs

1660 cost 150 cost| secs costf secs  cost
Baseline 29 302 60 522 169 Failed 55| 9.07 9635
Online LMS 8 520 75 522 73 Failed 17| 9.42 9635
Reverse LMS 25 150 17128 95 { { | 6.556 9648

Online ANN | 2444 719 3418 881 135 Failed 47| 7.40 6155

Reverse ANN| 531 831 | 465133 254 { { | 14.28 13525

SS Path 15 90 14 47 | 0.385 29 | 1.22 6063

Table 4.8: Comparing online LMS and ANN's to single-step corections on larger problems

of the true cost-to-go instead of predictingh as we would desire.

That linear regression and neural network-based heuristis perform so poorly is espe-
cially surprising considering how well these techniques ha performed in previous work on
learning in heuristic search and their high accuracy in our @vn evaluation. Our explanation
is that previous work has mostly focused (with the notable exeption of Xu, Fern, and Yoon
[80], discussed in Section 4.5) on learning heuristics forpdimal search algorithms, namely
iterative deepening A . The role, and therefore the desired properties, of the hedustic in
IDA and greedy best- rst search di er substantially. IDA uses heuristics primarily for
pruning, and in many implementations only pruning, while greedy best- rst search uses
the heuristic solely for guidance. IDA works by expanding all nodes within a cost bound,
and iteratively increasing this cost bound until a solution is contained within it. In all but
the nal iteration, the relative ordering of nodes is of no consequence, with the exception
of the nal iteration, and many implementations ignore chil d ordering as a result®. The
child ordering is of limited consequence because, exceptrthe nal iteration, IDA* must

exhaust the entire f -layer to show that no solution exists within the current bound. This,

The current state-of-the-art is to run IDA  with multiple action orderings in parallel [76],which take s

advantage of child ordering, but doesn't use the heuristic t o order the children.
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along with the way the bound is updated, guarantee that when asolution is found it will
be an optimal solution.

If our goal is to exhaust all nodes with some property and not,instead, to nd a goal,
then we don't care what order we expand the nodes in. Accuratecost estimates allow
IDA to prune unpromising nodes early, dramatically reducing tre size of these exhausted
layers, and therefore dramatically reducing the search e ot. In contrast, greedy search
cares not one whit for accuracy in the absolute sense. Any heistic that can correctly sort
the set of all open nodes so that nodes leading to good solutis are explored earliest is
acceptable even if it is incredibly inaccurate. By way of exanple, the following heuristic
results in perfect performance despite being in nitely inaccurate: the heuristic returns 1 on

any optimal path from the root to the goal, and in nity for any other state.

4.3.3 Estimating h (n) Using Backwards-looking Heuristics

If we nd ourselves in a domain where the heuristic can be compted between two arbitrary
points, we have an alternate technique for gathering infornation about heuristic error: we
can compare the heuristic estimate of the cost-to-go betwaean arbitrary state to the initial
problem with the cost of arriving at that node during this search, g(n). If we knew that we
had arrived at a node by an optimal path, as we would have if we \@re performing uniform
cost search or A* search with a consistent heuristic [43], wavould be learning a function
from a set of features on to the true cost-to-go.g(n) is very likely to be suboptimal in the
kinds of searches we consider in this paper, but we can stillse it as an approximation of
the true cost between an arbitrary noden and the root. Using g(n) as an approximation
of truth, we can learn h(n) as a combination of features pointing fromn to the root of the
search problem using any of the previously described regrsi®n techniques. When we want
to produce a forward looking estimate, we simply feed in fonards, rather than backwards,
looking features.

More speci cally, let's assume that we have a cost-to-go andlistance-to-go heuristic

that can be computed between arbitrary states,h(n;m) and d(n; m) respectively. When
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Eight Puzzle Life Grids | Small Vacuums

generated cost| e S50 secs  cost

Baseline 582 128 | 169 2993 0.990 2673
Online LMS 514 108| 216 2993| 0.0.158 1368

Reverse LMS 623 36| 168 2763 1.065 2956
Online ANN 610 56| 919 5056 0.995 5415

Reverse ANN 5032 83| 1996 6829 1.884 4590

SS Path 463 33| 71 2795 0.260 2100

Table 4.9: Performance in greedy search on domains from acracy study

we present training examples to these learning algorithmswe presentg(n) as the target
value, and h(n;root) and d(n; root) as features. When we want to computeh(n; goal), then
we feed inh(n;goal) and d(n;goal) as features. All of the previously used features have
a corresponding backwards looking featureg(n) can be estimated byh(n; goal), h(n) can
be mapped toh(n;root), depth(n) as d(n; goal), and d(n) as d(n; root). It should be noted
that such an approach is not nearly as general as those discsesd previously. It limits us to
domains where we can e ciently compute heuristics between gbitrary states. This basically
precludes the use of PDB's. It would be impractical to have a BB for every possible start
state! Further, since many of the features for learning are ot used for estimating the
cost-to-go heuristic in the forward direction, these technques for learning also have more

overhead than the previously described techniques.

Evaluation

We evaluated an additional two heuristic learning techniques based on learning from heuris-

tics that look towards the root of the search space:

Reverse LMS Least means squared linear regression using backward lookj features (the

heuristics computed towards the root for h and d, the heuristics computed towards
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Figure 4-12: Accuracy of heuristics constructed with stanérd machine learning techniques

and backwards looking heuristics on Eight-puzzles, \life"grids, and small vacuum problems.
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Fifteen Puzzle | Dynamic Robot Dock Robot Vacuums

Toco cost Toss ~ cost| secs cost secs  cost
Baseline 29 302 60 522| 169 Failed 55| 9.07 9635
Online LMS 8 520 75 522 73 Failed 17| 9.42 9635
Reverse LMS 25 150| 17128 95 { { | 6.556 9648

Online ANN | 2444 719 3418 881 135 Failed 47| 7.40 6155

Reverse ANN| 531 831 | 465133 254 { { | 14.28 13525

SS Path 15 90 14 47 | 0.385 29 | 1.22 6063

Table 4.10: Comparing online LMS and ANN's to single-step carections on larger problems

the goal for g and depth) and g(n) as a target value.

Reverse ANN Estimating the remaining cost-to-go using an Arti cial Neu ral Network,
trained on the cost of arriving at a node, g(n) and backward looking features as in
Reverse LMS. The ANN is constructed as before, with the sameandom weights and

the same initial training period.

Figure 4-12 shows the absolute accuracy of the backwards lkimg machine learning
approaches over three benchmark domains. While improved hgistics learned from back-
wards looking heuristic can produce more accurate estimate most noticeable in the vacuum
world domain where both reverse LMS and reverse ANN heuristis have better means than
their forward looking counterparts, they tend to have a much wider variance than the other
techniques, something which holds for all three domains. Wihe they can produce better
estimates, they won't always, as is the case for life grids wére the reverse looking ANN
heuristic produces a substantially less accurate estimatothan its forward looking coun-
terpart. When we consider the additional overhead of compuing the backwards looking
heuristics together with the large variance of the resultirg estimators, it is unsurprising that

they perform worse when used in search, as we now demonstrate
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Table 4.9 shows the performance of the machine learning tedigues in terms of absolute
accuracy on the Eight puzzle, \life" grid navigation, and our small vacuum benchmark
respectively. We see that, perhaps surprisingly, the techigues that construct heuristics
looking backwards do not perform substantially better than similar techniques that look
forwards. This is likely because the target values being uskfor training, that is the g-
values of the nodes being expanded, are much higher than threoptimal values. When a
node is expanded by an A* search on an admissible and consisteheuristic, we know it
is expanded with its optimal g-value. Greedy search on potentially inadmissible heurists
enjoys no such guarantee. It appears that, empirically, ths harms the performance of the
algorithm.

We see similar results for the larger domains in Table 4.10. Ta learning algorithms
that rely on heuristics that look towards the root are omitte d for the dock robot domain.
This highlights a limitation of the approach. These backwards looking correction rely on
our ability to compute a similarly informed heuristic between arbitrary states in the space
e ciently. The base heuristic we use in this domain isn't from state to state, but from one

state to a set of states, since many states satisfy the goal. Aus it is asymmetric.

4.3.4 Summary

One might ask what we lose, in terms of guidance and accuracyyy restricting ourselves
to only the information available in the online setting. In t his section we compared the
performance of the online techniques to heuristics simildy trained o ine. We found that

the o ine techniques generally produced heuristics that were far more accurate than those
learned during the course of the search itself. Despite beghmore accurate, these heuristics
actually produced worse performance when used in best- rsheuristic search algorithms.
This was especially surprising considering the success $u@pproaches have enjoyed in
previous work on learning heuristics for optimal or near optmal search. We pointed out
that the purpose of a heuristic in an optimal search is substatially di erent than that in

a suboptimal search. Speci cally, in optimal search we needhe heuristic to be accurate so
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that we can e ectively prune away unpromising portions of the space early allowing us to
prove solution optimality. In suboptimal search we merely reed the heuristic to guide us
towards a goal, and the accuracy of the estimations with respct to truth is a secondary

concern at best.

4.4 Learning Interleaved with Search

This paper is primarily concerned with the problem of learning heuristics online during
search on a single instance. A strongly related problem is tht of learning heuristics while
solving a large set of problems. Techniques for this settingare closely related for two
reasons. As discussed in Section 4.2.5, heuristics learnedile solving one instance can be
transferred to other instances. In our case, the learned sgle-step errors  and ¢ can be
passed between instances. Similarly, any technique that fgns an improved heuristic while
solving multiple instances can be made to work on a single inance by rst constructing a

training set.

4.4.1 Bootstrap Learning Of Heuristic Functions

Jabarri Arfaee, Zilles and Holte [28] showed that the proces of solving a set of instances can
be shortened by interleaving learning with solving. Their bootstrapping method attempts
to solve all of the instances in a set within a time bound usinga base heuristic,hg. It then
uses information from the solved instances, including the tue cost-to-go for states along
optimal paths and a set of features to train a new heuristic ugig an ANN. This process then
iterates, using the newly constructed heuristic as a featug, over the unsolved instances until
all instances are solved. In addition to solving the instanes, this procedure also results in
new heuristics. If an insu cient number of the instances are solved in any given iteration,
new easy-to-solve instances are automatically generatedylrandom walks backwards from
the goal. While bootstrapping avoids the need for a set of trining instances, it still assumes

that the instances are similar enough for the learning to transfer e ectively. It also makes
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two additional assumptions that may not be immediately obvious. The rst is that there
is some function that allows us to expand nodes backwards. Imlomains with reversible
actions, this exists trivially, in others we must construct such a function. The second
assumption is that a xed goal state exists. There are some prblems, such as STRIPS
planning, for which the goal is only partially speci ed, leading to a potentially huge set of
goal states from which we must regress in order to generate &ining instances. It is also
implicitly assumed that the base heuristic is too weak to sole the instances we care about,
as otherwise no learning ever occurs.

Unlike the techniques discussed previously, bootstrappig learns in between episodes of
search, not concurrently with it. When faced with a single target instance, bootstrapping
generates a set of instances of progressively increasingalilty to solve along with the target
instance. E ectively, it takes the single problem setting and reduces it to the multi-problem
setting by generating a set of instances to solve and learn &m. The actual generation
process cleverly constructs a set of problems that are almbguaranteed to be of increasing
di culty, a property that bootstrapping nds benecial. It  does this by using a series of
longer and longer random walks backwards from the goal statef the problem. Further

details are given by Jabarri Arfaee, Zilles, and Holte[29].

Comparison of Bootstrapping and Single-Step Corrections

Table 4.11 compares the performance of bootstrapping and sgle-step corrections on the
24-puzzle (a 5x5 sliding tile puzzle). The results for Bootgapping are taken from Jabarri
Arfaee, Zilles, and Holte[29] and personal communicationwith the authors. The table
is split into two halves. The top shows results for the searchalgorithm when solving 500
random instances of the 24-puzzle, the second shows results a larger set of 5000 instances.
In both cases, we use the same instances used in [29]. The aolus show the time consumed
while solving all instances, and the cost of all solutions ssnmed together appears in the
nal column. We must take care to note that the algorithms were implemented in di erent

languages and run on di erent machines, the timing results @ae not directly comparable.
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Total Time | Total Cost

500 instances

Bootstrapping *42180 seconds *73878
Greedy 1921 seconds  Failed 1
Greedy Path Adapt 87 seconds 139674

5000 instances

Bootstrapping *421200 second *575402
Greedy 21596 seconds Failed 17
Greedy Path Adapt 828 second 1387004

Table 4.11: Comparison of Bootstrapping and Single-step aoections on the 24-puzzle.

Results with a * taken from [29]

This table reveals two huge disparities between these two ggoaches to learning for heuristic
search. The path-based corrections are three orders of maguade faster than bootstrapping,
but they produce solutions of much higher cost. Bootstrappng takes nearly 12 hours to
solve 500 random instances of the 24-puzzle, whereas patladed corrections take around
90 seconds to solve 500 random instance. For 5000 random iasices, this gap widens with
bootstrapping taking several days and path-based correctins solving all 5000 instances in
14 minutes. While the timing results are not directly comparable, the gaps in solving time
are so large that we can reasonably conclude that greedy sedr on path-based corrections
is faster than bootstrapping on the 24-puzzle.

The huge disparities in solving time and solution quality reect a fundamental di er-
ence in the goals of the two approaches. This di erence is cé&ly outlined by the choice of
search algorithm the learned heuristic is used in. Bootstraping relies on a search algorithm
designed for nding optimal solutions, while we evaluate ou approaches in suboptimal and
bounded suboptimal algorithms. As was discussed in sectiod.3.2, the desired qualities

of a heuristic di er for these two search paradigms. Optimal solvers like IDA* want very
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accurate heuristics, the type of heuristics that the learnng in bootstrapping tends to pro-
duce. In suboptimal search, accuracy is unimportant, and odering is key. In end e ect, the
two approaches are solving distinct problems: Bootstrappig wants to nd nearly optimal
solutions quickly, and build an accurate estimator as a sidee ect, and our approaches seek

to nd any solution as quickly as possible with quality being a secondary consideration.

The Statistical Learning of Accurate Heuristics

[5] also proposed a technique that iteratively improves a heristic used for solving a batch of
problems called SACH. Using the current heuristic, they attempt to solve all of the problems
in a set of instances within a given expansion bound using Asearch. Any instances that
are solved are used to train a new heuristic using linear regssion againsth . The process
then repeats until all instances are solved. If all of the remaining instances are too di cult
to solve using the current heuristic, it applies a weight to the current heuristic. This results
in running weighted A* with an inadmissible cost-to-go estimate, the same approach taken
by the rst phase of skeptical search. Again, we must be able @ assume that all of the
instances we are trying to solve are similar enough to one atloer to allow learning to
transfer across instances.

In addition to the interleaved approach proposed in [5], a réated paper shows how to
perform SACH online for a single instance [6]. The techniquaised for learning by SACH
can learn from arbitrary states, and so it does not need to coipletely solve an instance
to perform learning in the same way that bootstrapping does. To learn during a search,
SACH looks at the nodes on the search frontier. It uses parenpointers to trace backwards
from these nodes to the root of the search. For each state algnthe path from the fringe
to the root, it records the di erence in g-values and a set of features. It uses these to learn
an estimate of the cost-to-go from arbitrary nodes to the goa The learning is very similar
to what we proposed in Equation 4.31, except that instead of ging di erences between a
parent and its best child, it uses di erences between a fring@ node and all of its ancestors

to create training data.

92



Fifteen Puzzle Dynamic Robot Dock Robot Vacuums

secs Secs
Tooe cost e cost secs cost|  secs cost

Baseline 29 302 60 522| 169.297 Failed 55| 9.073 9635

SACH 149613 Failed 21| 236815 Failed 6| 238.142 Failed 83| 85.824 Failed 2

SS Path 15 90 14 47 0.385 29 | 1.218 6063

Table 4.12: Performance of SACH compared to other search atgithms

Table 4.12 shows the performance of online, single-instaecSACH on the larger bench-
mark domains from our evaluations. SACH doesn't perform vey well when compared to
the other algorithms, especially the single-step path-basd corrections shown in the table.
Again, a large part in the di erence in performance is due to the underlying search algo-
rithm. At the heart of SACH is a search algorithm intended to nd optimal solutions, A*.
While it may be possible to extend bootstrapping and the SACHapproach to incorporate
suboptimal or bounded suboptimal search techniques instehof A*, doing so is beyond the

scope of this paper.

4.5 Learning Search Orderings Directly

The previously discussed techniques attempt to learn an impved estimate of cost-to-go
to be used in guiding the search towards goals. While learnig cost estimates is quite
popular [59, 28, 5, 18], [80] point out that it is not the only approach. They propose two
search algorithms, LaSO-BR and LaSO-BST, that rely on a teclmique that directly learns
an ordering over nodes based on the performance of that ordieig in a beam search.

A beam search is a form of best- rst search where the size of thopen list, the nodes
which have been generated but not yet expanded, is kept to a ®ed size. This size is
referred to as the beam width of the search, typically denotd b. Beam searches come in
two varieties, best- rst and breadth- rst. In best-rst be am search, the best node on the

beam is expanded, its children are inserted into open, and th worst nodes on open are
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pruned until the open list is no larger than the beam width. In breadth- rst beam search,
all nodes on the beam are expanded simultaneously, all chitdn are added to the open
list, and then the open list is pruned until it is no larger than the beam width. Generally,
breadth- rst beam search out performs best- rst beam seart [79].

Beam searches are intended to be a form of memory limited seelr; by controlling the
width of the beam, you can limit how many nodes need to be condiered at any time, thereby
limiting the maximum amount of memory consumed by a beam seath. For domains with
many duplicate paths to the same state and many potential cytes, beam searches need to
implement a closed list to be e ective [79]. Having a closedist removes the limited-memory
property of beam search algorithms, but allows them to solvea wider variety of problems.

We will refer to these ranking functions learned from simulded beam search as LaSO or
the LaSO heuristic. Rather than performing a linear regres®n from the features of a node
to truth, this technique learns a weighting over the features that would prevent a beam
search with a given beam widthb from pruning away all nodes leading to optimal solutions
from the beam. In essence, the algorithm works by simulatinga beam search forward from
the root of the search problem. It repeatedly expands all nods in the current beam and
sorts them based on the current weight vector and features ofhe node. If, when forming
the next beam based on the expansion of the previous beam, aflodes that lead to an
optimal solution have been pruned, the weights are updated.The weights are updated to
promote nodes on optimal paths that could have been in the bea but were not because
of the weight vector. Then, the current beam is set to be the renaining optimal nodes on
open. This process is performed o ine before the algorithm & used to solve problems. It
requires a set of training instances that can be optimally stved by some other technique
such as A* or IDA*.

This ranking function can be learned from either best- rst beam search or breadth-
rst beam search. We refer to these approaches as LaSO-BST anLaSO-BR respectively.
Training for LaSO-BST often takes far longer than training for LaSO-BST. The rst reason

for this is that it often takes best- rst beam search longer to solve a problem than breadth-
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rst beam search. The second is that it is rarer for a best- rst beam search to prune away
all nodes leading to an optimal solution because it only expads a single node at a time. If
there are multiple paths to an optimal solution, as there arein all of the domains considered
in this paper, it is likely that several optimal nodes exist in the beam. Unless the children
of the node being expanded manage to drive them all out, LaS@ST will perform no
learning in this step. LaSO-BR, on the other hand, expands dlnodes at once. Presumably,
the optimal nodes are a small portion of the existing beam andhey likely only have one or
two children on the optimal path. Thus, the optimal nodes must beat out many competitors
to be included in the next beam, they often don't, and so learing occurs more frequently
in practice.

LaSO learns weights over a set of features such that they prent a beam search with a
given beam width b from pruning away all nodes leading to good solutions. Thiss done by
solving training instances’, recording all nodes lying on a path to good solutions. [80] pint
out that any solution path can be used for training. However, if we want to nd solutions
of minimal cost (high quality) we should also train on optimal solutions. Additionally, the
authors point out that a smaller version of a problem may be trained from, then larger
problems can be solved using the same learned ordering. A bmasearch is simulated on the
same training instances, and the weights for the features @& updated whenever the beam
search would prune away all promising nodes from the beam.

Pseudo-code for updating the weights in the breadth- rst beam search variant of LaSO
is provided in Figure 4-13. In essence, the algorithm works Yo simulating a breadth- rst
beam search. It repeatedly expands all nodes in the currentdam (line 3) and sorts them
based on the current weight vector and features of the node ifhes 5 & 6). If, when forming
the next beam based on the expansion of the previous beam, atlodes that lead to a good
solution have been pruned (lines 7 & 8), the weights are updad (line 9). The weights

are updated to promote nodes on good paths that could have beein the beam, P;;; \ C,

2This evaluation only considers domains where we can solve tte training instances optimally.
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Update-BR (Sj;Pi;b;w)

II'Si = hi;si();f();<ii and P; = fPj0; !, Pimaxdepth 9
/I '1; is the root node, sj( ) is the successor function

/I Ti() generates features of a node

/I P; is the set of all nodes along a desirable path to the goal

1. B [

2 for depth =1 to maxdepth

3 C BreadthExpand (B;si())

4 for everyv 2 C

5. H(v) w f(v)// compute heuristic value of v
6 Order C according toH and the total ordering <;
7 B  the rst bnodesinC

8 if B\ Pigepth = ;Pthen .

0. wows  (Emn —nlt)
10. B Pidepth \ C

Figure 4-13: Update Rule For LaSO-BR
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Unit 15 Puzzle | Vacuum World Dock Robot

Algorithm | =5 Cost sec Cost sec Cost

Base 29 302 | 9.073 9635| 169.297 Failed 55

LaSO-BR 85 391.95| 142.4 Failed 7| 576.83 Failed 98

SS Path 15 90 | 1.218 6063 0.385 29

Table 4.13: Heuristic performance in greedy search

but were not because of the weight vector. The code for LaSO-8T is similar, but the
breadth- rst beam search is replaced with a best- rst beam sarch.

Note that the beam width to be trained for is a parameter of the LaSO learning technique
(rst line of Figure 4-13). This makes adapting the learning technique of LaSO to general
heuristic search di cult. What is the beam width of greedy search, or more directly, how
should we set the beam width to get the best performance for auearned heuristic in a given
search algorithm. This is an open question. For our evaluatn, we tried multiple beam
widths, 1, 3, 5, 10, 50, 100, 500, and 1000, and then report reks for the best-performing

beam width for the algorithm.

4.5.1 Evaluation: Greedy Search

Table 4.13 shows the performance of the learned heuristica igreedy best- rst search across
ve benchmark domains. The rows represent the learned heustic, and the columns are
domains. Each major column is divided into two minor columnsshowing mean solving time
and mean solution cost respectively. In the event that a seath algorithm failed to solve all
instances in the set, the mean solution cost would be in nity and so we instead report the
number of instances it failed to solve.

Table 4.13 shows that greedy best- rst search on single-sfe path corrections performs
best in terms of time and solution quality for all domains saw the unit-cost fteen puzzle

where it nds better solutions at the cost of increased solvig time. We see that it has better
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coverage in our experimental domains than either of the othetwo heuristics when used in
greedy search; it never fails to solve an instance whereas ¢hbaseline and LaSO heuristic
do, in inverse tiles and heavy vacuums and dockyard robots spectively. We should also
note that the heuristic learned for use in LaSO-BR performs sbstantially worse than the
baseline in several domains. There are two reasons behindith The rstis that in domains
where the LaSO heuristic is performing poorly, the learningis unlikely to generalize well.
Consider the tiles domains, where the LaSO heuristic substatially outperforms the baseline.
Here, the underlying state space is identical (unit-cost) o incredibly similar (inverse cost)
across problems, and therefore the learned ordering gendizes well. Contrast that with
the dockyard robot domain, where the goal con guration and the cost of transition between
depots changes across instances. Here the learned node rantkperforms poorly.

Secondly, the LaSO heuristic was trained to be used in beam aech, not a best- rst
search. The role of the heuristic is di erent in these two kinds of search algorithms, just as
the role of the heuristic in greedy search and IDA* di ers. In best- rst search, we want to
push goals, or nodes leading to goals, all the way to the fronbf open In a beam search the
heuristic need only prevent us from pruning away all promishg nodes. We can see in line 8
of Figure 4-13 that is exactly what we are training the LaSO heuristic to do. The weights
are only updated when all of the promising nodes are pruned aay from the beam. In light
of that, we shouldn't expect the LaSO heuristic to perform wdl in greedy best- rst search

because it isn't designed to provide the right kind of guidarce.

4.5.2 Evaluation: Bounded Suboptimal Search Search

Figure 4-14 shows the relative performance of LaSO-BR and # best single-step correction
technique in a bounded suboptimal search. Since LaSO-BR dgenot learn a cost-to-go
estimate, we perform the initial search on the learned heustic directly, and then perform

cleanup onf (n). We see that for all suboptimality bounds shown, skepticalsearch on single-
step path corrections outperforms skeptical search relyig on the LaSO heuristic. While

skeptical search can construct an initial solution much fager when using the LaSO heuristic
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Figure 4-14: Single-step path corrections versus LaSO-BRnhiskeptical search on tiles.

the solution found is much more expensive. Even if this incurbent is within the bound,
proving this requires more e ort than showing that a solution with lower cost is within the

same bound. Results for the other domains are similar.

45.3 Evaluation: Beam Search

The previous comparison of learned heuristics is, in some 8ge, unfair because LaSO wasn't
designed to be used in general search algorithms. It was desied to be used in beam search.
Table 4.14 shows the relative performance of the learned heistics in breadth- rst beam
search for di ering beam widths and domains. In the table, ravs are the heuristic used to
sort the beam, and major columns show the beam width. As befa, each major column
is divided into two minor columns that report the time requir ed to nd a solution and the
solution cost respectively.

The rst results, those showing the performance on fteen puzzle (rst row of Ta-
ble 4.14), are particularly surprising because the techniges which learn their heuristics
appear to be dominated by search on the base heuristic. The na@ time to solution for
beam search onh(n) are indeed lower, but this is primarily a result of reduced oerhead.

The solution costs for each beam are within noise of one ano#n, meaning that the depths
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Beam Width

10 100 1000
Ordering Time Cost Time Cost Time Cost
15 Puzzle
Base 0.0029 173 0.0249 73 0.2999 59
SS Path 0.0076 204| 0.0360 74| 0.4286 59
LaSO BR 0.0061 191 0.0296 74 0.3345 59
Vacuum World
Base 576.0024 Failed 145| 41.3884 Failed 17| 32.9744 Failed 1
SS Path 576.0022  Failed 141  3.5336  Failed 2| 32.6410 Failed 1
LaSO BR | 372.1086 Failed 104 3.5102 Failed 1 30.9520 Failed 1
Dock Robot
Base 97.1460 Failed 8| 24.2612  Failed 1| 25.2046  Failed 1
SS Path 0.1460 112 0.3962 29 1.6446 15
LaSO BR 97.1544 Failed 6| 151.6342 Failed 10| 299.7842 Failed 21

Table 4.14: Learning techniques in breadth- rst beam searh
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to which each beam search is going in this domain are incredip similar and therefore
the number of nodes generated are similar. They are in fact rostatistically distinct for
many of the beam widths. We see a similar phenomenon for the waum world domain,
where LaSO BR appears to outperform search on single-step gacorrections, but the val-
ues are statistically indistinguishable from one another the con dence intervals overlap
signi cantly).

Table 4.14 also reveals that, as was the case in greedy seardtaSO-BR fails to solve
many of the instances in the dockyard robot domain. Again, weattribute this to the
fact that the underlying instances are very di erent from one another. This impedes the
performance of techniques which perform all of their learmig oine. Note that greedy
search on the LaSO heuristic (Table 4.13, second row) also glerms incredibly poorly, and
so this performance is likely the fault of the heuristic and rot the search algorithm itself.

Learning, both LaSO-BR and single step corrections, genetly improve the performance
of our beam search algorithms. At worst, it does not appear toharm performance. Single-
step path corrections provides better guidance in beam seah than the LaSO heuristic.
From Table 4.14, we see that it solves more instances acrosfd beam widths examined
than the other two heuristics. Not only does it solve more ingances, but it tends to have
lower mean solving time and better mean solution quality. While these times are not always
distinguishable from search performed on the LaSO heuristi, in the dockyard robot domain

search on single-step path corrections is clearly better thn search on the LaSO heuristic.

45.4 Summary

None of the search algorithms considered in this paper relyxelusively on an estimate of
cost-to go. However, they all need functions that can discrminate between nodes e ectively
to guide search. Learning exactly what we want, a way to ordethe nodes for search, is thus
incredibly appealing. The previous technique for learningsearch orders directly, LaSO, is
designed for a particular kind of search algorithm. Unfortunately this technique does not

appear to work as well when used in other kinds of search algithms. Conversely, although
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the single step techniques proposed in this work are much mere ective in best- rst search

algorithms, they are, at best, competitive with LaSO techniques when used in beam search.

4.6 Other Related Work

Having discussed techniques for learning during search igdf, we present previously proposed
alternative and complementary techniques for learning at éher times, specically before
any search begins, and in between multiple runs on a single #tance. We say that the
techniques are complementary as the single-step error carctions presented here could be
added to these techniques to improve performance. The singistep corrections that are
the focus of this work make no strong assumptions about the uderlying heuristics, these
heuristics learned before or in-between search episodesutd be further strengthened using
the previously presented technique.

The most popular, or at least the most frequently proposed inthe literature, technique
for learning heuristics for search is to learn those heurists before any search of the target
instances begins, oine, from training data. All such techniques assume that training
instances are abundant, or at least that they are easily gemated. Further, several of the
following approaches make use of strong domain-speci ¢ féares to use for the learning of
heuristics. Both limit the applicability of the techniques .

Samuel's checker playing program [61] used learning techaiies to construct good static
evaluators to be used in his alpha-beta pruning game tree seeh and it is the earliest
to make use of learning techniques for constructing heurist functions. This technique
is not directly comparable, or even easily combined, with tlose presented here. One of
the largest di culties is that static evaluators in a game tr ee search do little more than
provide a relative ordering over interior nodes in the game tee. Recall that one of the few
assumptions that our approach makes is that the heuristics ged discuss the cost and length
of a path beneath some node.

[62] propose that there are two fundamentally di erent techniques to learning heuristic
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data for search. The rst is the kind most commonly consideral and the focus of this
paper, the learning of heuristic evaluation functions that guide search by estimating cost
and distance to a goal. The second, and the focus of the authsrattention, is the learning
and use of categorical data. That is, the focus of their learmg is to identify sets of nodes
with interesting properties, such as nodes that are likely b lie on a path to a solution or
nodes that are more likely to be near to solutions. They then ge these categories of nodes
to perform e cient tie-breaking in optimal search algorith ms. Learning is performed o ine,
from training data, before any search over the target instartes begins. This paper suggests
that learning a heuristic in the form of a cost to go estimate has been thoroughly examined,
and unlike categorical data, is fundamentally limited in that it cannot be easily used for
optimal search. We disagree. Inadmissible numeric estimats can be just as easily used for
tie-breaking as categorical data. What you gain by having caéegorical data over numeric
is the ability to specify categories that aren't comparableat all and preferences that aren't
transitive, two things that would be extremely di cult with  a single numeric value. It has
not been shown, and is beyond the scope of this paper to show,hether learned categorical
or numeric estimates data are best in the context of optimal teuristic search.

[59] present a technique for combining an arbitrary number éfeatures into a single cost-
to-go estimate. In their implementation, these features ae pre-computed pattern databases,
powerful heuristics in their own right. They train an arti ¢ ial neural network (ANN) to
map these values to an estimate of the cost-to-go usingp as the target value. When
problems are too large to solve optimally, they substitute the optimal solution of a relaxed
problem for h . Naturally, this lessens the quality of the training data and leads to slightly
worse estimates as a result. One important limitation of this work is its reliance on powerful
features, speci cally pattern databases. This is probleméc in that it limits the applicability
of the presented approach. Pattern databases are not univerlly applicable. They work
best when all domains share an identical search space, as iset case with the permutation
problems considered in their evaluation. However, we mighargue that the technique is not

speci cally reliant on pattern databases, but simply on fairly accurate base heuristics. This

103



is a bit more general, but again, we have no way of guaranteemthe quality of the heuristics
available for a given domain a priori. One of the most intereing contributions of this work
is that the authors show how to bias the learned heuristic tovards admissibility during the
learning stage. This creates a heuristic that tends to, but des not always, underestimate
the true cost-to-go, making it ideal for optimal and near optimal search algorithms. [60]
provide a technique for compressing pattern databases e aently that could be used here
to ensure admissibility. While we do not rely on admissibilty, such a powerful cost-to-go
estimate would likely make a good starting heuristic for ouronline technique.

[18] proposes a technique that learns an improved heuristiéor multiple searches over
the same instance of a path nding problem. Speci cally, he asumes that the same graph
is being searched every time, but that the start and goal nods may change. A cost-to-
go heuristic is learned in between search episodes using anfnation recorded during the
previous search. Features of a node are recorded and a hetitgsis learned by performing
a regression from these features to the true cost-to-go. As ame problems are solved, more
data becomes available and the quality of the heuristic impoves as a result of that. While
bootstrapping and the original implementation of SACH were exclusively evaluated on
permutation puzzles, where each solution shares the same derlying search space, it can
be run without alteration on problems where the underlying date space di ers between

instances. This isn't obviously the case for the technique pposed by Fink.

4.7 Discussion

There are three times when learning can happen: before any aech, in between solving
instances of a batch, or during the execution of a search. THi section covered the rst
two, which are orthogonal to and can be combined with the thid. We do not thoroughly
investigate the possibility of combining o ine or interlea ved learning with learning during
search in this paper. As we've shown that the online technige works with the base heuristic

and generally improves when the accuracy of the underlying @uristic improves, it is likely
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that a combination of the techniques would be very bene cial

Another interesting thing that comes out of the analysis of previous work in learning
for search is that nearly all of the previous work has focusedn nding optimal or near
optimal solutions. There have been very few techniques thatonsider speed as the primary
gure of merit. We see that in the search algorithms picked fa the evaluations, which
are generally either A* or IDA*. There are many applications of search, and while many
demand solutions of the highest possible quality there are qually as important settings
that require us to solve problems quickly.

The previous approaches to learning for search focus, in ea exclusively, on learning
heuristics for optimal or near optimal search. We can see tt in the algorithms that they
choose as the center of their evaluation (IDA* or A* in all cases but one), in their focus on
solution quality, and in the small additions made, for examgde biasing the learned heuristic
towards admissibility. That isn't to say that solving probl ems optimally or nearly optimally
is bad or not useful. However focusing on that problem to the rclusion of all others is.
Equally important is the problem nding solutions of high qu ality to problems of incredible
di culty is that of nding any solution as quickly as possibl e.

Having an online technique for improving the performance ofheuristics is extremely
useful. By de nition, search algorithms tend to spend a majaity of their time searching
for a solution within a state space. This means taking a nodegenerating its successor
states, evaluating them, and placing them back into a set of ndes to be evaluated. Every
expansion, of which there will in the worst case for search (bt the best case for learning)
be many, provides an opportunity to learn a potentially improved evaluation function so
long as we have a technique that can be e ectively used duringhe search itself. Without
an online technique, we would be unable to use this valuableraining data.

A point that bares repeating is that di erent kinds of search algorithms have di ering
requirements for their heuristics. For nding optimal search, the problem that nearly all
previous work focuses on, we need the heuristic to be extrertyeaccurate in terms of absolute

error. That is, the heuristic must be able to very accurate predict the true cost-to-go, h .
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This is because in optimal search the heuristic is used to ps@ that the returned solution
is optimal (ie expand all nodes wheref (n)  g(opt)). It determines what portion of the
search space we must exhaustively search before we can prdat the solution we nd is
of a su cient quality. If we are unconcerned with proving quality bounds, or if time is at
a larger premium than quality, we should use search algoritms that rely on the guiding
power of a heuristic. Here we are not exhausting large portios of the space to prove quality
and the limiting factor of the search is how quickly we can gude the algorithm into goals.
Any heuristic that prefers a node close to a solution before e far away will work well here,

regardless of how far away these estimates are from truth in @y cases.

4.8 Conclusions

Learning for heuristic search has been primarily consider in two settings: learning an
improved heuristic o ine, before any search begins, and leaning an improved heuristic in
between the solving of instances in a large batch. The techgue presented in this paper,
learning corrections from single-step error, learns durig the execution of the search itself.
This approach complements the previous work in that it coves the third and nal possible
time for learning improved heuristics. Further, it can be easily combined with either, or
both, of the other two settings to improve performance. Our technique has the advantage
of not making the same assumptions that previous techniquetave made. Speci cally, we
do not assume a training set or the ability to generate one, walo not assume we can solve
the problems optimally, and we don't need to be sure that all d the instances being solved
are similar. We merely require that a heuristic search algathm is being used, and we need
a cost-to-go and a distance-to-go heuristic. Both likely eist for any given domain. This
allows the described approach to be widely and immediately pplicable. In our evaluation,
we found that, when used in search, the learning technique mduces better solutions faster
than the base heuristics when used in greedy best- rst sealcacross a wide range of bench-

mark domains. The technique also proved to be bene cial in banded suboptimal search,
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improving upon the performance of previous state of the art éggorithms while additionally
removing the need for parameter tuning. Though not investicgated empirically here, we
discussed how the online technique could be easily combineslith o ine and interleaved

approaches to improve performance even further.
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Part I

Search Strategies
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The previous section of the dissertation was primarily conerned with the construction
of heuristic information for guiding heuristic search algaithms. The following chapters in-
vestigate suboptimal search strategies in three main settigs: bounded suboptimal search,
bounded cost search, and anytime heuristic search. As we prusly noted, part of the
common thread between algorithms for all of these settingssi that the can, and should,
consider the inadmissible estimates of cost and actions-tgo that we discussed in the pre-
vious section of the dissertation.

The rst chapter in this section discusses the setting of bounded suboptimal search.
Algorithms which address the problem of bounded suboptimalsearch must nd a solution
whose cost is provably within the user-supplied factor of ofimal. The rst major con-
tribution of this chapter is an argument that suggests they should also perform this task
as quickly as possible. Much of our discussion of the perforamce of bounded suboptimal
search algorithms from the literature and from this thesis will be focused on under what
circumstances, if any, the algorithm is capable of minimizihg solving time subject to a
suboptimality bound.

The second major contribution of Chapter 5 is the Explicit Estimation Search algorithm,
rst mentioned in Thayer et al [70], and fully presented in Th ayer and Ruml [71]. The ex-
plicit estimation search algorithm is the goal-statement d bounded suboptimal search made
expansion order. It provides state of the art performance fo many benchmark domains,
and the general framework that it lays out provides e cient a Igorithms for other subopti-
mal search setting, including bounded cost and anytime seah, as we will see in Chapters 6
and 7.

The second chapter of this section, Chapter 6 covers a relately new variant of subop-
timal search, the bounded cost search domain. In bounded cbsearch the goal is to nd
any solution within a user speci ed cost-bound C as quickly as possible. This di ers from
the bounded suboptimal domain in that we no longer care what he cost of the optimal
solution is, as we must prove an absolute rather than a relatie bound.

The nal chapter of this section covers the anytime search sting. Anytime search is one
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of three major methods for controlling the amount of time conrsumed by a heuristic search
algorithm. Anytime search is designed for situations wheresome unknown amount of time is
available for solving the problem. Since the deadline is unkown, anytime search algorithms
must expand to make use all available time, or at least as mucliime as is required to nd

the optimal cost solution. Although anytime search algorithms are designed for unknown
deadlines, they are also popularly used in settings where thdeadline is known before hand,

as it is in the international planning competition.

110



CHAPTER 5

BOUNDED SUBOPTIMAL
SEARCH

5.1 Introduction

Heuristic search can be used to solve a surprisingly wide vaaty of problems, ranging from
path nding in video games [8] to multiple sequence alignmet [31]. Many domain in-
dependent planners, including the award winning LAMA-11 [3] rely on heuristic search
algorithms of one variety or another. The surprising thing aout the variety of problems
which can be solved with heuristic search techniques is thathese problems have a an equally
wide variety of properties and requirements. The di er in the way their search spaces are
de ned, the number of actions available on average, what costitutes an acceptable solving
time, and in a number of other key attributes. Despite these tindamental di erences, prob-
lems from all of these domains can (and have) been solved ugjieuristic search techniques,
which speaks to the generality of the approach.

When time is not a concern, we can solve heuristic search prédéms optimally with
algorithms like A* [23] or IDA* [34]. These algorithms work by slowly increasing a lower
bound on the cost of an optimal solution to the problem under wtil a solution is contained
within their bound. If the bound was increased slowly enough this solution has provably
optimal cost.

Proving that a solution has optimal cost can be very expensie; to do so the search

algorithm must examine all nodes that could potentially lead to a solution of lower cost.
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Even if we have heuristics that are unrealistically accurag, say that their estimate of cost-to-
go errs by no more than a constant value, nding cost-optimal solutions is still intractable
[53]. The cost of optimal solving is fundamentally at odds wih many applications that
require fast response times.

The requirements of an application may require us to abandoroptimal search as too
expensive, but that does not mean we should ignore the cost colutions entirely. Just as
compute time is restricted, so too are execution time, battey power, fuel, and a variety of
other resources that the “cost' in cost-optimal search may &fer to. By simply relaxing the
optimality requirement, rather than abandoning it entirel y, we can retain some control over
the cost of solutions returned by a search algorithm while ptentially increasing the speed
with which those solutions are found.

Algorithms that guarantee that their returned solution wil | have cost within some user-
supplied factor of optimal are bounded suboptimal search ajorithm. These algorithms have
also been referred to as-admissible orw-admissible search algorithms, as the user-supplied
parameter is often named or w. The goal of bounded suboptimal search is to return a
solution that is within a factor w (or alternatively 1 + ) of optimal as quickly as possible.
Bounded suboptimal search algorithms ideally provide a wayto smoothly shift the focus of
an algorithm from solution cost to solving time by tweaking one (or more) parameters. In
practice, the transition is not always smooth as we will seeri Chapter 5.

The paper proceeds as follows: We begin with a discussion ofobnded suboptimal
search, focusing on the properties an algorithm must have ah a discussion of what the
overall goal of bounded suboptimal search is. In Section 5, & argue that the goal of
bounded suboptimal search is to minimize solving time with espect to a user-supplied
suboptimality bound.

In Section 5.12, we introduce the explicit estimation searb algorithm (EES), a new
algorithm designed to optimize the goal we proposed for boutted suboptimal search. EES
works by combining potentially over-estimating heuristics for solution cost and solution

length to nd solutions provably within a user-provided sub optimality bound as quickly as
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possible.

After describing EES, we relate it to previous work in the eld of bounded suboptimal
search in Chapter 5. Our discussion of previous bounded sulptimal search algorithms
includes a discussion of how much previous work does not stitly minimize solving time
under a suboptimality bound. An empirical evaluation that shows EES is frequently far
more e cient for a given suboptimality bound than previous a lgorithms. Not only is EES
often faster, but it is more robust than previous approachesas well. We will see that the
mean solving time for EES across all benchmarks considered this paper is lower than that
of other algorithms because EES never fails catastrophicl for any of the domains consid-
ered, while all other algorithms have at least one domain whee they perform exceptionally
poorly.

In Section 4.6 we discuss EES, and bounded suboptimal searaimgeneral, in the context
of related heuristic search settings. In particular, we wil look at how EES relates to the
bounded-cost search setting, where we would like algoriths to produce a solution with
cost less thanC as quickly as possible, and to the anytime search setting, wére we would
like algorithms that provide the best possible solution uncer some unknown deadline. EES
can be adapted directly to either of these domains, resultig in performance exceeding that

of previous approaches in these areas.

5.2 Problem De nition

Bounded suboptimal search attempts to address a shortcomimn of optimal cost heuristic
search: optimal search is often prohibitively, and perhapsneedlessly, expensive. Finding
provably optimal solutions to problems takes much longer tran nding suboptimal solutions
in general. If the time requirements of an application are shrt, optimal search is not always
an option. Even if the time constraints of our application could permit optimal search,
suboptimal solutions may be \good-enough" in a variety of stuations and we may wish to

spend our resources on parts of the task other than search, raiag suboptimal solving a
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better decision than nding provably optimal solutions.

Bounded suboptimal search xes this problem by allowing theuser to trade increased
solution suboptimality for potentially decreased solvingtime. Generally, though not always
as we will see in the empirical evaluation, an increase in sudptimality bound produces a
reduction in solving time for a bounded suboptimal search ajorithm on a given problem.
The reduction in solving time is also generally quite simila across similar instances. Thus,
a user typically plays with the suboptimality bound of a search algorithm until it is fast
enough.

This suggests the following goal for bounded suboptimal seah algorithms: for a given
suboptimality bound, nd a solution as quickly as possible. If the user is going to raise the
suboptimality bound until solving is su ciently fast, we wo uld like our algorithms to be
su ciently fast with the smallest increase in the suboptima lity bound. !

There are really two tasks that any bounded suboptimal searkh must solve. First, it
must nd a solution, should one exist. Preferably it would n d that solution as quickly as
possible, as we've just argued. Secondly, it must be able torpve that this solution is within
a user-speci ed factor of optimal, or it is not a bounded subgtimal search algorithm. We

now discuss each task in turn.

5.2.1 Finding a Solution as Quickly as Possible

A key task, and in some cases the only task, of heuristic seducalgorithms is to nd a

solution to the problem in question should one exist. If no stution exists, the best we can
do is prove no solution exists by examining all states in the sarch space and showing that
none of them are a goal. However, if a solution to the problem des exist, then we can

strive to nd that solution as quickly as possible.

1There are actually algorithms which attempt to optimize a us er-speci ed utility function which says
exactly how much solving time is worth a certain reduction in so lution suboptimality [54]. These are
problematic in no small part because users are very bad at acarately representing their utility functions,

and they are beyond the scope of this work.

114



Search algorithms have used a variety of approaches to nd dotions quickly. Algorithms
like weighted A* [45] and greedy best rst search (or pure heuistic search) place additional
emphasis on heuristic estimators to encourage search for alsition to complete quickly. In
domain independent planners such as FF [26] potentially oweestimating estimates of cost-
to-go, which we will refer to asH(n), are used in place of admissible cost-to-go estimators in
an e ort to speed search. Constructing subsets of the potenal solutions under consideration
can also speed search, so long as the subsets we choose stifitain solutions. This is the
approach taken by algorithms such as beam search [19, 3\ [44], and A [20]. We will
see examples of all of these techniques in the discussion ofepious work and the EES
algorithm.

Critically, many search algorithms overlook the importance of estimating the di culty
of completing a partial solution when attempting to nd that solution. If we truly wish to
nd solutions as quickly as possible, we must nd some way of anking solution by their
cost of completion in order to prefer those solutions which ee easy to nd. Although it
is not known how we can estimate the di culty of nding a solut ion directly, we do know
how to estimate the length of a solution. All else being equalsolutions with fewer actions
tend to require less search to nd (the complexity of search $ often a function of solution
length). Despite this natural relationship between solution length and solving di culty,
many heuristic search algorithms, including weighted A*, fail to take this quantity into

account explicitly.

5.2.2 Proving Bounds

Suboptimal search algorithms are generally faster than cdsoptimal search algorithms be-
cause they expend far less e ort proving that their solutions are of su ciently low cost.
Optimal search algorithms must show that there is no possiké solution to the problem with
smaller cost, which requires examining a large number of pential solutions or nodes. By
contrast, bounded suboptimal search algorithms must only Bow that there is no solution

whose cost is more than a factorw smaller than the solution returned. By lowering the
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standard to which we hold solutions in search, we reduce theast of proving the bound
precipitously. In fact, for a very limited set of problems we can show that bounded sub-
optimal search can be run in time linear in the length of the rdurned solution [13] rather
than exponential, which is generally the case.

There are two ways by which we can show a solution lies within ajiven suboptimality
bound. These are by exhaustion, and by construction. We disgss bounded suboptimal
search algorithms which use both approaches in this paper,oswe discuss the approaches
brie y now and in depth for each algorithm as it is presented.

Optimal search algorithms such as IDA* show that a solution is within a desired sub-
optimality bound (e.g. w = 1) by exhaustion. That is, they exhaust all potential solutions
which could have cost less than a factomw than the returned solution. To do this, we must
compute a lower bound on the complete cost of a partial solubn. If g(n) is the cost of
executing the actions in a partial solution and h(n) is a lower-bound on completing that
solution, then f (n) = g(n) + h(n) is a lower bound on a complete solution using the pre-
X n. Algorithms that work by exhaustion must merely extend all partial solutions until
f(n) w g(sol) where sol is the solution we would like our algorithm to return.

Proving that a solution lies within a suboptimality bound by construction is slightly
di erent. We must show that at the time a search algorithm was considering a node it
could show the solution represented by that node was within abounded factor of the
optimal-cost solution. Generally such a proof relies on theorder in which partial solutions
are considered by the search algorithm and properties dfi(n), our estimator of cost-to-go.
Proving a solution is within a suboptimality bound by constr uction is neither explicitly

more di cult nor easier than proving a solution is bounded by exhaustion.

5.3 Weighted A*

Weighted A* [45] is, perhaps, the oldest bounded suboptimakearch algorithm. It modi es

the standard node evaluation function of A, f(n) = g(n) + h(n), where g(n) is the cost
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weightedAstar (root ;w)

1. open f rootg

2. while opené fg

3. let n = argmin 5 pen f AN) = g(n) + w h(n) in
4 if goal(n)

5. then return n

6. else open open f ng

7. for each child c of n, open open[f cg

8. return no solution

Figure 5-1: Weighted A* Pseudo Code

of getting to n from the root and h(n) is the estimated cost-to-go fromn to the goal,
into fqn) = g(n)+ w h(n). Placing additional emphasis onh(n) is a common technique
for reducing the number of expansions needed to nd solutios. Weighting the cost-to-
go heuristic is a common approach, taken by weighted A*, optinistic search, dynamically
weighted A*, clamped adaptive search, and AlphA* as we will ®on seen. Weighting the
cost-to-go heuristic encourages the search algorithm to mfer states where there is little
estimated cost remaining to the goal, as they tend to be closeto the goal.

Figure 5-2 shows the order in which weighted A* expanded nodg when solving a 4-
connected unit-cost grid world navigation problem. Nodes mn yellow were expanded early
on in the search, and as the nodes become redder they were expiza later on in the search.
The starting state for this problem is in the middle of the left-hand side of grid, and the
goal state is in the middle of the right hand side. For comparson's sake we also include a
visualization of A*'s expansion order in Figure 1-10.

When comparing the two expansion orders, we see that weighteA* and A* are quite

similar. In fact, Figure 5-2 looks much like a thinned versio of the expansion order of A*
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Figure 5-2: Expansion Order of Weighted A* (w = 1:5)Search on a Path nding Problem

shown in Figure 1-10. This is hardly surprising; the node evhuation functions of weighted
A* and A* only dier by w. As previously noted, weighting the heuristic makes weighed
A* place more importance on cost-to-go than cost already inarred. This tends to make
weighted A* prefer nodes closer to the goal, as these nodesrig to have lower h-values.
Like A* will expand all nodes with f (n) < g(sol), weighted A* will expand all nodes
with fqn) < g(sol). Although weighted A* will often nd solutions of higher co st than
A*, weighting the cost-to-go heuristic also reduces the nurber of nodes with an evaluation
function (eg f (n), fYn)) of cost less than the eventually returned solution. This dten

results in reduced solving times, as we will see in the folloing evaluation.

5.3.1 Implementation Concerns

Typically, we talk about weighted A* as a best rst search on f {n) = g(n)+ w h(n), but
f9n) = wy g(n)+ wy h(n) can produce an equivalent bounded suboptimal search. In ft,
this was the way weighted A* was rst proposed. On its own, the dual-weighting variant

of weighted A* isn't particularly exciting, it does however, allow for the use of an integer-
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based open list for a larger range of weights than is possibl@ith the standard single-weight
conception of weighted A*. An integer based open list is moree cient than a heap based
open-list, but less general. For example, at a weight of 25, very few nodes are going to
have integer values, even for domains with unit cost actions However, 4 g(n) +5 h(n)
produces an identical node expansion order and all resultign node-evaluations will be integer
if the underlying g and h-values are also integer. Thus, any rational weight can be dwe

with an integer based queue.

5.3.2 Proof of Bounded Suboptimality

Before discussing the shortcomings and performance of wéitgd A*, we reproduce the proof
from \Heuristic Search Viewed as Path Finding in a Graph" [45] showing that it obeys a
suboptimality bound. Once we've shown that weighted A* obeys a bound, we will show
that even if it chooses not to re-open duplicate states, it wil still obey the same bound

assuming that the heuristic being used is consistent.

Theorem 1 If h(n) is an admissible heuristic, then the solution returned by wghted A*

has cost within a factorw of the optimal solution.

Proof: The proof is based on the construction of the open list. Letp be the deepest node
along a bath to the optimal solution. This node must exist. Initially it is the root, and

when the root is expanded, it is one of the generated children Since we never discard a
node in this version of weighted A*, p is on the open list at all times, including when a
solution is returned. When weighted A* returns a solution (Line 5 of Figure 5-1), that node

has the smallest value of all nodes on the open list (Line 3). ©em this, we can conclude:

g(sol) = fYsol) By admissibility of h(n)
fqsol)  fqp) By Line 3 of Figure 5-1
g(p)+ w h(p) w (g(p) + h(p)) By algebra, de nition of f°
w f(p) By de nition of f
w f (opt) By admissibility of h
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Weighted A*( root; w)

1. open f rootg

2. while(opené fg)

3. removen from openwith minimum f4n) = g(n)+ w h(n)
4 if n is a goal

5. return n

6. else for each childc of n

7. if another node is inopen with the same state asc

8. then keep the node with the smallestg-value

9. otherwise insertc into open

10. return no solution

Figure 5-3: Weighted A* pseudo code with duplicate dropping

5.3.3 Dealing with Duplicates

Of all the algorithms we discuss in this paper, weighted A* isthe only one that can ensure
bounded suboptimality while electing to not revisit previously expanded states. That is, it
ignores, or drops, duplicate states even when they are encotered by a better path. We
provide pseudo code for weighted A* with duplicate droppingin Figure 5-3. The proof
of bounded suboptimality for the duplicate dropping variant of weighted A* is slightly
di erent. There exist several proofs that weighted A* can drop duplicates without sacri cing

suboptimality bounds [39, 74], we reproduce Thayer et al [7hbelow.

Theorem 2 If h(n) is an admissible and consistent heuristic, then there alwayexists a

node p that is the deepest node along an optimal solution path thatsion open and has
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gp) w g (p), whereg (p) is the optimal cost of arriving at p.

Proof: The proof is by induction over iterations of the search algoithm. For the base
case we consider the rst expansion, that of the root. One ofts children must be along
an optimal path and it must also have it's optimal g-value as well. For the inductive step,
assume that there is a node along an optimal pathp; 1, whoseg-value is within a factor w
of it's optimal g-value. Consider its fate during expansion. If it is not seleted for expansion,
then p; 1 is still the deepest node along an optimal path on open, it obgs the inequality
gpi 1) W g (pi 1), and the proof holds trivially. If p; 1 is selected for expansion, one of
two things happens: p; is inserted into open, orp; was already expanded by another path
and is discarded. We now proceed by cases.

pi is inserted: If p; 1 is expanded andp; is inserted into open, theng(pi) = g(pi 1) +
c(pi 1;p) W g(p )*+tc(p 1;p) W g (p)and the theorem holds.

pi is discarded: This can only happen becausp; is already in closed after having been
expanded along another path. Ifp; was expanded before whichevew-admissible ancestor

pi j was on the open list at that time, this means that f i)  fFqp; j). But then:

f Api) fqpi ) by expansion order
g(pi) + w h(pi) glpi j)+w h(p ) by de nition of f°
g(pi) + w h(pi) glpi j)+w (c(pi j;p)+ h(pi)) by admissibility of h
g(pi)+ w h(p) gpi )+ w c(pij;p)+w hip) by algebra

a(pi) + w h(p) w g (pj)+rwc(pj:;p)+w h(p) by inductive assumption

g(pi) + w h(pi) w (g (pij)*tc(pijip)+tw h(p) by algebra
g(pi) + w h(pi) w g (p)+w h(p) by de nition of optimal path
a(pi) w g (pi) by algebra

The proof of bounded suboptimality under duplicate dropping is nearly identical to the

previous one:
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g(sol) = fYsol) By admissibility of h(n)
fqsol)  fqp) By expansion order
9(p) + w h(p) w (g (p)+ h(p)) By Theorem 2
w f(p) By de nition of f
w g(opt) By admissibility of h

The additional step is required because we are dropping dufates, and cannot guar-
antee p was arrived at by an optimal path anymore. Theorem 2 allows ugo show that the
path to pis not too costly to ruin the proof of bounded suboptimality. Weighted A* is the
only algorithm that can drop duplicates without impacting i ts suboptimality bound, and it
can only do that so long as the cost-to-go heuristic is consient. If we were to drop dupli-
cate states without a consistent heuristic, we would su er aloosening of our suboptimality
bounds. Ebendt and Drechsler [17] showed that other boundeduboptimal algorithms, and
even weighted A* can drop duplicates without completely losng their suboptimality bound.
However, the bound does loosen based on the length of the stihn. The resulting bound
is w'ength \where length is the length of the returned solution. So, for example in theheavy
vacuum domain, where solutions are generally around a thownd actions long, if we were to
run weighted A* with duplicate dropping at w = 1:1, the resulting bound would be about
2:47 10*. The bound still exists, but only technically.

Figure 5-4 shows the impact duplicate dropping has on perfonance in two domains,
life-cost grid navigation and the fteen puzzle; both are described in detail in Chapter 2.
The x-axis of these plots shows the suboptimality bound,w, supplied to the algorithm.
The y-axis presents mean solving time on a log scale with 95%oa dence intervals about
the mean. We present results on two domains, grid navigationa domain with tight cycles
and thus many duplicates, and the fteen puzzle, a domain tha has few cycles and few
duplicates.

Results vary very strongly between these two domains, as weeg in Figure 5-4. In both

cases, ignoring duplicate states has a large impact on perfmance. For grids, it has a strong
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Figure 5-4. Impact of Duplicate Dropping on Weighted A* Performance

positive impact, as weighted A* without duplicate dropping is almost an order of magnitude
slower that weighted A* with duplicate dropping for all eval uated suboptimality bound. In
tiles, we see the opposite, weighted A* with duplicate dropjing is nearly a full order of
magnitude slower than a weighted A* search that re-expands dplicate nodes as they are
encountered. It's di cult to know a priori which strategy wi |l perform best, but it tends
to be the case that for domains with tight cycles and many dupicates, dropping duplicates
is bene cial, while for domains with few cycles, duplicatesshould be re-expanded. As we
discussed earlier, technically other algorithms can drop dplicates as well, but at the cost

of a severe relaxing of their suboptimality bound.

5.3.4 Solving Time vs Suboptimality Bound

Figure 5-5 shows the time weighted A* required to solve a prolem across a variety of
suboptimality bounds (5, 4, 3, 2.5, 2, 1.75, 15, 1.3, 1.2, 15, 1.1, 1.05, 1.01, 1.001, 1.0005,
and 1). Experiments were run until the problem was solved, meory was exhausted, or
more than ten minutes had passed. The reported times are the&fore optimistic, as weighted
A* will report a time shorter than what is needed to solve the problem whenever it fails to
return a solution. Doing evaluations only on solved problens also provides an unrealistically

optimistic solution, and running only on problems small enaigh that they can be solved
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Figure 5-5: Performance of Weighted A*: Suboptimality Bound vs. Solving Time

by all algorithms in this evaluation is also too restrictive. We feel the above approach,
reporting the time required to exhaust memory, is the least vorst option.

In Figure 5-5 the x-axis is the user-supplied suboptimality bound. On the y-axis we
report mean time-to-solve, with 95% con dence intervals alout the mean. The number of
instances varies by domain, and these numbers are reported iChapter 2. We place EES
on the plot with weighted A* (as we will for all evaluations in this section) to show how
previously proposed algorithms line up with the algorithm proposed in this work.

Generally, as the suboptimality bound supplied to weightedA* increases, the time the
algorithm requires to nd the solution decreases. That is the intended behavior of weighted
A*. It is supposed to scale gracefully between A*-like behaior, cost-optimal solutions and
long solving times, and greedy search behavior, with expeing solutions but short solving
times. There are, however, three domains where this trend i:ot observed: inverse cost

tiles, heavy vacuum world, and dock robots.
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Figure 5-6: Weighted A* Doesn't Always Improve with Larger w

In the heavy vacuum domain, weighted A* performance plateas early on. That is, for
suboptimality bounds larger than two, the time required to nd a solution doesn't noticeably
decrease. This is because weighted A* has already converged the performance of greedy
best rst search. Greedy search takes on average 94 secondsgolve one of these instances.
No matter how much focus weighted A* shifts from cost-incurred to cost-to-go, it can never
become greedier than pure heuristic search, and so we woulkpect the performance of
greedy search on a problem to be a sort of bound on the perfornmage of weighted A*. This
isn't always true as we will soon discuss, but it is a ne heurstic for predicting performance.
For this domain, EES is substantially faster, up to two orders of magnitude, because it is
using additional information, an estimate of actions-to-go, to pursue easy to nd solutions.
Outside of tie breaking, it is unclear how to incorporate sud information into weighted A*
in a general way without losing guarantees of bounded subopnality.

In the inverse tiles problems and dock robot problems shownn Figure 5-5 weighted A*
demonstrates a U-shaped performance curve. That is, it stds of needing large amounts
of time, improves for a while, and then becomes worse. We showeighted A* alone in
these domains to highlight the e ect in Figure 5-6 This is suprising because it de es the
conventional wisdom that as suboptimality bounds are relaxed, heuristic search algorithms

take less time to solve problems. It turns out this notion of heuristic search performance
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Figure 5-7: Comparing EES and Weighted A* Based on Nodes Gemated

is itself a heuristic in that it generally, not always, holds. In these problems weighted A*
is still converging on the performance of greedy best- rst garch, it just so happens that
greedy search performs very poorly for these problems becse the heuristic can be quite
misleading. By putting too much focus on cost-to-go, weighed A* ends up ignoring cost-
incurred and is mislead by the heuristic. There is a 'sweet{got' where it performs quite
well, but where this is will vary by domain and instance. EES avoids this potentially bad
behavior by using online corrections of the misleading adnsisible cost-to-go heuristic and by
relying on multiple sources of information. The latter is known to improve the performance
of satisfying search substantially [53], but it is not known if a direct adaptation of this
technique to bounded suboptimal search results in improvegerformance.

Figure 5-7 shows the performance of Weighted A* and EES as a fiction of the number
of nodes generated during a search at a given suboptimality dund on the standard unit-
cost fteen puzzle. When we look at the two algorithms in terms of time-to-solution, as

in Figure 5-5, we see that the two algorithms are barely disthguishable from one another,
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Figure 5-8: Performance of Weighted A*: Suboptimality Bound vs. Solution Quality

with weighted A* having a slight advantage for high suboptimality bounds. However, if
we look at the results in terms of states generated, then EES ds a clear and consistent
advantage over weighted A*. This is meant to draw attention to the importance of search
overhead. In domains like the sliding tiles puzzle, where its not uncommon for a well tuned
implementation to be able to generate millions of nodes perecond. When node generation
is essentially free, the overhead of a search algorithm begwes incredibly important and
can be a determining factor in performance. When generatingiodes becomes expensive,
as it is in domain independent planning for example, algorihm overhead becomes less of a

determining factor.

5.3.5 Solution Cost vs Suboptimality Bound

Another performance metric we might care about for bounded sboptimal search algorithms

is how cheap the returned solution is. While all solutions réurned by bounded suboptimal
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search algorithms are provably within a bounded factorw of the optimal cost solution,
often they are better than this bound may imply. This is taken advantage of by some
bounded suboptimal search algorithms, optimistic searchwhich we discuss later, is one
example. Figure 5-8 present results of the IPC metric [52] okolution quality relative to
the suboptimality bound presented to the search algorithm. Solution quality is computed
as the cost of the best known solution to the problem divided ly the cost of the solution
returned by the algorithm. Finding no solution has in nite ¢ ost, so this normalizes the cost
of solutions between 1 (best known) and 0 (no solution retured). Again, it isn't an ideal
solution to the problem of not all algorithms solving all instances for the domains evaluated,
but it is widely used.

In Figure 5-8 we see that the solution qualities reported by weighted A* generally have
an inverted V shape. That is, for all domains save for Life grids where all problems are
solvable by all algorithms, for very tight suboptimality bo unds low solution qualities are
reported, then solution qualities increase as suboptimaty is increased, eventually reaching
a peak. Beyond this peak, the solution quality begins to deagase again. The initial stage
of low to high solution qualities is a result of moving from a siboptimality bound where
weighted A* fails to solve many instances within time and menory to a suboptimality bound
where it can nd the solution to most of the problems under corsideration. The second
phase, of moving from high solution quality to low solution quality, is exactly what we
should expect from a bounded suboptimal search algorithm. A the suboptimality bound
is relaxed, worse costing solutions are permissible and netned because they are easier to
nd.

Perhaps more interesting than the solution quality of weighted A* is the comparison of
solution qualities between weighted A* and EES. In three of he domains under investiga-
tion, the original 15 puzzle, Life grid navigation, and heaw vacuum problems, weighted A*
consistently has higher solution qualities than explicit estimation search. This is because
EES is explicitly trying to minimize solving time by pursuin g partial solutions believed to be

w-admissible in order of fewest estimated actions-to-go. Ithere is not a direct correlation
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between solution length and solution cost, then searchingn order of ® could lead to low

guality solutions. Weighted A*, on the other hand, only ever considers cost-to-go for search
guidance, so we should expect it to return solutions of high gality so long as it can solve

the problem being considered.

There are three domains where EES is not dominated by weighté A*. These are the
inverse sliding tiles domain and dock robot domain, where EE consistently nds more
solutions for every suboptimality bound than weighted A*, and the dynamic robot domain.
In the latter domain, we cannot ascribe the good performanceof EES to simply solving
more instances. Here, the good performance is likely the rak of using more accurate
cost-to-go estimates than those used by weighted A*. We justy this by noting that greedy
best- rst search on B nds substantially better (i.e. cheaper) solutions than th ose returned
by greedy best- rst search onh.

It is important to note that we could have made the solution quality comparison more

favorable to EES by picking a di erent range for normalization. Solution quality is current

g(best solution but 100 g(best solution or 1000Oog(best solution)

computed by o(my solution) g(my solution) g(my solution)

are equally

legitimate. The proper range of normalization hinges on howcostly it is to have no solution
to a problem. This varies from setting to setting. By virtue of relying on multiple heuristics
and directly trying to minimize solving time (and by proxy me mory consumption), EES
will almost always solve more problems for a give setting tha weighted A*. If we place a
high cost on having no solution, EES is clearly the better appoach. If, however having no
solution is about as good as having a very costly solution, arapproach like weighted A*
becomes more attractive.

From the perspective of bounded suboptimal search, this evaation isn't especially
useful. Hard guarantees of solution quality are all that redly matter. On an unknown
domain, or even a new instance of a well studied domain, we cédrsay anything for certain
about the cost of a solution returned by a suboptimal search bt for the fact that it will
be within a bounded factor w of optimal. If hard bounds on solution cost are required,

there is an area of suboptimal search, bounded-cost searckhat addresses this problem
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directly. We discuss these algorithms briey in Chapter 6. For those who hand tune a
suboptimality bound for a bounded suboptimal search until it returns solutions of su cient
quality su ciently quickly, EES is likely to hit \su cientl vy fast" with tighter bounds on

solution quality than weighted A*.

5.4 Dynamically Weighted A*

Dynamically weighted A* [46] is based on the second justi caion for weighting in weighted
A*, that weighting makes the search prefer nodes further alog in the search and therefor
presumably nearer to a goal. Assuming that this preferentid treatment is the reason for
the good performance of weighted A*, dynamically weighted A attempts to improve upon
weighted A* by giving more preferential treatment to nodes far along in the search by
scaling the weight by which their heuristic is multiplied down.

The cost function for dynamically weighted A* is provided in Equation 5.2. Here,

= w 1, so is the portion of the weight beyond optimal. There are, of couse, many
ways to write the same expression, but this one highlights tlat the node evaluation function
of dynamically weighted A* is the evaluation function of A* p lus an extra term based on
the depth of a node relative to the goal depth &cale(n) de ned in Equation 5.1), and the
maximum allowable deviation from optimal,

We can see that as the depth of a node increases, the value rehed by Equation 5.1
approaches 0, so the deepest nodes in the search have no weigpplied to them, while
nodes early on in the search have nearly the full suboptimaty bound used (g(n) + h(n) +
(w 1) h(n)= g(n)+ w h (n)). This means that, for dynamically weighted A* to prefer
a node higher in the search tree to one lower in the tree, the lgher node likely has a much
lower f -value. This results in a search algorithm which is loathe toreconsider previous
decisions, that is it will spend most of it's time expanding nodes deep in the search tree
because they're receiving preferential treatment.

Figure 5-9 shows the expansion order of dynamically weighté A* on a unit cost grid-
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Figure 5-9: Expansion Order of Dynamically Weighted A* Seach on a Path nding Problem

world path nding problem. The visualization shows rst tim e a node was expanded by
dynamically weighted A* search (W = 5). Nodes that were expanded early are colored
yellow, nodes that were expanded later on are colored red. Wehoose to color the rst time

a node is expanded because dynamically weighted A* re-expds a great many nodes. You
can see that the dynamically weighted expansion order is muclike the A* expansion order

(Figure 1-10, but shifted towards the goal, that is to the right. If we take a close look at
the node evaluation function used by dynamically weighted A, this makes perfect sense.
As the depth of nodes increases, the weight applied to the heistic increases. Eventually,

the depth of nodes will exceedviaxDepth, and fgya (n) will be equivalent to f (n).

_ .. Depth(n)
scalg(n)=1 min (1; m) (5.1)
fawa (n) = g(n)+ h(n)+  scalen) h(n) (5.2)
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5.4.1 Implementation Concerns

When looking at Equations 5.1 and 5.2, one might notice theMaxDepth value is not
supplied to the algorithm. While it is not supplied, it is req uired to perform the weight
scaling and thus the search as well. For some domains, like éhtraveling salesman problem,
the maximum depth of a search node is known, in that case it istie number of cities. For
the domains here, if we ignore cycles there is no maximum dept If we disallow cycles,
there is a maximum depth, but it is far, far larger than the depth we would expect to
encounter solutions at. Having a hugeMaxDepth relative to actual expected solution
depth would cause dynamically weighted A* to behave almost ractly like weighted A*,

e ectively defeating the point of the algorithm. In our eval uation, we estimate the depth

of the solution using d(root).

5.4.2 Proof of Bounded Suboptimality

The proof of bounded suboptimality for dynamically weighted A* hinges on the fact that
Equation 5.2 is bounded from below byf (n) and from above byf {n). To see this, we must
merely observe that Equation 5.1 only returns values betwee 0 and 1. Thus, when is
0, fawa (n) = f(n) and when is 1, fgqua (N) = fqn). Given this, we can use the same
chain of inequalities used in our proof of Theorem 1 to show th bounded suboptimality
of dynamically weighted A*. More generally, any node evaluéion function obeying the

inequality f (n) f&n) w f(n) can be shown to produce bounded suboptimal solutions.

Theorem 3 A best- rst search on a node evaluation functionf&n) returns solutions within

a bounded factorw of optimal so long asf (n) f&n) w f(n).

Proof: The proof is based on the construction of the open list. Letp be the deepest node
along a bath to the optimal solution. This node must exist. Initially it is the root, and when
the root is expanded, it is one of the generated children. Site we never discard a node in

this search, p is always on the open list. When a best- rst search expands a ode, we know
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it had the smallest node evaluation of all nodes on open. Fronthis we can conclude:

g(sol) = f(sol) By admissibility of h(n)
f (sol) f&(sol) By construction of f€
f&(sol) w f(p) By construction of f€
w f (opt) By admissibility of h

Unlike the previous algorithm, dynamically weighted A* cannot drop duplicates if they
are found along a better path even when the base heuristic isonsistent. To see why this
is, imagine that we had written the node evaluation function of dynamically weighted A*

in this equivalent formula:

fawa (n) = g(n)+ w scale(n) h(n) (5.3)

Now consider combiningscale(n) and h(n) into a single value, (n). We are then left
with a weighted A* search on the new heuristicR(n). The new heuristic is admissible, as
A(n) h(n) because 0 scale(n) 1. However, the new heuristic is no longer guaranteed
to be consistent. Consider a pair of nodespn; and n, wheren; is the parent of n,, the base
heuristic h(n) changes exactly by the cost of the transition between the tvo nodesc(nq; ny),

and Depth(n,) < MaxDepth . For B(n) to be consistent, the following must be true:

A(n1) A(n2) c(ni;ny)
scale(n1) h(ni) scale(nz) h(nz) c(ni;n2)

Depth Depth .
(1 gopd) h(n) (1 G2pdEl) h(ng)  c(nying)

Depth Depth .
h(n)  Gpat: h(ny)  h(no)+ pepandd h(nz)  c(n1;ng)

. Depth (n1) Depth (n1)+1 .
c(n1;n2)  maxoepm- NN+ axpepn ~ N(N2)  o(n1;n2)

. Depth Depth .
o(N1ing)  yrepanth h(ng)+ gefCD h(ng) + h(ng)  c(ni;ny)

pepth(t) (h(n2) h(ny)+ h(nz) O

Depth .
h(nz) geepattl o(nying) 0
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Figure 5-10: Performance of Dynamically Weighted A*: Subopimality Bound vs. Solving

Time

If h(n,) is ever larger than the cost of transitioning betweenn; and ny, B could violate
the inequality and thus be inconsistent. Since the consistecy and admissibility of h(n)
don't guarantee this property, we cannot guarantee that® will be a consistent heuristic,
therefore dynamically weighted A* cannot ignore duplicate states arrived at via duplicate

paths without having an immense negative impact on the subopmality bound [17].

5.4.3 Solving Time vs Suboptimality Bound

Figure 5-10 shows the time required by dynamically weightedA* to nd a solution as a

function of the suboptimality bound supplied to the algorit hm. We also place EES on the
plots for reference. Results for the heavy vacuum domain aremitted because dynamically
weighted A* solved no problems for any of the suboptimality bounds considered. The

plots reveal that for no suboptimality bound and for no domain is dynamically weighted
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Figure 5-11: Moving away from the root is not the same as makig progress towards a goal

A* competitive with EES. In fact, for no suboptimality bound is dynamically weighted
A* competitive with weighted A*. Part of this is that the doma ins we consider in our
evaluation don't have known solution depths, and soMaxDepth must be estimated. If
we have estimates ofMaxDepth that are too conservative, dynamically weighted A* will

spend much of it's time doing a mini-A* search near the goal sate. If they are too large,
dynamically weighted A* will spend too much time exploring depths where no solutions
exist. Even if we pick MaxDepth well, dynamically weighted A* will be running an A*-like

search as it approaches the goal, and like A*, these searchesll be expensive.

5.5 Revised Dynamically Weighted A*

Dynamically weighted A* [46] is built around the idea of rewarding progress away from the
starting node of the search space. And there are domains, sh@as the traveling salesman
problem or the knapsack problem where this is exactly the rigpt thing to do. In these

domains every step away from the root is a step towards some g and so dynamically
weighted A* is always rewarding progress towards a goal. Hoawer in many domains we
can make steps away from the goal. Consider a single expansion a completely empty
4-connected grid, shown in Figure 5-11, world where the ageras the same y-coordinate
as the goal, but is still to the left of the goal. When we expandthe root of this problem,

we generate four children, only one of which is actually closr to the goal. Despite only one
child making any real progress, all four children have the sme depth. Dynamically weighted

A* will give the same preferential treatment to all children, even those that moved away
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Figure 5-12: Expansion Order of Revised Dynamically Weightd A* Search on a Path nding

Problem

from the goal.

o dm)
scalegwa (n) = max(1; d(root)

) (5.4)
To try and correct for this degenerate behavior, we proposedevised dynamically weighted
A* [68, 74]. Revised dynamically weighted A* scales the heustic values based on estimated
distances to the goal rather than the depth of the node as we sein Equation 5.4. If d(n),
an estimate of the length of a cost-optimal path beneath noden, is accurate then revised
dynamically weighted A* will only reward progress towards a goal instead of rewarding all

movement away from the root. We will see in the evaluation tha this results in substantially

improved performance over dynamically weighted A*.

frawa (n)= g(n)+ h(n)+  scalggua (N) h(n) (5.5)

Figure 5-12 shows the expansion order of Revised DynamicglWeighted A* (RDwA*)

search for the same suboptimality bound used by Dynamicallyweighted A* search in Fig-
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ure 5-9 (w = 5). We can see that while RDwA* does perform a mini-A* search near the
goal, the size of this search is much smaller than that of the pevious dynamic weighting
scheme. This is because the revised dynamic weighting reaaiges that not all progress away
from the root is progress towards a goal. By recognizing thahodes at the same depth may
represent solutions of radically di erent costs, we end up vith a much improved expansion

order as we see here and in the empirical evaluation.

5.5.1 Proof of Bounded Suboptimality

The proof of bounded suboptimality is identical to that of th e proof of Theorem 3. Since
Equation 5.4 always returns values between 0 and If,.qua (n) is always betweenf (n) and
w f (n). Any node evaluation function obeying this inequality wil| produce solutions within

a factor w of the optimal cost solution when used in a standard best- rg search.

5.5.2 Solving Time vs Suboptimality Bound

Figure 5-13 shows the performance of revised dynamically wghted A* in terms of the time
needed to nd solutions relative to the suboptimality bound provided to the algorithm. EES
is also included in the plots for reference. We see that revisl dynamically weighted A*,
while signi cantly improving upon dynamically weighted A* , is substantially worse than
explicit estimation search for all domains and nearly all sioptimality bounds. We say
nearly all suboptimality bounds because for very tight subgtimality bounds in the standard
tiles problem and life grid path nding, revised dynamically weighted A* has performance
that is marginally better than that of explicit estimation s earch. Even though it corrects the
con ation of moving away from the root and moving towards a gaal, revised dynamically

weighted A* is not a competitive bounded suboptimal search &orithm.
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Figure 5-13: Performance of Revised Dynamically Weighted A Suboptimality Bound vs.

Solving Time

Figure 5-14: Expansion Order of Clamped Adaptive SearchwW = 1:25) on a Path nding

Problem
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5.6 Clamped Adaptive

Clamped adaptive [73] is very similar in spirit to weighted A*. It has the same philosophy
that making the cost-to-go seem more important than the costalready incurred is likely to
lead to a faster search algorithm. However it bases its seancon an inadmissible heuristic
Fl(n) rather than on h(n) as seen in Equation 5.6. This heuristic could be a hand-craéd
inadmissible heuristic, or it could be learned during seari.

A heuristic unfettered by the requirements of admissibility could potentially be more
accurate than an admissible heuristic. This makes intuitive sense as an admissible heuristic
has to deal with an unlikely best-case scenario so that it carguarantee that it will never
over-estimate the true cost to go from a node, while an inadnssible heuristic could consider
what is likely to work in the majority of problems even if this may occasionally over-estimate
the true cost to go. Thus, it should be the case that by allowirg ourselves to consider
inadmissible estimates of cost-to-go we could nd a more irdrmative estimate than the
base admissible cost-to-go estimate. As in EES, we refer tohe inadmissible cost-to-go
estimate ash. It has the same potential sources as before, and in our evadtion of clamped

adaptive R is learned online, during the course of search using singléep corrections.

n) = g(n)+ w R(n) (5.6)

One might wonder why clamped adaptive is a best- rst search lased on Equation 5.6
instead of a best rst search on the same® used by EES. The argument for using a weighted
variant of 0 is very similar to the argument against selectNode,: it never becomes su -
ciently greedy. If R were perfect, this wouldn't matter, as search ontd, 2 and R are nearly
equivalent if R = h . However, heuristics are rarely perfect, hence the need faearch al-
gorithms. When the heuristic is inaccurate, search will notproceed directly to a goal, but
it will Il in minima in the heuristic value by raising the g-value of nodes with low or
P values. By placing additional emphasis on the heuristic, wecan hope directly address

the problem of failing to become greedy under the realistic asumption that the heuristic is
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imperfect.

Naturally, weighted A* run on an inadmissible heuristic is not guaranteed to return
solutions within the desired suboptimality bound. This means that we cannot simply run
a best- rst search on f*. Instead the node evaluation function of clamped adaptive sarch
must be slightly modi ed to ensure bounded suboptimality, as we see in Equation 5.7.
By restricting the node evaluation function to never be larger than w f (n) we will be
able to prove bounded suboptimality in much the same manner lhat weighted A* (without

duplicate dropping) proves suboptimality bounds.

fca(n) = max(f (n); min (w f (n);foo(n))) (5.7)

There is a large potential problem with the node evaluation finction proposed in Equa-
tion 5.7. If H(n) is consistently much larger than h(n), then t@(n) will consistently be larger
than w f(n). In this situation, Equation 5.7 states that most nodes will be sorted in
order of w f (n). If all nodes are sorted in order ofw f (n), that is equivalent to sorting
them in order of f (n). E ectively, if the inadmissible heuristic consistently reports values
much larger than the admissible heuristic, then clamped adptive search converges to an
A* search order, regardless of suboptimality bound. Whilef? is more conservative thanf®
and thus less likely to revert to A* expansion order, it has problems with not becoming
su ciently greedy as the suboptimality bound is relaxed, as we just discussed.

Obviously such behavior is undesirable, but for an arbitray inadmissible heuristic it is
also unavoidable for some sets of problems. The evaluationillvshow that such behavior is
not merely theoretical, it is experienced in practice for orine heuristic corrections like those
used by EES. EES avoids this problem partially by not limiting the range of values thatf?
can take, but as we previously noted, iff is needlessly large this can result in too many
bound-proving expansions and poor performance for EES. Thais, EES may experience a
similar failure relating to the relative magnitudes of R and h, but in the case of EES it is

non-catastrophic, while clamped adaptive search will reve to an A* search order.
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5.6.1 Proof of Bounded Suboptimality

The cost function for clamped adaptive obeys the inequalityf (n)  fca(n) w f(n)
and therefor returns bounded suboptimal solutions by the sane argument as the previous

algorithms.

Theorem 4 If h(n) is an admissible heuristic, andf€ is an arbitrary node evaluation func-
tion obeying the inequalityf (n)  fn) w f (n) then the solution returned by the algorithm

has cost within a factorw of the optimal solution.

Proof: The proof is based on the construction of the open list. Letp be the deepest node
along a bath to the optimal solution. This node must exist. Initially it is the root, and

when the root is expanded, it is one of the generated children Since we never discard a
node in this version of weighted A*, p is on the open list at all times, including when a
solution is returned. When a best- rst search algorithm on €, that node has the smallest

value of all nodes on the open list (Line 3). From this, we can onclude:

g(sol) = f&(sol) By admissibility of h(n), de nition of €
€(sol) &(p) By De nition of p, best- rst
&(p) w f(p) By de nition of €
w f (opt) By admissibility of h

As we can see, the proof presented here is nearly identical tthe proof of bounded
suboptimality for weighted A*. The node evaluation function (f {n) for weighted A*) has
been replaced with a generic node evaluation functioffn). The de nition of f€is left open
save for the fact that it is bounded from below by f (n) and from above byw f (n). As
shown by the proof, any node evaluation function obeying sut inequalities is guaranteed
to provide a solution within a bounded factor of optimal. f n) obviously obeys such an

inequality, and f .5 does so by construction.
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Figure 5-15: Performance of Clamped Adaptive: Suboptimaly Bound vs. Solving Time

5.6.2 Dealing with Duplicates

Unlike weighted A*, an algorithm that may avoid re-expanding duplicate states so long as
the base heuristic is consistent, clamped adaptive must rexpand duplicate nodes as they
are encountered. We have no guarantee thaf is consistent. Even if we did, it isn't obvious
that the resulting node-evaluation function allows for a proof similar to what we did to
prove Theorem 2. As such, clamped adaptive must re-expand clicate states encountered

by a better path or su er a sever loosening of its bounds.

5.6.3 Solving Time vs Suboptimality Bound

Figure 5-15 shows the performance of the clamped adaptive gbrithm, in terms of time to
solution, as a function of the suboptimality bound. EES is ako included in the plot for refer-

ence. We see in the results that the behavior of Clamped Adajite search is almost bimodal.
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In some domains (dynamic robots, dock robots, standard tile) it performs relatively well,
perhaps failing to become su ciently greedy as the suboptimality bound increases. For
other domains, it fails to solve a majority of the instances wthin time and memory for
some or all suboptimality bounds. The bad behavior of clampd adaptive search can be
almost entirely ascribed to the clamping performed in Equaton 5.7. We previously noted
that when there is a large gap betweerh(n) and Fl(n), that clamped adaptive will assign
w f(n) to most nodes being considered by search, leading to a very*Aike search order.
A* search is ideal for optimal search, but it is a very poor apgoach to nding suboptimal

solutions quickly.

5.7 AlphA*

AlphA* [47] is a best rst search which tries to improve the performance of search by
separating nodes into two groups, good nodes who will be sa@tl according to their f -value,
and bad nodes who will be sorted orw f (n). Thus, bad nodes are maximally penalized, we
cannot give them a value larger thanw f (n) or we could not prove bounded suboptimality.
Any measurement of goodness could be used, but the paper imducing AlphA* suggests
four, shown in Equations 5.10 through 5.13. In these equatios, (n) is the parent of node

n and i is the last node expanded.
f (n)=w (n) f(n) (5.8)

8
2 (n) is true
w (n) = S (5.9)

w  (n) is false

g=9( (M) 9(h) (5.10)
h="h( (n) h(h) (5.11)
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g=9( () max g(n) (5.12)

n2closed

9= h( (n)) min h(n) (5.13)

n2 closed

Equation 5.10 says that a node is good so long as the cost of arng at its parent
is at least as much as the cost of arriving at the last node expaded by the search. This
function ends up encouraging progress away from the root, riaunlike dynamically weighted
A*. It gives the search a kind of forward momentum, because ndes with lower g-values are
presumably elsewhere in the search space, and abandoningetlturrent avenue of search is
made expensive by this alpha function.

Equation 5.11 is very similar to that of Equation 5.10, excef now instead of preferring
nodes which have incurred lots of cost since leaving the roptwwe give nodes which appear
to be at least as close as the last node expanded preferentibatment. If a node appears
to be better (based onf (n)) but further away in terms of cost-to-go, then it must be much
better than the last expanded node to be considered. Again,his policy is aimed at giving
the search a sort of forward momentum.

Equations 5.12 and 5.13 are more aggressive version of thegwious two rules in that
they consider the values of all nodes ever expanded instead just the previously expanded
node. Not only are these rules stricter, they also incur les®verhead. For the previous
rules, the alpha-value of a node would change at every expansion, potentiallrequiring a

resorting of the open list for ever node expanded.

5.7.1 Implementation Concerns

The way that f is de ned leads to large concerns for the e cient implementation of AlphA*.
The truth of (n) can change from expansion to expansion for a great many node If many
nodes change andthusf -values every expansion, we might have to resort the entiremen

list if it stored nodes in order of f .
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AlphA*( root; w; )

1.
2.

0

open f rootg
while(opené fg)
removen from openwith minimum f (n)
if n is a goal
then return n
else expandn, inserting children into open

return no solution

Figure 5-16: AlphA* pseudo code.

Figure 5-17: Expansion Order of AlphA* Search on a Path nding Problem
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Figure 5-18: Performance of AlphA*: Suboptimality Bound vs. Nodes Generated

Clearly, resorting the entire open list every expansion ismnpractical. The simplest way
to implement AlphA* is to perform a linear scan of an open list sorted onf (n). For every
node, determine its and f -value. The rst node with (n) = true is going to have the
lowestf value and can be returned. If we must return some node witif (n) = w f (n), we
may have to scan a large portion of the open list in order to de¢rmine that we can return
this node.

Reese[47] has a yet-more-e cient way of determining the besnode for an AlphA* search
algorithm. In order to improve the e ciency of the above appr oach, AlphA* may maintain
a pointer, or marker, to the rst open node whosef (n) = f(n), or the rst active node.
When this node is selected for expansion, the pointer must bepdated using a sweep of a
pre x of the open list, but maintaining and updating the mark er saves time on iterations
in which an active node is note expanded, reducing search oreead.

Of course, none of this really matters. Even if we could comgtely eliminate the over-
head of AlphA*, it is not a particularly e ective algorithm, at least not on the sorts of
domains investigated here with the -functions suggested by the original paper. Figure 5-18
shows a performance evaluation of selected AlphA* algoritms in terms of nodes generate.
Examining algorithms in terms of nodes generated removes bbver-head from the evalua-

tion. Even absent the considerable overhead of AlphA*, it isan uncompetitive algorithm.
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Figure 5-18 shows the performance of the AlphA* algorithm interms of nodes generated
while solving a problem. We report results for the three domans where AlphA* was able
to solve problems within memory and the ten minute time limit. Two things become
immediately apparent: ¢ has the best overall performance, although it is only slighty
better than 1, and AlphA* does not perform well on domains without unit cost actions.
For domains with unit cost actions, ie the standard fteen puzzle reported in the leftmost

panel of Figure 5-18, AlphA* is competitive in terms of the number of nodes generated.

5.7.2 Proof of Bounded Suboptimality
No matter what alpha is, we know that the following inequality holds:
f(n) f () w f(n) (5.14)

This comes from the wayf is constructed; all of the rules are only capable of returnirg
either f (n) or w f(n) for any node. Any cost function obeying this inequality can use
the same proof of bounded suboptimality provided in the prod of Theorem 4. By the
same line, we know that AlphA* must re-expand duplicate nodes in order to maintain it's

suboptimality bounds.

5.7.3 Solving Time vs Suboptimality Bound

Figure 5-19 shows the performance of AlphA* in terms of time ather than in terms of
nodes generated. Even an e cient implementation of AlphA* is dramatically slower than
other search algorithms, including EES which as we previoug discussed has non-negligible
overhead. If we were to compare AlphA* with even more streanihed algorithms, such as

weighted A*, the comparison would be even more one-sided thrathe one seen in Figure 5-19.

58 A

A [20] was published slightly beforeA , but is easier to describe in terms ofA , so we

delayed its presentation until now. It is easiest to conceptialize A as a blend ofA and
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Figure 5-19: Performance of AlphA*. Suboptimality Bound vs. Solving Time

A (root; w)

1. open f rootg

2. while opené fg

3. focal f n2open:f(n) f(fmin)g

4, removen from focal with minimum d(n)
5. if nis agoal returnn

6. else pursue(n)

7. return no solution

Figure 5-20: A pseudo code
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pursue(n)
1. if f(n)>w f(best)
if persevergopen;n)
expandbest , inserting children into open

pursue(n)

2

3

4

5. else insert n into open
6 else if nis a goal

7 return n

8 else children ! expand(n)

9 n®! argmingigren d(n)

10. insert children f n% into open

11. pursue(n9

Figure 5-21: pursue subroutine of A
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perseverey (open;n)

1. return false

perseveregqse(threshold; open; n)

1. return d(n) threshold

perseverggap (threshold; open; n)

1. best ! argming ) open

2. bes\?! argmin; ;) open f bestg

3. return f (besf) f(best) threshold

perseverggapo(threshold; open; n)
1. best ! argmin; ) open

f(n)
2. returnW threshold

Figure 5-22: Possible Persevere Predicates
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local search. We can see in Figure 5-20 that the pseudo-coderfA is nearly identical to
that for A . A build exactly the same focal list as the one used byA .

Where they dier is in what is done with the node selected for epansion. While
A would simply expand the node and insert it's children into the open list, A invokes
the pursue function, shown in Figure 5-21. pursue is essentially a small local search run
starting from every node selected for expansion. This seahchill-climbs on d(n) (lines 5
and on) so long as the next state can be shown to have cost withia bounded factor w
of optimal (line 1). If the node that hill-climbing would lik e to expand cannot be pursued
because we would lose our guarantees of bounded suboptintgliA might still pursue this
node by choosing to persevere. In this case, that means attegpting to raise the lower bound
on solution cost until the node given to pursue can be shown to have cost within a bounded
factor w of optimal (lines 1 through 4).

persevere largely dictates the performance di erence betweenA and A , as it deter-
mines to what extent A will use its local search behavior. We replicate the predicees
suggested by Ghallab and Allard[20] in Figure 5-22, and add a additional predicate that
further highlights the similarity between A and A . perseveres which A to A . If we
never attempt to raise f (besg) in order to extend our local from the node selected for
expansion,A will behave exactly asA .

The other suggestedersevererules are designed to actually allowA to do some limited
amount of local search depending on the situationpersevere,gse allows for hill-climbing if
a node is estimated to be su ciently close to being expandedmto a goal. persevergg,, and
perseverggapo take the point of view that hill-climbing should be continued if raising the
lower-bound on optimal solution cost so that the node can be xpanded while maintaining
a bound won't be too expensive. Where they di er is in their denition of too expensive.
persevergga, looks at the potential di erence that could be gained as a reslt of a single
expansion ofbest , while perseverggyapo l0oks at the relative di erence betweenn and best
to determine if we should persevere. Note that, with the excption of the rule reducing A to

A , all of the suggested rules require an additional parameterwhich if selected improperly
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Figure 5-23: Expansion Order ofA Search on a Path nding Problem

could prove disastrous for performance.

5.8.1 Proof of Bounded Suboptimality

The proof of bounded suboptimality for A follows the same line of reasoning as that foA
and EES. Anytime a node is expanded, we know thaff (n) w f (best). Sincef (best)
is a lower bound on the cost of an optimal solution to the probem, we know that the cost

of any returned solution will be within a bounded factor w of optimal.

5.8.2 Solving Time vs Suboptimality Bound

Figure 5-24 shows the performance oA on the three benchmark domains where it was
able to solve problems within memory or ten minutes: both exanined variants of the tiles
puzzle and life-cost grid navigation problems. We show redts for the best performing
perseverance rule, that of using a relative threshold to deding when to persevere. We
can see from the plots that, even for the best performing rule A has poor performance.

For small suboptimality bounds, where bounded suboptimal garch is most like A*, it has
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Figure 5-24: Performance ofA on Three Benchmark Domains

performance that is on par with or, in tiles, slightly better than, EES. However, once the
bound is loosened andA is allowed to search through nodes in the order of its choosm

its performance becomes far worse than that of EES.

59 A

A [44] is a bounded suboptimal search algorithm that seeks to nd solutions of bounded
suboptimality as quickly as possible by constructing a subst of all the nodes that could be
considered by search, and expanding only nodes out of this baet. As we have previously
noted, creating a subset of the nodes for consideration canpsed up search by reducing
the size of the space that needs to be considered and by redag overhead in key data
structures for a search algorithm. In A 's case, it is creating a subset of all nodes that,
if expanded at the current time, could be shown to lead to a saltion within the desired
suboptimality bound. Of these nodes, it expands the node thais estimated to be closest
to a goal, based ond(n). Pseudo code for this algorithm is provided in Figure 5-25.

A is the previously proposed algorithm that is most similar to explicit estimation
search, as is obvious from the algorithm description. The kg distinction between the two
approaches is that EES builds a subset of all search nodes isgémates to lead to solutions

that are within a bounded factor w of optimal, while A builds a subset of all nodes it can
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A (root;w)

1. open f rootg

2. while opené fg

3. focal f n2open:f(n) f(best)g
4

removen from focal with minimum d(n)

5. if n is a goal
6. then return n
7. else expandn, inserting children into open

8. return no solution

Figure 5-25: A pseudo code

prove lead to a solution within a bounded factorw of optimal. More directly, EES usesfo
to determine if a node is included onfocal, while A usesf. As we will see, this leadsA
to have less than ideal performance in practice.

The reasonA can perform poorly in practice is as follows: When using an aahissible
cost-to-go estimate, thef -values of nodes cannot decrease, and typically increases @éhe
search proceeds outward from the root. In contrast, along a ath towards a goal, thed-values
of nodes will usually decrease. Thus, nodes with lowl-values will often have relatively high
f -values.

This is not, in of itself, a problem. However, it leads to a belavior we refer to as
thrashing. Let the best node onA 's focal list, that is the node with the smallest d-value,
be best. Becausef -values tend to rise as nodes move away from the root of the sezh
problem, it is often the case that nodes with lowd-values have higherf -values. As a result,
best often has anf -value that is so high that it only barely quali es for inclus ion into the

focal list, while the node with the smallest f -value is all the way at the end offocal. When
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Figure 5-26: Expansion Order ofA Search on a Path nding Problem

besty is expanded, its children will often have higherf -values than it did. As a result, they
may no longer qualify for inclusion in focal until best is expanded andf (best ) raises. best

will be expanded andf (best ) will raise, but generally only after all of the other nodes ;m
focal have been expanded. A more thorough discussion of this phen@ena is available in

Thayer et al[74].

5.9.1 Implementation Concerns

Open and focal are separate lists, at least conceptually. There are severavays we could
build them, but an ine cient implementation will harm the pe rformance of the algorithm.
One might consider only maintaining the open list, and iteraing through the rst handful
of nodes on every expansion to seled,i, . Unfortunately when the bound is loose such
an algorithm would be examining every node in open at every gxansion. Alternatively, we
might keep both open and a list of all nodes ordered om in memory, iterating back on this
d-list until a node near enough tobest is discovered, but again, this is ine cient.

To make A a practical algorithm, we use a more sophisticated data strature. Nodes
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in the open list are stored in a balanced binary tree totally adered by f . In our implemen-
tation, we used a red-black tree following Cormen, Leisersg Rivest, and Stein[11]. Those
nodes within of the node with minimum f are also stored in a heap ordered od. We used
a binary heap stored in an array, following Sedgewick [63]. &ing this arrangement, it takes
constant time to identify the node to expand, logarithmic ti me to remove it from the heap
and tree, and logarithmic time to insert each child resulting from the expansion. However,
if the node with minimum f changes, then nodes may need to be added or removed from the
heap. (All nodes are stored in the tree.) While it is easy to nd the nodes whosd -values
fall between w times the old minimum f and w times the new one (because the tree is
ordered onf), there might be many such nodes that need to be added or rem@d from
the heap. Removal is easy because we maintain, in each nodés index in the heap array.
Using this more sophisticated data structure speeds ug\ in practice by an enormous factor

which increases as problem become more di cult.

5.9.2 Proof of Bounded Suboptimality

The proof of bounded suboptimality is identical to that for o ptimistic and skeptical search.
At the time a solution is returned in Line 5 of Figure 5-25 we know that the cost of that
solution is within a bounded factor w of f (best ) by the construction of the focal list (Line
3). Sincef (best) is a lower bound on the cost of an optimal solution, we know tfat the
solution returned by A is within a bounded factor of optimal. Conceptually, it is id entical

to the proof of bounded suboptimality for EES.

5.9.3 Solving Time vs Suboptimality Bound

Figure 5-27 shows the performance oA as a function of the provided suboptimality bound
in terms of the time needed to nd a solution. Generally, A performs worse than or is at
best competitive with EES in terms of time to a solution. We will shortly see that EES,
however, has consistently better solutions. WheneveA does outperform EES, it is for

large suboptimality bounds. We can see this when we look atfe cost grids, heavy vacuum
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Figure 5-27: Performance ofA : Suboptimality Bound vs. Solving Time

problems, or large inverse cost tiles problems. Here, for &wptimality bounds larger than

3, A nds solutions faster, on average, than EES. Interestingly high suboptimality bounds
are exactly the bounds where the detrimental thrashing behgior of A does not occur.
For tighter bounds, where thrashing is a problem, we see remiaably poor performance for
A . For example, for1 w 2:5, A fails to solve most instances of the grid path nding
problem, exhausting memory or timing out at ten minutes. For reference, the mean A* time
is about 4.5 seconds, s@ is a full two orders of magnitude slower than optimal search m

some cases.

In Figure 5-28 we see that a portion of the competitive behavar of A can be ascribed to
its reduced per-node overhead when compared to EES. In Figer5-28 we show the perfor-
mance of algorithms as measured by the number of nodes gengézd while solving a problem.
This removes search overhead from the consideration. We sihwthree domains where the

performance of A and EES was closest, the inverse cost fteen puzzle, life cogrid-world
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Figure 5-28: Performance ofA : Suboptimality Bound vs. Nodes Generated

path nding, and dynamic robot motion planning. When we remove search overhead from
consideration, A no longer has a clear advantage over EES for high suboptimdji bounds.
The con dence intervals of the two lines overlap strongly fa all domains. EES must main-
tain an additional sorting over the nodes to perform search. The cost of maintaining this
open list is well worth it, as it helps EES avoid the thrashing problem experienced by
A , but for high suboptimality bounds where thrashing is not experienced, it can lead to

marginally worse performance.

5.10 Optimistic Search

Optimistic search is based on the following observation oftie performance of weighted A*:
weighted A* often returns a solution much better than the bound would imply. Consider
the proof of weighted A*'s suboptimality bound presented in Proof 5.3.2. In the third line of
this proof, we state that, by algebra, g(sol) fqp) w f(p). Essentially, we are weighting
g(p) by a factor w that was not present in the node evaluation functionf . This introduces
a looseness in the provable suboptimality bound for weighté A* that often allows this
algorithm to return solutions much better than the suboptim ality bound suggests.

We show an example of this behavior in one domain in Figure 52 Here, the x-axis is

the suboptimality bound (or weight) weighted A* was run with and the y-axis represents
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Figure 5-29: Actual solution quality versus bound in boundel suboptimal search

actual solution quality, computed by solving the instance gtimally and then dividing the
cost of the solution returned by weighted A* by that of the optimal solution. To show the
bound, we draw the liney = x.

As we see in the left panel of Figure 5-29, we should often be &bto run weighted
A* with a weight much higher than the desired suboptimality b ound and still be able to
nd a solution within the bound. However, the guarantee of bounded suboptimality for
weighted A* is based on the supplied weight as we saw in the paf of Theorem 1. So even
if the returned solution is likely to be within the bound, we won't know for certain, and
the algorithm would no longer be a bounded suboptimal algothm?. In order to provide a
bound on the quality of solutions returned by such a search, w would need to nd a way of
proving the quality of solutions that was independent from the search order that generated
those solutions. The right panel of Figure 5-29 shows that, Bhough optimistic search was
proposed with weighted A* in mind, a similar approach is still valid for any of the bounded
suboptimal search algorithms investigated here, even EES.

Since we cannot prove the quality of the solution in the rst phase of search, when

2There is some work concerning search algorithms that provide probabilistic bounds, where the solution
is within the desired bound with some probability. Such algo rithms have di erent applications that the ones

discussed here and are thus outside the scope of this work.
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we nd the solution, we will have to prove the quality of the solution using an additional

phase of search. In their paper on anytime heuristic searctilansen and Zhou [22] point out
that, if we are not discarding duplicate states, the node on he open list with the smallest
f -value acts as a lower bound to the cost of an optimal solution Thus, we can compute the
quality of an incumbent solution by dividing its cost by the smallest f -value on open as in

f%gggtf)). We can determine which node has the smallest-value among all nodes by either

performing a linear scan of the open list or maintaining a seprate, synced priority queue
sorted in order of increasingf -value. We take the latter approach and refer to this set of
nodes as the cleanup list.

This only shows how we can compute the bound on the current inembent solution. If
the incumbent is within the bound, then we could simply return it, but the more interesting
case is the one where we cannot immediately show that the incabent is within the bound.
In this case, there are two reasons why the solution might notappear to be within the
bound. Either the solution isn't within the desired bound, or the solution is within the
bound but our lower bound on optimal solution cost is not tight enough to prove that the
incumbent is indeed within the bound. In the former case, we mst abandon our current
solution and attempt to nd a new one, in the latter, we must merely raise the lower bound.

To raise the lower bound, we need to increase thé-value of best . The most direct way
to do this is by expanding best and inserting its children into both the open and cleanup
lists. Since the heuristic used for computingf -values is admissible, expanding the node
with minimum f -value will either leave that value the same or will increaseit. Eventually,
if the solution is within the desired bound, expandingbesk will raise the minimum f -value
to the point where we can show the incumbent solution is withih the desired bound.

If the solution wasn't within the bound, expanding best will eventually generate a
cost-optimal solution that is guaranteed to be within the bound. However, such a search
would, in terms of nodes evaluated, be less e cient than simfy running A* in the rst
place. It might be faster in terms of CPU time because of redued overhead from having

an incumbent for pruning. In order to avoid this degenerate kehavior, optimistic search
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Figure 5-30: Expansion Order of Optimistic Search v = 1:5, opt = 2) on a Path nding

Problem

implements an “escape hatch' which res when it appears thatthere is a solution better
than the incumbent. Speci cally, in lines 13-16 of Figure 533, we see that optimistic search
may pursue a new incumbent solution if its f Cvalue appears to be less than the cost of
the incumbent. Such a node would have to have arf -value smaller than the cost of the
incumbent solution, so it could potentially lead to a better solution. In practice, these rules
are rarely, if ever, used. For a node to be expanded by these les, it must rst be generated
by an best expansion, otherwise it would have been expanded before amdumbent was
found in lines 1{7. In practice, we prove the quality of a soldion long before such a node
becomes a candidate for expansion in line 13. v and b are selected such that the solution
initially found is outside of the bound, these rules will be wsed.

Figure 5-30 shows a visualization of the expansion order ofggimistic search on a unit
cost grid path nding problem. This particular visualizati on shows the rst time a node
was expanded by search (recall that optimistic search may ned to re-open nodes). Nodes

that were expanded for the rst time early on are colored yellow, and as the color of a cell
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Figure 5-31: Initial Phase of Optimistic Search (v = 1:5, opt = 2) on a Path nding Problem

Figure 5-32: Cleanup Phase of Optimistic Searchw = 1:5, opt = 2) on a Path nding

Problem
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approaches red, that node was expanded later on in the searciNodes that were untouched
remain white, and obstacles on the grid are colored in blackln the visualization we can see
the two phases of optimistic search, the greedy pursuit of tle goal and the cleanup phase.
We visualize each phase of optimistic search separately inigure 5-31 and Figure 5-32.

The rst phase, lines 3 through 7 of Figure 5-33 and shown in Fgure 5-31 is the search
for a rst solution, when the incumbent solution is found. Th is shows optimistic search run
with a suboptimality bound of 1.5 and and optimism of 2, which means that we're seeing
the same expansion order as weighted A* run with a weight of 2.0Optimistic search runs
weighted A* with a weight that is optimism times as generous & the suboptimality bound,
which means we take the portion of the weight beyond optimal,and multiply by optimism
(e (1:5 1) 2+1).

The second phase, the red colored onion around the beginningf the search space, is
where the quality of the solution found by the rst phase of search is proved. While in
Figure 5-30, the red bulb did not form a closed region, here itdoes. That is because
previously we were only showing the rst time a node was expandd, now we are showing
the rst time a node was expanded during the cleanup phase. Sue of the nodes expanded
in the rst phase shown in Figure 5-31 are re-expanded in the leanup phase shown in
Figure 5-32. These nodes must be re-opened to prove the bounalter on.

If we compare the expansion order of optimistic search (Figug 5-30) with that of EES
(Figure 5-42), we notice that the two algorithms expand a nealy identical set of nodes,
but they do so in opposite orders. Optimistic search expands thin strip of nodes leading
towards the goal, and then expands a set of nodes near the rood prove that the returned
solution was indeed within the bound. EES on the other hand, &pands a small set of nodes
near the root in order to raise the lower-bound on optimal solition cost. It then expands
a thin strip of nodes from the tip of this A*-like initial phas e into the goal. Because EES
expands the cleanup nodes rst, in A* order, it will often have to do less repeated work

than optimistic search.
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OptimisticSearch(root; b; w)

1. incumbent null

2. open f rootg

3.  while(incumbent = null and opené fg)

4, removen from openwith minimum f9qn) = g(n)+ w h(n)

5. if n is a goal

6. incumbent n

7. otherwise, expandn and insert children into open

8. while(opené fg)

9. best n 2 openwith minimum f (n) = g(n) + h(n)

10. besto  n 2 openwith minimum fqn)= g(n)+ w h(n)

11. if b f(best) g(incumbent)

12. return incumbent

13. otherwise, iff {besto) g(incumbent)

14, if besgo is a goal

15. incumbent  min (besk o; incumbent)

16. otherwise, removebest o from open expand it, and insert its children.
17. otherwise, removebest from open if it is a goal, return it, otherwise expand it and insert childre

18. return incumbent

Figure 5-33: Optimistic Search pseudo code with escape hdic
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5.10.1 Implementation Concerns

An e cient implementation of optimistic search requires us to have easy access to both
besto and best. This suggests two open lists, one sorted ori Lvalues, and the other
sorted on f -values. We refer to these asopen and cleanup respectively. Although open
must exist for the entire lifetime of the search, cleanupis only important after an initial
solution is found. Thus, cleanupshould only be constructed once the rst solution is found
by iterating over all nodes in open discarding those nodes withf (n)  g(incumbent), and
inserting all other nodes into cleanup Once cleanup is constructed, search can continue.
Keeping cleanup and open synchronized after this step, and performing the pruning onthe
incumbent solution while building cleanup require data structures that support arbitrary

element removal.

5.10.2 Proof of Bounded Suboptimality

Optimistic search only returns a solution at three places, nh Lines 12, 17, and 18 of Figure 5-
33. We can only return a solution in line 18 if the search spacé exhausted without nding
a solution. In line 17, we return best, a cost-optimal solution. Obviously the optimal
solution is within a bounded factor of optimal. The more interesting case is when a solution

is returned in line 12.

Theorem 5 If h(n) is an admissible heuristic, then the solution returned by ajmistic has

cost within a factor b of the optimal solution.

Proof: The proof is based on the construction of the cleanup list. Le p be the deepest
node along a path to the optimal solution. This node must exis. Initially it is the root,
and when the root is expanded, it is one of the generated chilgn. Since we never discard
a node in optimistic search,p is on the cleanup list at all times, including when a solution
is returned. Unfortunately, we do not know which node isp. However, we can determine
which node has the smallestf -value, and this will allow us to prove the quality of the

solution.
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g(incumbent) b f (best) By line 11 of Figure 5-33
b f (best) b f(p) By de nition of best
b f(p) b f (opt) By admissibility of h(n)
By this chain of inequalities, we can see that when a solutioris returned on Line 12
in optimistic search, that solution is within a bounded factor b of the cost of an optimal
solution. We previously showed that the other situations produce optimal solutions. This

completes the proof of bounded suboptimality.

5.10.3 Dealing with Duplicates

Although optimistic search cannot discard duplicates as a esult of the way it computes its
suboptimality bounds, it can delay their expansion until the second phase of search, the
bound proving phase. E ectively, we can run a variant of optimistic search where duplicate
states are only ever inserted into thecleanuplist, but are never held onopen This, generally,
will result in nding an incumbent solution faster, althoug h with slightly higher cost. If
the incumbent solution has higher cost, proving it to be within the bound will be harder.
So it is unclear if speeding the search to the rst solution wll always be bene cial. We
show results for duplicate delaying in Life grids, the only domain where it had a substantial

impact on algorithm performance.

5.10.4 Solving Time vs Suboptimality Bound

Figure 5-34 presents the time required by optimistic searchand optimistic search with
duplicate delaying to nd a solution or a given suboptimality bound across six benchmark
domains. EES is also included in the plots. As before, time islisplayed on a log scale, and
95% con dence intervals about the mean are also displayed ithe plot. These results show
optimistic search run with an optimism parameter of 2, as wasused in the rst conference
paper on optimistic search [67]. We will investigate the imgct of optimism parameter on

performance shortly.
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Figure 5-34: Performance of Optimistic Search: Suboptimaty Bound vs. Solving Time

Figure 5-35: Performance of Optimistic Search: Suboptimaty Bound vs. Nodes Generated
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These plots reveal that duplicate delaying in optimistic serch is nearly universally
bene cial to search performance, or at the very least it doesno harm. The largest speedup
gained by duplicate delaying is in Life cost grids, while in ®me domains we see small
increases in mean solving time. In these cases, the two aldgtthms are indistinguishable
because the con dence intervals overlap so strongly. We wlilsee in the comparison of
suboptimality bound versus solution quality that the impro ved solving times do come at
the cost of an increase in average solution cost and thus a desase in solution quality.

For two thirds of the domains evaluated, EES is faster than ether variant of optimistic
search, sometimes by small amounts, as in dynamic robot matn planning, and sometimes
by wide margins (3 to 4 orders of magnitude) as we see in the imrse tiles problems.
EES appears to have a substantial edge on performance in donms with a wide range
of operator costs, as is the case for the inverse tiles probte heavy vacuum world, and
dock robot domain. In these domains, optimistic search purges cheap solutions over short
solutions, resulting in increased solving time, but also dereased solution cost.

In dock robots, we also see the previously discussed U-shap@ro le of weighted A*
manifesting inside of the optimistic framework. As the subgtimality bound increases, the
performance of optimistic search does not always get better It improves up to a point
(a bound of 3., an e ective weight of 5.) and then begins to peform worse as the weight
increases.

In the domains where performance between EES and optimistisearch is closest, the
fteen puzzle, Life cost grids, and dynamic robot path ndin g, we also examine the number
of nodes generated by the algorithms while solving a problento get a feeling for how much
of the competitive performance of optimistic search is a reslt of reduced overhead. These
results are displayed in Figure 5-35, and they reveal that a prtion, though not all, of the
competitive nature of optimistic search is a result of redued overhead. The only domain
where optimistic search is consistently the better choice Wwen evaluating search algorithms
in terms of the number of states evaluated is the standard 15 pzzle. This is also the only

domain with unit cost actions in the evaluation. As the domain has unit cost actions, EES
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Figure 5-36: Impact of Optimism Parameter on Optimistic Seach Performance

receives no benet from distinguishing between solution cet and solution length because

there is no di erence here.

5.10.5 Impact of Optimism Parameter

Figure 5-36 shows the impact that the optimism parameter hason the performance of op-
timistic search for the dynamic robot domain, though results for other domains are similar.
We report only optimistic search, not the duplicate dropping variant. Again, the results

are similar across duplicate handling techniques. As the djfmism parameter is increased,
solving times generally lower. Similarly, solution qualities generally lower as the optimism
parameter is raised. There are of course exceptions to thishe could, for example, pick an

optimism parameter so large that optimistic search revertel to A* search.

5.11 Skeptical Search

When searching for an incumbent solution, optimistic searb can use any inadmissible
heuristic and still retain its guarantees of bounded subopimality as long as an admissi-
ble heuristic is available for proving that the incumbent was within the desired bound.
While, at rst glance, it may not be obvious that optimistic s earch is using an inadmis-

sible heuristic, we can show that it is by closely examining ihe 4. Rather than writing
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fqn) = g(n) + w h(n), we could instead write f {n) = g(n)+ b ¥ h(n). We can think
of ¥ h(n) as an inadmissible heuristic that attempts to correct for the under-estimating
nature of the admissible heuristich(n) by scaling it up uniformly (recall that w > b). We
can replace the weighted admissible heuristic from the rstphase of optimistic search with
any learned heuristic. We call this modi cation of optimist ic search skeptical search[72],
and we provide pseudo code for it in Figure 5-37. It is skeptial in that it does not place
absolute trust in the base heuristic. Note that the ad hoc addtional weight parameter of
optimistic search has been removed, and so skeptical only eepts two parameters instead
of three. As we will see in the following evaluation, skeptial search o ers two bene ts
over optimistic search. It removes the need for parameter taing and provides improved
performance in several benchmark domains.

The implementation details, proof of suboptimality and consideration of duplicates for
skeptical search are identical to that of optimistic search A visualization of its expansion
order is shown in Figure 5-38. If we compare the expansion oet of Skeptical search with
that of Optimistic, we see that the two approaches are very gnilar, di ering primarily in
their greedy search phase. This is because optimistic sedrevorks with a xed inadmissible
heuristic, whereas skeptical search is learning its inadrnssible heuristic online, during search.
These two algorithms are cut from the same cloth. They di er only in that it is obvious
skeptical search is using an inadmissible heuristic, whilevith optimistic search we must
make an argument that applying an additional weight over the suboptimality bound on h
is an elementary attempt to correct for an underestimating heuristic, and thus optimistic

search does indeed search on inadmissible estimates of ctstgo.

5.11.1 Solving Time vs Suboptimality Bound

Figure 5-39 shows the relative performance of EES and sketl search in terms of time to
return a solution for the given suboptimality bound. As before, the y-axis reports the mean
time to solution on a log scale, with 95% con dence intervalsabout the mean. The relative

performance of EES and skeptical search largely mirrors theelative performance of EES
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SkepticalSearchfoot; w)

1.

© ©® N o g A~ w BN

e S ~ S S S S
o o &~ W N = O

17.

18.

incumbent  null
open f rootg
while(incumbent = null and opené fg)
removen from openwith minimum fn) = g(n)+ w R(n)
if n is a goal
incumbent n
otherwise, expandn and insert children into open
while(opené fg)
best n 2 openwith minimum f (n) = g(n) + h(n)
2. n 2 openwith minimum f%n) = g(n)+ w A(n)
ifw f(best) g(incumbent)
return incumbent
otherwise, iff(f®. )  g(incumbent)
if 2. is a goal
incumbent  min (ﬁ%in ; incumbent)
otherwise, removei*r’;,in from open expand it, and insert its children.
otherwise, removebest from open, expand it and insert children into open

return incumbent

Figure 5-37: Skeptical Search pseudo code
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Figure 5-38: Expansion Order of A* Search on a Path nding Prdblem

Figure 5-39: Performance of Skeptical Search: Suboptimali Bound vs. Solving Time
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and optimistic search. For two thirds of the domains consideed, EES provides obviously
better performance than skeptical search. In the remainingwo domains, EES and skeptical
search are about at parity with one another, with skeptical ssarch being slightly better in
the unit cost tiles puzzle. Here, distinguishing between sloition cost and solution length,
something EES does but skeptical search does not, provideoradditional advantage when
determining search order.

What is interesting is that the gap between the performance 6 the search algorithms
is narrower for EES and skeptical search than it was for EES ad optimistic search. This
is in part because skeptical search, in this evaluation, usethe same inadmissible cost-to-
go heuristic that EES uses when determining search order. Tis inadmissible estimate of
cost-to-go is based, in part, on an estimate of actions-to-g[72]. Incorporating action-to-go
estimates is known to be particularly bene cial in domains where actions may have a wide
range of costs, as is discussed in Chapter 2. The two domainshere skeptical is substantially
better than optimistic search, heavy vacuum problems and tle inverse cost tiles puzzles,
also have a wide variance in action cost. So it is likely that keptical search is getting some
performance bene ts from incorporating action-to-go estmates via the \backdoor" of how

it constructs its inadmissible cost-to-go estimates.

5.12 Explicit Estimation Search

Explicit Estimation Search (EES) is a new bounded suboptima search algorithm that in-
corporates the objectives of bounded suboptimal search dactly into its search order. It
uses inadmissible, or potentially over-estimating, heustics for cost and actions-to-go in
order to pursue the shortestw-admissible solution to the problem. As we will discuss late
shorter solutions should be easier to nd, and so EES is attemqting to minimize solving
time within a given bound by proxy. To ensure that the suboptimality bound is met, EES
also relies on the more traditional admissible heuristicsdr cost-to-go.

Pseudo code for EES is provided in gure 5.12. We can see thatxglicit estimation
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EES (root ;w)

1. open f rootg

2. while opené fg

3. let n = selectNodgopen;w) in

4 if goal(n)

5. then return n

6. else open open f ng

7. for each child c of n, open open[f cg

8. return no solution

Figure 5-40: Pseudo Code for Explicit Estimation Search

search is a standard best- rst bounded suboptimal search gorithm. It takes as input
an initial state and a suboptimality bound and returns a bounded suboptimal solution
should one exist (line 6) or no solution if the space contain:o solution (line 9). The most
interesting part of EES, and indeed any best- rst search algrithm, is how it selects the

next node for expansion. We now discuss this portion of EES imetail.

5.12.1 Explicit Estimation Search Order

EES keeps track of three values for every nodef (n) = g(n)+ h(n), an admissible estimate
of the total cost of a solution passing through noden. f (n) will be used to construct a lower
bound on the cost of a solution to the problem, and it is how EESshows that returned
solutions are within the bound. f(n) = g(n) + B(n) is similar to f (n), but inadmissible.
1b(n) is EES's best guess as to the cost of a solution througm. EES will use Ib(n) to
estimate which nodes will lie within the suboptimality bound. Finally, EES uses&{n), an
inadmissible estimate of the number of actions required to emplete a solution beginning
with node n. ®is a proxy for search e ort, and is used to ensure EES pursuesofutions

that can be found quickly.
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Using these three measurements, EES keeps track of three spa&l nodes in the search
space. best, best, and best,. besg is the node with the smallestf (n) for all nodes that
have been generated but not yet expandedbest is interesting becausd (besg ) represents a
lower bound on the cost of a solution to the problem under conisleration. As we previously
noted in Section 5, expanding all nodes withw f (n) < g(sol) allows us to show that sol
has cost within a bounded factorw of optimal.

best, is an inadmissible doppelganger obest. Where best is used to nd a lower-
bound on optimal solution cost, we usebest, to construct our best estimate of optimal
solution cost as inib(bes;b). EES will use this estimate of optimal solution cost to congruct
a subset of apparentlyw-admissible nodes to consider for expansion.

besty, is selected from this suspected to bav-admissible subset. Among those nodes
estimated to be w-admissible, it is the node with the smallestévalue, the least estimated
actions-to-go. E ectively, of all potentially w-admissible solutions,best, is estimated to be
the easiest to complete. \Easiest to complete" naturally rders to computation time, and
while actions-to-go is not a direct measurement for computtion time, it has been shown to
be a reasonable proxy for it [15].

Slightly more formally the three nodes can be de ned as:

best = argmin f (n) (5.15)
n2open

bes, = argmin f{n) (5.16)
n2open

besfy = argmin &n) (5.17)

n2open® fb(n) w fb(bestfb)

It is of course possible that there are multiple nodes with tre smallestf -value, smallest
flvalue, or smallestdvalue. In this case, the above formal de nition is incorred, though
it still provides the intuition behind these nodes. For best and best, we are primarily
interested in the value associated with the node, and ties ar of little consequence. For
best, tie breaking is very important. We now discuss tie breakingfor all three nodes.

In the case ofbest, we recommend breaking ties in favor of lowg-values. Nodes with

more of their f -values in cost-to-go, h(n), than in cost-incurred, g(n), are less likely to
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selectNode
1. if f(besy) w f(best) then besy,
2. elseif ﬁJ(bes;b) w f(best) then best,

3. else best

Figure 5-41: Node selection function of EES

have been reached by a suboptimal path because they are, geaby, the result of fewer
expansions. This is absolutely true for unit-cost domainsbut if actions may have di ering

costs, this is only a heuristic and not always the case. The iwition is that by preferring

nodes with low g-values we are more likely to improve a path to a node already o our open
list, improving the chances that it may be selected for expasion.

For best, ties should be broken in favor of lowf -values. If two nodes have the same
estimated total cost, then we should prefer the node with lover &n). By preferring the
node with lower & we may end up convertingbest, into best, thereby allowing the search
to pursue a solution rather than busying itself with book kegping and bound proving. An
argument can also be made for breaking ties in favor of low -values. A node with low
f -values is more likely to be expanded abest later on in the search. By expanding it now,
we save ourselves the e ort of doing it later. Pilot experiments showed that tie-breaking on
low ®values was slightly better performing.

For best,, we should break ties in favor of lowfvalues. Nodes with lowerf.values are
more likely to stay on the focal list of EES, and they are more ikely to be legal for expansion
by the criteria Ib(n) w f (best). By preferring the node with the smaller tvalue, we
are attempting to pursue lower-cost solutions. All else beig equal, low-cost solutions are
easier to show to be within the desired suboptimality bound,thus potentially speeding up
search.

At every expansion, EES chooses from among these three nodesing the function
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Figure 5-42: Expansion Order of Explicit Estimation Search (w = 1:3) on a Path nding

Problem

described in Figure 5.12.1. EES rst considersest, as pursuing nearer goals should lead to
a goal fastest, satisfying the \as quickly as possible" objetive of bounded suboptimal search.
best, is selected if its expected solution cost can be shown to be thin the suboptimality
bound. That is, if tb(best@) w f(best). In prose, this conditional says pursuebest, only
if we suspect we could convert it into a complete solution tha we could return without
raising the lower-bound on optimal solution cost. If best, is unsuitable, best, is examined.
We suspect that this node lies along a path to an optimal soluon. Expanding this node
can also expand the set of candidates fobest, by raising Ib(bes;b). We only expand best, if
it is estimated to lead to a solution within the bound. If neit her best, nor bes, are thought
to be within the bound, we return best . Expanding it can raise our lower boundf (best ),
allowing us to considerbest, or best, in the next iteration.

Figure 5-42 shows the order in which EES expands nodes on a uxdost grid navigation
problem with suboptimality bound w = 1:3. The root of the problem is in the middle of

the left-hand-side of the grid, and the goal is in the middle dé the right-hand-side. Nodes
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are colored by the time they were last examined by the searchlgorithm. We say last as
EES may re-expand some states. Nodes that were expanded eamn are colored yellow,
and as the search progresses, the color changes from yellow ried.

In Figure 5-42 we see that order in which nodes are expanded grongly related to their
proximity to the root and the goal. Nodes near the root are all expanded early (these nodes
are primarily yellow), and as we approach the goal, nodes be&tne orange and then nally
red. States that were never explored by search remain whiteand the obstacles appear as
blackened cells.

Obviously, at the beginning of the search many nodes will be ear the root. However,
the search staying near the root early on is also a result of th inadmissible heuristics we're
using and the relative power of the admissible heuristic. Edy on the online estimators
used by EES in this paper are unstable, as they are based on odrwed error in the heuristic
and very few observations have been made. This leads to a sition where R-values for
nodes are often very high, especially relative to thér-value of nodes. This means that most
nodes appear to exist outside of the currently provable subgtimality bound, causing EES
to expand best repeatedly until estimates ofA calm down and some nodes appear to lead
to solutions within the bound. These are then expanded untila goal is produced, often
without the need to go back and improve our lower bound on optinal cost solutions.

While this makes good intuitive sense, we will see that such &havior is not common
to previous work in bounded suboptimal search. There are somexceptions to this general
observation on expansion order, for example some nodes netre root are colored orange.
These nodes were expanded later on in order to prove the subtmality bound for the
solution, as we will now see.

Figure 5-43 provides an alternative perspective on the seah order of EES run with
w = 1:3 on this grid path nding problem. In this image, we see not the order in which
nodes were expanded, but rather the rule inselectNode by which they were selected. If
selectN odereturned best, then the node is colored blue, if it was returned bybest, then

the node is green, and if the node was returned byest, then the node is colored red. To
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Figure 5-43: Visualization of Which Node was Selected byselectN ode

deal with duplicates, we only show the rst rule by which a node was expanded.

Nodes near the root are selected when they arbest. We expand best in order to
allow for the expansion of other nodes, and to prove the subdpnality bound. Admissible
heuristics are, by de nition, optimistic. As search progresses, thef -value of nodes tends
to rise, so nodes near the root often have the smalledt-values. Therefore, nodes near the
starting state are often going to be expanded avest rather than as any other node.

Nodes expanded asbest, colored in red, are a thin strand proceeding in almost a
straight line towards the goal. This is exactly what we shoull expect from the expansion
order. If #and fowere perfect, then some child obest, would always be the nextbest, and
search could proceed directly towards a goal, if we were to igre the suboptimality bound.
While 2 and @ aren't exactly perfect in practice, they aren't particular ly inaccurate on this
problem either. If they were, the strip of nodes expanded by abest, would be much wider
as a result of vacillation [15].

Vacillation is a measure of the indecision experienced by sech when deciding what

is best. If we think of searches as inducing a tree of possiblsolutions from the initial
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state using the expand function, then vacillation is a measvement of how frequently the
search algorithm hops between subtrees. Since heuristicseanot truth, a systematic best-
rst search will occasionally need to abandon one line of ingiry for another. Accurate
heuristics can reduce the amount of vacillation experiencg by search and thus improve
performance.

There is another surprising thing about the nodes expanded sibest, none of them are
near the root, in the area expanded bybest. In this paper, as we will soon discuss, we
use online correction to produceh and ® from base heuristic estimators. As a result of the
online correction, A and & are very volatile early on in the search, having estimates tht
di er wildly between parent and child. The estimates are also, generally, quite high. As a
result, all nodes appear to be outside of the provably subopinality bound early on, and so
nodes are expanded irbest order until the online estimators settle down.

Finally, there are a surprisingly large number of expansionsof best,. best, is only
chosen for expansion in the event thabest, isn't expected to lead to aw-admissible solution
currently, but best, is. For tight suboptimality bounds, such as the one consideed here,
that can occur quite frequently. As we will discuss shortly, we could ignore best,, and
only considerbest, and best when selecting nodes for expansion. This would remove all of
the green nodes in Figure 5-43, but it actually harms perfornance for tight suboptimality

bounds, as we will see.

5.12.2 Sources of A and &

The expansion order of EES relies heavily on an admissible #ate of cost-to-go and
inadmissible estimates of cost-to-go and actions-to-goﬁ and & respectively. Yet we have
not discussed where these estimates come from. Admissiblstenates of cost-to-go are a
staple of heuristic search, and we therefor know many ways o ciently computing lower
bounds on solution cost. These include abstraction based thniques like pattern databases
[12] and relaxation techniques like ignoring obstacles in md path nding.

Actions-to-go estimates of any stripe are slightly rarer inbounded suboptimal search, in
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part because they are not required (admissible heuristicsra needed to prove suboptimality
bounds), but are nonetheless simple to construct for an arltrary problem. Several of the
bounded suboptimal search algorithms we will discuss as pwous work rely on actions-to-go
estimates, so such estimates are not particularly novel, siply less common. The simplest
way of constructing an estimate of actions-to-go is to take he same approach that we would
for constructing estimates of cost-to-go, but rather than using the cost of actions, simply
replace action costs with 1.

There are several methods of constructing inadmissible elshates of cost or actions-to-
go. Hand crafted heuristics constructed by a domain expert ee perhaps the oldest. As we
previously noted, it has been suggested that we could use thBlanhattan distance of all
tiles plus three times the linear con icts measure as a heustic for the sliding tiles puzzle.
Such a heuristic is no where near admissible, but it does pragle reasonable guidance on
the puzzle for which it was proposed. Inadmissible heuristis can also be automatically
constructed. This can be done o ine, using training instances to learn improved evaluators
[59], in between instances when solving a large number of pbotems from the domain [30, 6],
or over the course of a single search algorithm by evaluatinghe accuracy of a heuristic on

the search tree [72].

5.12.3 Proof of Bounded Suboptimality

We've stated that explicit estimation search is a bounded sboptimal search algorithm, but
we have yet to demonstrate that the solutions returned by EESare guaranteed to be within
a bounded-factor w of optimal. We now present a proof that EES is guaranteed to ofy

produce solutions whose cost is within a bounded factow of the optimal cost solution.

Theorem 6 If h(n) H(n) and g(opt) represents the cost of an optimal solution, then for
every noden expanded by EES, it is true thatf (n) w g(opt), and thus EES returns

w-admissible solutions.
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Proof: selectNodewill always return one of best@, bes;b or best. No matter what node

n is selected we will show thatf (n) w f(best). This is trivial when besk is chosen.

When besi&, is selected:

1*3(best@) w f(best) by selectNode
g(besty) + R(bes)  w f(best) by de nition of
g(besy) + h(besy)  w f(best) byh R

f (besty) w f(best) by de nition of f

f (besty) w g(opt) by admissibility of h

g(besty) w g(opt) by admissibility of h and best, being a goal

When besty, is a solution, h(besty) = 0 and f (besty) = g(besty), thus the cost of the solution
represented bybest, is within a bounded factor w of the cost of an optimal solution. The

best, case is analogous:

fb(besiib) w f(best) by selectNode
g(bes) + R(best)  w f(best) by de nition of
g(besty) + h(besty) w f(best) by h R

f (best,) w f(best) by de nition of f

f (besty) w g(opt) by admissible h

g(besty) w g(opt) by admissible h and best, being a goal

EES only expands nodes returned byselectNode and since any of the nodes returned
by selectNode must have cost within a bounded factorw of g(opt), any solution returned

by EES must be within a bounded factor w of optimal, thus completing the proof.
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5.12.4 Implementation Considerations

Explicit Estimation Search is structured like a classic bes rst search: insert the initial
node into open and at each step, we select the next node for expansion usirgglectN ode
To e ciently access best, besi&,, and best , EES maintains three orderings over the nodes:
the open list, focal list, and cleanup list. These lists are used to accesbest, best, and
best respectively. The open list contains all generated but unexpanded nodes sorted on
1*3(n). The node at the front of the openlist is best,. focalis a pre x of the openlist ordered
on & focal contains all of those nodes wherdXn) w f(best,). The node at the front of
focal is best,. cleanupcontains all nodes fromopen but is ordered onf (n) instead oflb(n).
The node at the front of cleanupis best. We need to be able to quickly select a node at
the front of one these queues, remove it from all relevant dat structures, and reinsert its
children e ciently. To accomplish this, we implement cleanup as a binary heap, open as
a red-black tree, andfocal as a heap synchronized with a left pre x of open This lets us
perform most insertions and removals in logarithmic time exept for transferring nodes from
open onto focal as best, changes. This requires us to visit a small range of the red-btk
tree in order to put the correct nodes infocal.

For domains with integer action costs, performance could bémproved by using a buck-
eted open list instead of a binary heap forcleanupand open In this restricted case, we can
use integer-based bucketed open lists to get constant insgon and removal times instead of
the log times that we have with heap backed priority queues. Tis can result in substantial
speedups, as open lists can be quite large. In the empiricala&luation in this paper, we will
ignore this potential optimization because it is not genera.

Search algorithms should perform duplicate detection on nde generation (ie on line 7 of
Figure 5.12), rather than on node expansion. There are many a@mains with huge numbers
of duplicates, and maintaining duplicate nodes on open in@ases the cost of all operations
needlessly, as most operations have complexity logarithriin the number of nodes in the

list . To do detection on insertion into node lists, you have to have arbitrary removal and
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replacement for all of your node structures. This is not paricularly di cult if one is willing
to write their own data structures, but many standard librar ies, C++'s STL for example,
do not provide this ability.

Goal tests should be done on generation if goal tests are inpensive. The small amount
of pruning this gives you can actually improve performance m some settings. With goal
testing on generation, the pseudo code for the algorithm chages as shown in Figure 5-44.
The proof of suboptimality for this variant of EES is very simple. We can see in line 4 of
Figure 5-44 that EES with goal tests on node generation only xits the search loop when no
solution exists or the cost of the incumbent solution can be lsown to be within a bounded
factor w of f (besg). Since f -values are based on admissible heuristics, this proves the
incumbent is within a bounded factor w of the optimal cost solution as well, completing the

proof.

5.12.5 Performance vs. Heuristic Accuracy

Explicit Estimation Search relies on three heuristic functons, an admissible cost-to-go
heuristic h as well ash and & These latter two estimate the true cost-to-go and true
actions-to-go respectively. Since they are not bound by theconstraint of admissibility, we
hope that they can be more accurate predictors of these valiee We now consider what
happens in several extreme cases and examine the perform&nof EES as the corrections
are degraded in a controlled experiment, arriving at the exgcted outcome that better cor-
rections lead to better behaviors. Our analysis of the behawor of these algorithms relies on
the assumption that our actions-to-go estimations are estnating the length of the shortest
optimal solution beneath a node, and not simply the shortestsolution beneath a node.
While the algorithm will work with either interpretation of actions remaining in practice,
the intention of the algorithm encourages us to use the cosbptimal variant. When we
determine whether or not a node can be included in the set of &llikely w-admissible
solutions, we decide so optimistically. That is, we consideall nodes whose cost-optimal

completion is estimated to have cost within the bound. In the worst-case, this is the only
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EESGoalGen (root ;w)
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cost 1

rootg

incumbent None

while openg fg™ w f (besk) < cost

let n

= selectNodein

open open f ng

for each child c of n

return

if f(c) <cost
if goaly(c)
incumbent ¢
cost g(c¢
else open open[f cg

incumbent

Figure 5-44: EES with Goal Testing on Node Generation
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solution beneath a node within the desired suboptimality baund. As a result, we should
tailor our proxies for completion-cost to this worst case. Qherwise we run the risk of
substantially underestimating the cost of nding a solution beneath a node, harming search

performance.

5126 BA=h & ®#=4d

In an ideal world, both inadmissible heuristics would be eqal to the true cost to go heuristic
h and the true distance to go heuristicd . Surprisingly, in this situation we are neither
guaranteed to nd the optimal solution, nor will we always n d the shortest solution within
the bound. We will however nd one of these two solutions. In this situation, selectNode
will repeatedly expand best, since best is based on an admissibleh. h may be much
smaller than h , and the di erence in these two heuristics determines just fow many besg
expansions are performed. Adesk continues to be expandedf (besk) will steadily rise as
a result of the admissibility of h. At some point this value will be large enough so that one
or both of w f (best) ﬁJ(bes;b) and w f (best) ﬂU(bes%,) will hold. If both become
true, EES will expand best, into the shortest w-admissible goal. However, if we manage to
show only that best, is provably within the bound then we will expand it. At some point,
it will become the new best, and will be expanded into the optimal goal.

Figure 5-45 shows the performance of EES on a Life-cost gridorld path nding problem,
described in detail in Chapter 2 with a summary of features pesented in Table 2.1, when
both inadmissible heuristics are perfectly accurate. The yaxis of the plot shows mean
number of nodes generated across 100 instances on a log scalith 95% con dence intervals
about the mean, and the x-axis shows the suboptimality boundwith which the algorithm
was run. We report node generations to remove overhead fromhe consideration; the two
algorithms are implemented slightly di erently due to the source of their heuristics.

Unsurprisingly, EES using perfect inadmissible heuristis, Perfect Inadmissible in the
plot, outperforms EES using online learning techniques to poduce its inadmissible estimates

of cost and actions-to-go. This is the version of EES used tlaughout the evaluation in this
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Figure 5-45; Performance of EES WherR = h and ®= d

chapter. What we might nd surprising are the peak in online learning and the fact that
the performance di erence is limited to a single order of magitude for most suboptimality
bounds, ie outside of the peak. Recall that only the inadmisible heuristics, B and & have
perfect information. h is still the admissible augmented Manhattan distance desdbed in
Appendix 2. While the EES with perfect information can nd a w-admissible solution in
time linear to the length of that solution, proving the solut ion is within the bound is still
di cult because the admissible heuristic is imperfect. This limits the potential di erence
in performance. The relationship betweenh and R plays a very important role in the
performance of EES.

The peak for the realistic implementation of EES, and its abnce for perfect inadmissible
heuristics, is also of interest. The peak is the result of noe re-expansion, that is it is the
result of reopening nodes that are encountered with a bettepath. Using perfect heuristics
ensures that we never encounter a node by a suboptimal path vémn selectingbest or best,

for expansion (pesf, may still encounter a node by a suboptimal path, even with pefect
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Figure 5-46: Performance of EES BothA and & May Be Inaccurate.

information). However, even though EES with perfect heurigics can (and does) encounter
nodes by suboptimal paths, it will never re-open a node. Withperfect information, EES

will expand nodes from best until a provably w-admissible solution is on the open list.
It will then directly pursue this w-admissible solution until the goal is returned. Since
solutions contain no cycles, and sincéest expansions always expand nodes with their
optimal g-value, no node can require re-expansion when perfect inadssible heuristics are
used. Realistically, EES will interleave proving the bound and solving the problem. It

may also make mistakes when estimating if a node has a solutiobeneath it whose cost
is within the suboptimality bound, resulting in a large numb er of re-expansions for some
suboptimality bounds. This manifests as a peak for tighter siboptimality bounds, as we

see in Figure 5-45.
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5127 B6h & #6d

This situation represents reality, where neither B nor @ are perfectly accurate. We present
results for this setting in Figure 5-46. To construct heuridics with controlled amounts of

error, we computeh for all states. Then, when computing the heuristic for a given state, we

introduce noise. Since inadmissible heuristics can err iniger direction, that is we expect

h (n) H(n) to be just as likely as h (n) H(n) , We must be sure that our corrupted

heuristic is equally likely to err on both sides of truth. We set some maximum magnitude,
say 0.1, and then select a value, calledat random between 0:1 and 1. Then, the reported

heuristic for a node ishcorrupt (N) = h (n) (1 + c) where c is selected independently for
each node. EES with various maximum corruptions, ranging fom no corruption to 0.3,

are shown in Figure 5-46. We also include online learning fosake of comparison. Again,
results are reported in terms of states examined on a log salto control for overhead.

In Figure 5-46 we see that, as the error introduced to the heustic increases, perfor-
mance of the algorithm decreases. Similarly, as we introdw noise, the number of nodes
needed to be re-expanded increases, seen in the size of theak® for small suboptimality
bounds. Surprisingly, the online corrections used in this galuation provide better are better
performance than any of the evaluated corruptions. This is arprising because the online
estimators are known to be inaccurate, as we discussed in Chpeer I, in fact more inaccurate
than the corrupted estimators studied here. It is important for A to be accurate in absolute
terms, as it forms the set of all nodes estimated to lead tav-admissible solutions. Further
we use it to determine if a node can be extended into a completsolution without needing
to perform the bound-proving best expansions, soh may harm performance in this way
as well. ® need only provide good relative orderings over nodes, as weawt to purse the

easiest to nd solution, but we don't really care how di cult itis to nd in absolute terms.
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5.12.8 Alternate Expansion Rules

The selectNode function is the heart of EES in that it determines the search ader and
thus the behavior of the algorithm. We previously argued tha selectNode was directly
motivated by the goal of suboptimal search outlined in Secton 5: nd a solution within
the suboptimality bound as quickly as possible. WhileselectNodeis nearly a direct tran-
scription of this goal into an algorithm, that does not preclude the usefulness of alternative

selectN odefunctions. We investigate several of these alternate fundbns below.

5.12.9 Conservative

Although the formulation of selectN odeis directly motivated by the stated goal of bounded
suboptimal search, it is natural to wonder if there exist other formulations of select node
that may have better performance or be bene cial in particular settings. We consider a
more conservative approach calledselectNodegn, but nd that it produces an expansion

order identical to that of selectNode

selectNode ¢on
1. if Ib(bes;b)>w f (best) then best
2. elseif Ib(besl@) w f (best) then best,

3. else bes;b

selectN ode,n is @ more conservative approach in that it wants to do the bour-proving
expansions, those orbest, as early as possible and so it considers expandirzest before
any other node. If best wasn't selected for expansion, it then considersest, and best,
in the same order as before. This expansion order produces alation within the desired

bound by the same argument as that forselectN ode

selectNode ¢on
1. if Mbest)>w f(best)then best
2. if Mbesy) w f(best)” Abesy) w f(best) then bes,
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3. if Mbesy) >w f(best)” fbest) w f(best) then best,

Using the ordering of the rules and the properties ofbest, best, and best, we can
rewrite selectNodeo, as seen above. The rule for selectinfest is unchanged. The rule
for selectingbest, has been strengthened. If we are considering selectitgpst, then it must
have been the case thabest was unsuitable for expansion. This gives us the second half
of the rule for selectingbest,. This is simply the negation of the rule for selectingbest .
We then apply the same strengthening to the rule for selectig best,. As it is the last node

to be considered, the rst two rules must have failed.

selectNode

1. if Mbesy) w f(best) then besy

2. if Mbesy) >w f(best)” Mbesy) w f(best) then besy,
3. if Mbesy) >w f(best)” M(besy) >w f(best) then best

We can apply the same techniques to obtain a more precise deition of selectNodeas
well. As before, we leave the rst rule, that for selecting best,, untouched. The rule for
selectingbest, is strengthened by adding the negation of the rst rule to its condition. This
makes sense because we would only consider the second ruléhé rst failed. Finally, we
form the rule for selecting best by stating what the relationship between best, best, and

best must be for the rst two rules to fail.

selectNode

1. if f(besy) w f(besi)” f(besy) w f(best) then best,
2. if Mbesy) >w f(best)” Abesy) w f(best) then besg,
3. if Mbesf) >w f(best) then besg

The proceeding is a simple restatement of the strengthenedelectNode We have added
the condition 1’0(bes;b) w f (best) to the rule for the selection of best, This adds no

new restrictions of the rule, aslb(best@) lb(bes;b), but it does make it identical to the
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selectNode opt
1. if incumbent = None_fb(bes;y,) w f (best) then best,
2. elseif ﬁJ(bes;b) w f(best) then best,

3. else best

Figure 5-47: Optimistic Node Selection Function for EES

rule from selectNodeg,. The rule for best has been altered for the same reason. We've
removed a redundant statement rather than adding one. It is row obvious that selectN ode

and selectNodeg, are equivalent, modulo order of course.

5.12.10 Optimistic

In contrast to the above “conservative' approach for seleéhg nodes, the optimistic node
selection function we are about to discuss actually produce a di erent search order from
the original selectNode function. This particular select node function, describedin Fig-
ure 5.12.10, is optimistic in that it will expand nodes that it cannot immediately prove to
be within the current suboptimality bound. We see this in line 1 of Figure 5.12.10, where
best, may always be selected for expansion so long as there is no imbent solution. Once
an incumbent solution is found, selectN ode,,: and selectNodeare equivalent.

As selectNodey: cannot guarantee the w-admissibility of the nodes it returns in the
same way selectNode does, we must nd another way to ensure returned solutions hee
bounded suboptimality. E ectively, any optimistic versio n of EES must be a sort of limited
anytime algorithm. Potentially, we could produce two solutions, the rst solution that is not
w-admissible, and a second solution that is. Pseudo-code f@n optimistic EES algorithm
is provided in Figure 5-48. This algorithm diers from EES with goal testing on node
generation only in the function used for node selection.

There are two reasons to prefer an optimistic node selectiorfiunction to the original

selectNode The rstis that selectNode,p: may encounter its rst solution far faster than
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EESGoalGen (root ;w)

1.

© ©® N o g ~ w BN

[ = S S T
w NN O

open

cost

f rootg
1

incumbent None

while

let

opené fgN w f (best) < cost

n = selectNodey in
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Figure 5-48: Optimistic EES with Goal Testing on Node Generdion
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selectNode This can happen becauseelectN odewill always prove suboptimality bounds,
and thus selectbest for expansion quite frequently, only in the very extreme cas where
w = 1 would we want to return a solution by best, as it will always be an expensive to
nd optimal cost solution. Finding a solution early on is bene cial because it allows for
more opportunities to prune nodes. This, as we noted with EESwith goal testing on node
generation, can reduce solving time.

The second reason to prefer an optimistic approach is that itmay actually reduce the
cost of proving a solution is within a bounded factorw-of optimal. If we have a solution in
hand, we know exactly what nodes need to be expanded in ordeotprove that the solution is
within the bound. This is the case in an optimistic variant of EES. The normal selectN ode
rule usesf to guess what nodes must be expanded in order to prove the suptimality
bound. If our guesses are bad, and they may well be, this coulktad to needless e ort.

On the other hand, the normal selectN odefunction will never nd solutions outside of
the desired suboptimality bound. BecauseselectNodey: may, it runs the risk of needing to
do two disjoint searches over the space, resulting in far mar expansions for the optimistic
EES than the regular EES. The chance thatselectN odey: will return a solution outside of
the desired suboptimality bound on the rst iteration hinge on the accuracy ofR. If B is
very accurate, or consistently underestimatesh , then the chances that the solution found
by selectNodey: will be outside of the suboptimality bound are low. If R is inaccurate, the
opposite is true.

In Figure 5-49, we see three plots comparing the performancef explicit estimation
search usingselectNode and selectNodey, labeled in the plots as EES and EES Opt.
respectively. We present results for three of our benchmarldomains: 100 instances of the
15-puzzle originally used in Korf's paper on IDA* [34], the same puzzles with a di erent
set of action costs, and a robotic vacuuming domain. The domias are explained in detail
in Chapter 2 with their most interesting features describedin Table 2.1. The plots in this
gure all follow the same layout: the suboptimality bound is listed on the x-axis. On the

y-axis, we show the time required to nd a solution at the given suboptimality bound in
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Figure 5-49: A Performance Comparison of EES and EES Opt

seconds on a log scale. The line presents the mean value of\dog time, and the error bars
show a 95% con dence interval about the mean.

As we can see from the three plots here, there is little di erece betweenselectNode
and selectN odgy in terms of performance on these three problems. There is noisternible
di erence in the standard 15-puzzle (left panel), EES usingselectN ode, has slightly better
performance in the inverse cost 15-puzzle shown in the centganel, and EES using the
original selectNode dominates EES usingselectNodey: for the heavy vacuum problems
shown in the right panel. While, for very accurate B's and domains with many cycles,
we would expectselectNodey: to outperform selectNode realistically we don't know the
accuracy of our heuristics a priori, making it dicult to kno w which of EES and EES
Opt. will have the best performance. For the domains and heustics considered here, the
di erence between the two approaches is not particularly lage, nor is it consistently in one

direction as we saw in Figure 5-49

5.12.11 Lesion Study Of Expansion Order

We now turn to the question of whether selectNodeis more complicated than it needs to
be. One way of reducing the complexity of the algorithm is to leduce the number of nodes

being considered byselectNode This reduces the complexity of selecting the next node for

195



expansion. It may also remove the need for maintaining the geof nodes from which best,
is selected. This would reduce the overhead of the algorithmWe consider three lesioned

versions ofselectNode each ignores one rule.

selectNode |;
1. if f(besy) w f(besg) then besy

2. else best

In selectNode;, we expand eitherbesy, the node that is nearest to a solution that we
estimate to be w-admissible, orbest. We would expand this node in order to prove the
bounds on the solution represented bybest,. Note that within this formulation best, is
still present. We use it to de ne best, While this lesioned version ofselectN ode performs
well at high weights, it can have trouble at tight suboptimal ity bounds. This is because the
gap in quality between best and best, can be much larger than the gap in quality between
best, and best,, which is xed at w. It may be dicult to prove that best, is within the
bound precisely because of this gap. In these situations, ganding best, and pursuing the
solution estimated to have optimal cost, as EES would, is thebest course of action as we

will soon see.

selectNode |,
1. if Mbest) w f(best) then best,

2. else best

In selectNode, we ignorebest, choosing instead to pursue the node that appears to be
the furthest along on a path to an optimal solution, best,, and those nodes needed to prove
that the optimal solution is within our desired bound, represented by best. While this
approach is e ective for tight suboptimality bounds where even the suboptimal solutions
must be nearly optimal, for generous bounds, the search falto become su ciently greedy.

If Pis wrong by even a small amount, the e ort required to nd the o ptimal solution becomes

quite large [25]. The ability to select from all nodes that appear to be w-admissible allows
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Figure 5-50: Comparing the Performance of LesiorselectN ode Functions

us to skirt this problem and provides considerable utility in domains where the shortest and

the cheapest solutions are very di erent.

selectNode |3
1. if f(besy) w f(best) then besj,

2. else bes;b

I3 is essentiallyselectNodey:, except that it has no mechanism for ever enforcing the
suboptimality bound. We mention selectN odes merely for completeness sake; it is the last
function resulting from removing a single rule fromselectNode The previous discussion of
selectNodey: covers a more realistic implementation of such a lesioned gansion rule.

We might also consider lesioned variants where two rules areemoved. These provide
A*, a greedy search on® and a greedy search o, None of these is particularly interesting
when discussing bounded suboptimal search algorithms as ¢h rst isn't suboptimal and

the last two aren't bounded. We will discuss the later two in Section 4.6.
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Figure 5-50 compares the performance of the standardelectN odewith the two lesioned
variants on the standard 15 puzzle. Results are presented iterms of nodes generated (on
a log scale) in order to remove di erences caused by di eringoverheads. selectN odg,, for
example, must not maintain focal as it never expandsbest,. We show three algorithms in the
plot, EES using the standard selectN ode function, labeled EES, EES usingselectNodeg;,
labeled EES - L2, and EES usingselectNodell, labeled EES - L1.

There are two interesting phenomena displayed in Figure 5-6. First, there are places
where both lesionedselectN odefunctions converge on the originalselectN ode For selectN odgq,
this is for loose suboptimality bounds, wherebest, is very likely to be selected for expan-
sion. For selectNodaey, it is for tight suboptimality bounds, where best, is unlikely to be
selected. A particular suboptimality bound in combination with our inadmissible heuristic
estimators may e ectively lesion our expansion order.

The second thing to note is that selectNode, never becomes as greedy as the other
two approaches. While we might initially suspect this is be@use it never considers®, this
evaluation is performed on a unit-cost domain whered = &, so this isn't strictly true. The
di erence is more nuanced;selectN ode, never considers the inadmissible estimate on its
own. If our corrections were perfect, this wouldn't matter; a greedy search ori is the same
as a greedy search ofn (and d ) in unit-cost domains. However, because our inadmissible
estimates are often imperfect, incorporating cost-incured into the node evaluation function

can lead to a more conservative search order, as we see in thip

5.12.12 Summary

This section presented the explicit estimation search algathm in detail. We discussed how
its search order, de ned by selectNode shown in Figure 5.12.1 is nearly a direct imple-
mentation of the stated goal of bounded suboptimal search. tiwould be identical, but we
use estimates of solution length as a proxy for estimating sach e ort. We also discussed
visualizations of the expansion order of EES. This showed tht EES does indeed behave as

our intuitions about the algorithm would suggest. Early on, the algorithm expands nodes
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to raise its lower bound on solution cost to be more in line wih it's inadmissible estimate
of optimal solution cost. Once this is done, EES proceeds meror less directly towards a
goal.

Our discussion of alternate expansion orders showed thatelectN odeis indeed the proper
de nition of \best" for bounded suboptimal search. An appar ently more conservative ap-
proach, selectN ode,,, was shown to be equivalent toselectN odeupon further examination.
Although selectNodeand selectNodey did di er in which nodes they would consider for
expansion, we saw in Figure 5-49 that the di erence in perfomance between EES and EES
Optimistic was not particularly large, nor was it consistently in favor of one algorithm over
the other. Finally, our discussion of lesioned expansion akers show that selectNode is

exactly as complicated as it needs to be in order to have goodgsformance.

5.13 Suboptimality Bound vs. Nodes

The previous evaluations of the bounded suboptimal search Igorithms compared their
performance in terms of actual running time. That evaluation was fair in the sense that it
took algorithm overhead into account. While we are often corerned with the question of
which algorithm takes less time to solve a problem, we may ats care about the number of
states that need to be considered by a search. Such an evaluan is interesting because it
says something about the scalability of the algorithms, as asearch which examines more
nodes will exhaust memory faster. Similarly, search is fundmentally limited by the cost of
examining states, as much of the other computation in a seaftalgorithm can be optimized
away or tuned to the point of not introducing too much cost. Thus, looking at the number
of nodes generated by a search tells us something about thetielative performance in the

limit of in nite optimization. Such an evaluation follows.
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Figure 5-51: Performance of Weighted A* Search: Suboptimaty Bound vs. Nodes Gener-
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200



5.13.1 Weighted A*

Figure 5-51 compares the weighted A* search algorithm with gplicit estimation search
across a wide variety of benchmarks. Here, we are examinindné performance of algorithms
as a function of the number of nodes they generate, shown on éy-axis in log scale. In
these evaluations, a node is generated if it was generated Bxpanding a node; that is, we
count duplicates as generated, even though they will be disrded before being inserted into
open.

Unlike the previous comparison in Figure 5-5, which was qui¢ favorable for weighted
A*, we see here that EES e ectively dominates weighted A* with the notable exception of a
small range of suboptimality bounds in life-cost grid path nding. We will discuss the brief
exception momentarily. Recall that the plots here ignore aforithm overhead entirely. As
we discussed previously, weighted A* has very little overhad, whereas EES must compute
additional heuristics and maintain additional orderings over nodes. Thus, when ignoring
algorithm overhead, we ignore the primary advantage weightd A* has over EES.

The exception to EES' dominance over weighted A* is in the prdlem of life-cost grids.
In this domain, there are a great many duplicates, which weiggted A* can ignore (wWA*
dd in the legend). However, we see that even weighted A* with e-expanding duplicates is
better than EES for a small range of weights. Why should EES reexpand more nodes than
weighted A*?

The answer comes from an examination of their expansion orae. For low w, weighted
A* will expand nodes in approximately A* order. Since A* requires no re-expansions, we
would expect a search order that is almost identical to requie relatively few expansions.
EES, on the other hand, deviates as much as possible from an A%earch order. When
expanding a node it e ectively shoots out a greedy search om from that node until all of
the children look to be outside the suboptimality bound. Greedy searches often reach nodes
by suboptimal paths. In the case of a near optimal search, man of those nodes will have

to be re-expanded in order to nd a solution within the bound. This is why EES is slower
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Figure 5-52: Performance of Dynamically Weighted A* Search Suboptimality Bound vs.

Nodes Generated

than even weighted A* in this small area of the life-grid problems.

5.13.2 Dynamically Weighted A*

Figure 5-52 compares the dynamically weighted A* search algrithm with explicit estimation
search across a wide variety of benchmarks. This evaluatiofisn't particularly revealing,
except that the performance di erence between dynamicallyweighted shown in the plots
here is larger than that shown in Figure 5-10. This is becausdike weighted A*, dynamically
weighted A* has low per-node overhead relative to EES. Howesr, unlike weighted A*,

dynamically weighted A* was never competitive with EES on the benchmarks evaluated

here.
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Figure 5-53: Performance of Revised Dynamically Weighted A Search: Suboptimality

Bound vs. Nodes Generated
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Figure 5-54: Performance of Clamped Adaptive Search: Subdimality Bound vs. Nodes

Generated

5.13.3 Revised Dynamically Weighted A*

Figure 5-53 compares the revised dynamically weighted A* sarch algorithm with explicit
estimation search across a wide variety of benchmarks. Theomparison is much like that
provided for dynamically weighted A*. It is not particularl y surprising because revised
dynamically weighted A* was not an especially competitive dgorithm on the benchmarks

considered in this dissertation.

5.13.4 Clamped Adaptive

Figure 5-54 compares the clamped adaptive search algorithwith explicit estimation search
across a wide variety of benchmarks. The interesting resu$t here are in the dock robot

domain, where we see that the good performance of clamped apléve relative to EES is

204



only partially a result of reduced overhead. For small subogtimality bounds (w < 2), we
see that clamped adaptive search has performance on par witthat of explicit estimation
search.

Recall that when we performed the lesioned evaluation of EESwe saw that for small
suboptimality bounds, search onbest, and best exclusively performed about as well as the
full edged EES algorithm. The expansion order for clamped aaptive is not that di erent
than that of the lesioned EES. Clamped adaptive will assign avalue w f (n) to a node if
g(n)+ w Fl(n) is too large to be provably within the bound at the time of expansion. These
are exactly the nodes that EES would deem unquali ed for expasion by best,. Further, all
of these nodes will be sorted irf -order because a linear scaling of alfl -values does nothing
to impact the order of nodes. The ordering of nodes quali ed 6r expansion by best, will
di er between EES and clamped adaptive, as only scaling the buristic portion of the node
evaluation function can change search order. This is why weee some deviation in terms of

the number of nodes expanded.

5.135 A

Figure 5-55 comparesA with explicit estimation search across a wide variety of bewh-
marks. The interesting thing to note here is that the good peformance ofA is not entirely
attributable to overhead. For large suboptimality bounds w > 3, it appears that search ond
is actually sometimes faster than search of?. We see this in life grids, heavy vacuums, and
the inverse 15 puzzle. This seems to be in con ict with the reslts reported in the previous
chapter, where we showed that the learned heuristic was alns always better than the base
heuristic. However, there we were talking abouth and H, not d and &

Further, we aren't really searching greedily on either of these values. We're searching
greedily over an, admittedly very large, subset of nodes. Tking this subset is likely pruning
away many of the poorer options that the learned heuristic waild not expand, but that the
base heuristic might. Essentially, we're reducing the advatage that the learned heuristic

has over the base heuristic by building subsets of the nodes.
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Figure 5-55: Performance ofA Search: Suboptimality Bound vs. Nodes Generated

5.13.6 Optimistic Search

Figure 5-56 shows the performance of optimistic search refiave to the suboptimality bound,
where performance is measured by the number of nodes expardiduring the search. The
interesting thing to note from these results is that the goodperformance of optimistic search
in the sliding tiles domain is not entirely the result of reduced overhead. Optimistic search
consistently expands fewer nodes than EES.

For lower bounds, where the di erence is noticeable, we susgzt that this is the result of
R being too high. We saw in Chapter 4 that path based correctionoften far over-estimated
the cost-to-go on tiles puzzles (see for example Figure 4-3t H(n) >h (n) for many nodes,
then EES will do too much cleanup as it will incorrectly assune that most solutions actually
lie outside of the bound. Optimistic search, on the other ham can not do too much cleanup

because it waits until a solution is in hand to start. That way it can always do the minimum

206



Figure 5-56: Performance of Optimistic Search: Suboptimaty Bound vs. Nodes Generated

amount of cleanup necessary for the solution it nds.

5.13.7 Skeptical Search

Figure 5-57 shows the performance of skeptical search relae to the suboptimality bound,
where performance is measured by the number of nodes expardiduring the search. The
results here are very much in line with those in Figure 5-39 ad reveal that in two domains,
the competitive performance of skeptical search is a resulbf having less per-node overhead

than EES.

5.14 Analysis on Explicit Graphs

In previous sections of this chapter, we have examined the epirical performance of bounded

suboptimal search algorithms on a variety of benchmark domas. We saw that, in general,
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Figure 5-57: Performance of Skeptical Search: Suboptimali Bound vs. Nodes Generated

algorithms which took estimates of the number of actions remining in a solution into
account outperformed those that did not. Similarly, algorithms that took inadmissible
estimates of the cost-to-go into account tended to perform ktter than those algorithms
that only relied on admissible heuristics for this value.

In this section, we will look at algorithm performance on two families of explicit graphs.
The graphs are constructed to make two points: even if we had @rfect information, al-
gorithms that weight the cost-to-go heuristic cannot ever ninimize solving time under a
bound because they do not prefer shorter paths; algorithms hat use actions-to-go esti-
mates to prefer shorter paths are also fatally awed and canwot always prefer the shortest

path in the bound.
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Figure 5-58: Explicit Graph that Thwarts cost-focused seach

5.14.1 An Inconvenient Graph

Figure 5-58 shows a template for a family of graphs, each of wth has exactly two solutions.
The rst, cost-optimal solution that goes from the starting node S to the goal nodeG over
a, and the second solution that goes fromS to G over b. We will refer to these aspath,
and path,, respectively.

path, and path,, are related in the following ways: path, is marginally cheaper than
path,, cost(path,) = cost(path,) + , however path, has a length of 2, whilepath, has a
length of n. Thus, path, is arbitrarily shorter than path,. Obviously, for all suboptimality
bounds other than 1, we would prefer our search algorithms tond path, rather than
path,. Unfortunately nearly every algorithms we have previouslydiscussed will nd path,
regardless of the suboptimality bound, even when the heurigcs are perfectly informed.

To show that an algorithm will always nd the longer solution , we need merely show that
it's expansion order prefers nodea to node b. So long asa is considered favorable tdb, then
all nodes beyonda will be favorable to b. Any algorithm that works by placing additional

emphasis on cost-to-go estimates will be fooled by the abowgraph becauseh (a) <h (b).

Weighted A*

When S is expanded,a and b are placed in the open list. Ash (a) <h (b), fYa) <f qb),

and thus weighted A* will prefer node a. For all nodes n along path, beyond nodea,
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h (n) <h (a) <h (b), and thus fqn) < f {b). Thus, weighted A* nds the longer, but

cheaper path.

Dynamically Weighted A*

When S is expanded,a and b are placed in the open list. Ash (a) <h (b) and a and b are
at the same depth, dynamically weighted A* will prefer nodea to node b. All nodes n along
path, beyond a will have lower cost-to-go values and they will be at deeper dpths. Since
dynamically weighted A* rewards depth, all nodesn along path path, will look better than

node b as they will be deeper and have smalleh -values.

Clamped Adaptive

As we are discussing a world in whichth(n) = h (n), clamped adaptive search is equivalent
to weighted A* search. This is because the clamping behaviowill never be observed. Since
H(n) = h (n), clamped adaptive will take one ofw f (n) or g(n)+ w h (n), whichever
is smaller. The two values are equivalent at the root, but beypnd nodes, g(n)+ w h (n)
will always be less thanw f (n). If it wasn't, weighted A* wouldn't be guaranteed to
return a solution within the bound given an admissible heurstic (h never over-estimates
the cost-to-go), and thus we would have a contradiction. Clanped adaptive runs into the

trap because in this setting it is running weighted A* with a p erfect heuristic.

Optimistic Search

In the initial phase, optimistic search runs weighted A* seach with a higher weight than
the desired suboptimality bound. It therefore falls into the trap by the same argument as
weighted A* search.

Skeptical Search

In the initial phase, skeptical search runs weighted A* on aninadmissible heuristics. Since

the heuristic used in this discussion is perfecth (n) = H(n) = h(n). Thus, skeptical search
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falls into the trap by the same argument that weighted A* does.

5.14.2  AlphA*

AlphA* always evaluates a node with eitherf (n) or w f (n). In this setting, since we are
dealing with perfect heuristics, this becomesf (n) and w f (n). None of the proposed
-functions would make us penalize node and not node b. Therefore they will be sorted
according to their f -values, which will make AlphA* prefer node a to node b. As search
progresses alongath, from a, the f -values of nodes on this path will remain constant, and
thus be preferable to nodeb even if we do not penalizeb. Thus, AlphA* nds the cheaper,

but longer path.

Revised Dynamically Weighted A*

Is the only algorithm which scales cost-to-go values that des not fall into the trap demon-
strated by Figure 5-58. There are some values off for which revised dynamically weighted
A* will nd the long solution, but there are many more where it will nd the longer, albeit
more expensive solution.

The reason revised dynamically weighted A* has di erent belavior is because it scales
the cost-to-go estimate based on the actions-to-go estimat While h (a) <h (b), d (b) <
h (a). As d (n) is de ned to be the number of actions along the optimal cost @th from n
toagoal,fl,, (@=f (@+(w 1) "t (DS ypjefd (h=f (h+ "1 cost

We can show via algebra thata will often be preferable to b
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We now have that, in all situations when — < (1 % + n%) cost, b is preferred over
a. Since is supposed to be very small (but non-zero), the largest vale the left hand
side of the equation could ever have is 1, in the case wheme = 1+ . Since we wanted
to show that b is preferable to a for all weights over many graphs, we need to show that

1

Slw

+ %) cost> 1.
As the gure is drawn, n is at least 4 andcost is always larger than 0. Thus,a will be
preferred to b in all cases wherecost is larger than % As the size of the graph increases,

the minimum value of cost for the equation to hold also decreases.

A and EES Do the Right Thing

A and EES do the right thing on the graph shown in Figure 5-58. That is, they nd the
shorter, but more expensive path. After expandingS, the root, a and b are both on open.

Both A and EES build a focal list based on what nodes are estimated tde within the
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Figure 5-59: Explicit Graph that Thwarts EES and A

suboptimality bound. In the case of perfect information, they build a focal list based on
what nodes are known to be within the suboptimality bound. Since path, is only worse
than path,, path, will be within the suboptimality bound for all bounds greater than 1.
While both a and b will be on focal, both A and EES will prefer b, as it has a smaller

d -value.

5.14.3 Confusing EES and A

The graph shown in Figure 5-59 is meant to demonstrate a aw inalgorithms which do not
weight the cost-to-go heuristic in order. There are three p#hs through the graph shown in
Figure 5-59, a lengthn cost-optimal path over a, an suboptimal path over nodesb and
t° of length n +1, and a 2  suboptimal path over node i’ In this graph, all algorithms
discussed in the paper will prefer the long cost-optimal pal over a.

This is because the graph is constructed to give a misleadingalue of actions-to-go for
nodec. Recall that d (n) is de ned to be the number of actions in the cost-optimal solution
beneath noden. Thus, d (¢) = d (a), and so a will be preferred under any reasonable
tie-breaking scheme. Once is expanded, all other nodes considered alongath, will have

lower d-values than nodec, and thus we will get the cheaper but longer solution.
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5.14.4 Summary

In this section we discussed a pair of explicit graphs which ighlighted weaknesses in the
algorithms described in this chapter. The rst graph showed that algorithms which work
by weighting cost-to-go estimates can easily be tricked irb preferring arbitrarily long paths
even when a very short path within the desired suboptimality bound exists. This is because
they do not consider the number of actions remaining when detrmining expansion order.
The second graph showed how our de nition ofd can lead algorithms which explicitly
consider actions to go to be mislead. In reality, we need morexpressive heuristics that
would let us estimate the length of the shortest solution bereath a node within the bound.

Unfortunately, it is unknown how to compute such a heuristic.

5.15 Discussion

Explicit estimation search provides a substantial improvanent over the previously proposed
algorithms for bounded suboptimal search. It is faster thanprevious approaches for a given
suboptimality bound across a wide range of suboptimality bainds and domains. However,
while it is not always the fastest algorithm, it is robust in a way that previous proposals
were not. This is why EES had the lowest mean solving time of dlalgorithms as we saw in
Figure 5-34.

However, to say that the contribution of EES is limited to faster solving times and
more robust behavior is to miss the point. When designing seah algorithms, we should
make sure we're solving the right problem. That is the larges lesson to be taken away
from explicit estimation search, and this work in general. By looking at what it was we
wanted from a bounded suboptimal search algorithm and crafing a search strategy tailored
to that, we ended up with a more e ective approach to the problem. Similar results were
experienced in anytime search and bounded-cost search.

A xation on admissible heuristics and optimal solving has likely been harmful to the

eld of heuristic search as a whole. Admissible heuristics g useful for proving that solutions
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returned by an algorithm have certain desirable properties for example cost-optimality or

being within a bounded factor of optimal. Admissible heuridics are also incredibly useful
for permanently pruning away unpromising areas of the seait space. However, these two
tasks represent a small part of what search algorithms needat do. They also have to
nd solutions, and they may need to do so quickly in order to obey restrictions on solving
time. These tasks are neither easily nor best accomplisheclying on admissible cost-to-go
heuristics alone.

More e ort needs to be put into inadmissible cost-to-go estmates, both hand crafted
techniques, and ways of deriving such automatically. Theseheuristics are useful in all
search settings, excluding perhaps cost-optimal search. a¥ing techniques for automatically
constructing inadmissible heuristics from the de nition of a problem is a key part of building
a theory of suboptimal search.

If we want fast algorithms, we need to be able to estimate the elative speed with which
various partial solutions can be brought to completion. We ddn't notice that we didn't
have one in heuristic search for a great many years because 'we been too focused on unit-
cost domains like the sliding tiles puzzle. We still don't really have an estimate of the time
it will take to convert a partial solution into a complete sol ution in heuristic search. We
have reasonable proxies in the form of action-to-go estimats, and paying attention to these
does indeed improve the speed of search algorithms. It seenikely that if we construct
estimators for the desired value and guide search based on dke that search can be sped

up even further.

5.16 Conclusions

In this Chapter we introduced a new state of the art bounded siboptimal search algorithm,
Explicit Estimation Search. Explicit Estimation Search relies on inadmissible estimates of
solution cost and solution length to guide search towards esy-to- nd solutions within the

bound. While EES is a signi cant improvement over the previous state of the art in bounded
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suboptimal search, it is not the most important contributio n of this work. This chapter,
and particularly the discussion of how EES addresses the pldem of bounded suboptimal
search, forms a part of the foundation of the theory of subopimal search. Speci cally, we
put forth a de nition of the goal of bounded suboptimal search, and we pointed out several
sources of information needed to address that goal. EES us@sdmissible estimates because
e cient suboptimal search requires inadmissible estimates to determine what solutions are
likely to be within the bound and to determine what solutions are easy to nd. EES isn't the
best performing bounded suboptimal search algorithm becase of brilliant insight or clever
optimization, it's simply the rst algorithm to attempt to o ptimize the goal of bounded
suboptimal search directly. Hopefully this is an approach tat will prove useful for many

areas of heuristic search and Al in general.
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CHAPTER 6

BOUNDED COST SEARCH

Recently, Stern, Puzis, and Felner[64] began studying a ghtly dierent variation on
bounded suboptimal search calledbounded-cost search given a user-speci ed cost bound
C, nd a plan with cost less than or equal to C as fast as possible. Bounded-cost search
corresponds to many realistic cost-constrained scenariasuch as constructing an interesting
air show for model planes, or planning a trip within a budget. They also introduced an
algorithm called Potential search, abbreviated as PTS, deigned for the bounded-cost search
setting. PTS is a best- rst search on potential | the probabi lity that a given node will be
part of a solution whose cost is no more thanC. Nodes that are more likely to have a goal

node beneath them are preferred.

6.1 Potential Search

Stern, Puzis, and Felner[64] de ne bounded-cost search inhie context of heuristic shortest-
path graph search: Given a description of a state space, a dtiastate s, a goal test function
and a constant C, nd a path from s to a goal state with cost less than or equal toC.
Potential search [64] (PTS) is a bounded cost search algotitm based on considering the
potential of all nodes that have been generated but not yet eganded (i.e. nodes oropen).
The potential of a node is the probability that a solution of cost no more than C exists
beneath that node. The potential of a noden is PTc(n) = Pr(g(n)+ h (n) C).

PTS is a best-rst search on PTc. In general, we don't know how to calculate the

potential of a node. However, for some cases it is possible torder the nodes according
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to their potential without being able to calculate it. If we k now how h(n) and h (n) are
related then there are situations where we can order the nodeby their potential without
being able to calculate it directly.

In particular, if h(n) and h (n) are related linearly, then we can order the nodes in order

of their relative potentials without bothering to compute t he potential of the two nodes. If

h(n)
C g(n)

and end up exploring the nodes in order of increasing poterdil without needing to compute

the error in h with respect to h grows linearly, then we can order nodes offj,, (n) =

the potential directly.

6.1.1 Potential Search on Inadmissible Heuristics

In the following evaluation, we consider two variants of Potential Search, the original (PTS

in the plot) and a newer variant presented in Thayer, Stern, Felner, and Ruml [75] which uses
inadmissible estimates of cost-to-go in order to calculatéhe potential of a node. Assuming
that the inadmissible heuristic has the same relationship 6 true cost-to-go as the admissible
heuristic, there is no reason not to use an inadmissible estiate of cost-to-go in order to

estimate the potential of a node. In their evaluation and the one conducted here, Potential
Search with inadmissible heuristics (PTS h'n the plot) uses the same online correction

technique that we have discussed before. It is identical to PS except that we sort nodes

f
on ﬁnr (n) = C (gr;]()n)'

6.1.2 Implementation Concerns

Ai(n)

T amy» Where we have
c

In practice, we implement PTS as a best- rst search onf}, (n) =
e ectively divided the potential score of all nodes by the cest bound C. This does not a ect
node ordering. When we divide the potential scores of all noés by a constant, in this case
C, we preserve the relative ordering. Order is exactly what méers in a best- rst search.
Restating the node ordering function this way does two things. First, it makes it clear
that for large values of C, PTS and PTS will behave like a greedy search on cost-to-

go estimates (sometimes called pure heuristic search). Samudly, it avoids precision issues
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caused by largeC values. For largeC, implementing f |, (n) as Ch(”()n) will resultin fi, (n) =

9
h(n)

0 for all nodes. Forfiy (n) = gy,
o

we havef  (n) = h(n) for large C.

6.1.3 Drawbacks

One small drawback of the potential search technique is thatif the heuristic does not exhibit
linear relative error, the above cost functions are no longevalid. This leaves us with several
options. Either we construct a heuristic for every domain wtich we know will have linear
relative error, we construct a node evaluation function tha will work with whatever error
model our heuristic has, or we accept that we will only expandnodes in approximate order
of improving potential.

The rst two are di cult. It's unclear how to construct a heur istic with linear relative
error, though it appears that many admissible heuristics exibit this property naturally, as
PTS does not need to consider exceptional heuristics for thdomains it uses for evaluation
in the original paper. Similarly, it isn't obvious that a pot ential ordering function can be
constructed for arbitrary heuristic error models. While it is obvious that we could simply
accept an approximate best- rst order for our bounded cost garch, that is less than ideal.
We will now discuss a technique for bounded cost search thataks not rely on a measurement

of potential, and thus does not su er from these drawbacks.

6.2 Bounded Cost Explicit Estimation Search

Bounded-Cost Explicit Estimation Search [75] (BEES) consders both admissible and inad-
missible estimates of cost-to-golf and H) as well as inadmissible estimates of actions-to-go
(. BEES is inspired by EES in that both rely on estimates of soltion cost and actions
remaining to guide search rather than exclusively relying o lower bounds as PTS does. To

suit the goal of bounded-cost search, instead of considergbest, like EES, BEES considers
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selectN 0d@yees
1. if there existsn 2 opens.t. 1b(n) C
2. then return best,

3. else return besg

Figure 6-1. BEES Node Selection Strategy

the following node:

besly, = argmin ~ &n)
n20pen"lb(n) C

Note that best,. is a member of the set of all nodes in open whose estimated tdtaost is
less than that of the cost bound. Of thesebest, is the node with the smallest@(n). besty,
is the node we estimate has the fewest actions remaining beeen it and a goal, among all
the nodes whose estimated total cost is less than the cost bad. Again, tie breaking is an
important consideration. If multiple nodes could be best,, then we should prefer the node
with the least . If this still doesn't eliminate all ties, then we should prefer nodes with
lower f -values.

BEES chooses to expand eithebest,, or best according the rule described above. Using
this rule, BEES attempts to pursue the shortest solution estmated to be within cost bound
C if it estimates that such a node exists (line 2). If BEES thinks there are no solutions
within the cost bound, it expands nodes inA order to e ciently prove no solution exists
(line 3).

This diers from the selectNode function of EES in that best, is never returned. In
the context of bounded-cost search, it doesn't make sense texpand best, because we've
estimated that the cost of the optimal solution is beyond the cost-bound C for the given
problem; that is we predict the problem has no solution. If weassume the problem isn't

solvable, the right thing to do is to prove that the problem isn't solvable by raising the lower-
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selectN odeeeps
1. if there existsn 2 opens.t. 1b(n) C
2. then return best,

3. else return best,

Figure 6-2: BEEPS Node Selection Strategy

bound on optimal cost aboveC as quickly as possible. Thus, BEES will be more e ective
for bounded cost search than a modi ed EES because it actua}l addresses the problem
at hand, much in the same way EES was better than previous appraches to bounded

suboptimal search because it focused on addressing the preln as directly as possible.

6.2.1 BEEPS

While straightforward, the previous approach ignores the mtential measurement suggested
by Stern et al[64]. To takes this new quantity into account, we propose Bounded-Cost
Explicit Estimation Potential Search (BEEPS). In addition to best,, BEEPS considers
expanding the node with the highest potential, or in other wards the lowest (n).

The node selection strategy of BEEPS is exactly the same as #t of BEES, di ering
only in the last line. When BEES decides to returnbest , BEEPS will return best,. BEES
assumes thatf is accurate and so ifbest,. does not exist, then there must not exist a
solution to this problem within cost bound C. If that is true, then the optimal way of
proving it is by expanding nodes in A order until we have shown that there is no node
with f(n) C, proving the problem unsolvable. In contrast, BEEPS acknowedges that R
is not a perfect estimator and thus even wherbest,. does not exist, the problem may well
be solvable. For solvable bounded-cost problems, PTS was sn to be superior to A with
pruning [64], so BEEPS reverts tolP TS instead.

Naturally, BEEPS has all of the same drawbacks as potential sarch. This is because

it relies on the same measurement of potential. However, BEES only uses the potential
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Figure 6-3: Relative Performance of Baseline Bounded Cost yorithms

values in the case that our inadmissible heuristics lead usa suspect that no solution exists
within the desired cost bound. BEEPS only relies on potentid in what is hopefully an
exceptional case, while potential search relies on measurents of potential all the time. As

a result, the drawbacks of using potential are less severe fG@EEPS.

6.3 Empirical Evaluation

6.3.1 Baseline Algorithms

To better understand the performance of the more advanced tehniques for bounded cost
search presented here, we compare the algorithms to some nabl baselines for the problem
of bounded cost search. These baselines work by taking algtrms for other search settings
and simply adapting the algorithms to work in the bounded cog setting.

We consider three baselines: A* with pruning, greedy searchvith pruning, and speedy
search with pruning. When we say \with pruning” what we mean is that whenever a node
iS generated, it'sf -value is compared to the cost-boundC. Any node n with f(n) > C is
discarded because it cannot result in a solution within the esired cost bound.

Figure 6-3 shows the relative performance of the three prewusly described baseline
algorithms on several heuristic search benchmarks. On the-gxis, we report the time taken

to nd a solution, or prove no solution exists, on a log scale.As with all previous evaluations,
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algorithms were run until memory was exhausted, or until ten minutes had passed. In the
plot shown, the x-axis is the cost-bound supplied to the algdathm. The cost bounds are
designed to start at a point where no instance under considation contains a solution, and
then scale up well beyond the point where all instances conta solutions.

There are two general trends in the results shown in Figure &. The rst thing to note
is that for tight cost-bounds, ie low values of C, the bounded cost adaptation of A*, A*-BC
in the legends, is the ideal algorithm. In fact, we can easilysee that bounded cost A* is
the best way of showing no solution exists within cost boundC. To prove that no solution
exists to the problem with cost no more than C, we must show that any solution to the
problem must have cost greater thanC. To wit, we must raise the lower bound on the cost
of the optimal solution of the problem to be larger than C. Starting with the root, we must
expand all nodes whosé -value is no more thanC. A* has the most e cient way of raising
the lower bound on optimal solution cost [14].

The second thing to note is that, when many solutions exist wihin the cost bound,
bounded cost speedy search, BC-Speedy in the legend, has thest performance. When
the bound is loose, the problem becomes that of simply ndingany solution, as nearly all
solutions will be acceptable. When attempting to nd any solution, the fastest way of doing
so is generally to search in order of the estimated number ofcions remaining between a
node and a solution, exactly what speedy search does. In thelfowing evaluation of bounded
cost search algorithms, we will only present the speedy balee. As we see in Figure 6-3,
for the wide majority of bounds, it is the most e ective baseline.

The reader may have noticed that three benchmark domains apgar to be missing.
Specically, we do not show results for life-cost grids, dok robots, or dynamic robots
with the baselines. That is because these search algorithmare incredibly brittle, as we
see in Figure 6-4, where we show the performance of the algdnihs on the life-cost grid
benchmark. These problems are relatively simple, as they cabe solved optimally in several
seconds (abound 5) by A* search.

We see, however, that speedy and greedy bounded cost searst®ve incredibly di cult
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Figure 6-4. The Baselines are Brittle.

times with these problems. They actually exhaust time on neay all of the instances; that
is they run for ten minutes and still nd no solution in the bou nd. Remember, part of
the reason greedy and speedy searches are so fast is that thegll accept absolutely any
solution. In the bounded cost case, the solutions we can coiter are constrained by C.
Greedy and speedy search will often encounter a node by a suptimal path, and to ensure
completeness they must reconsider that node again every timit is reached by a better path.
Considering there are exponentially many paths to a given ste, this can take a while. For
domains with many duplicate paths, like grids, dynamic robds, and dock robots, greedy
and speedy bounded cost searches will not work well unless éhheuristic is very powerful.
A* bounded cost search has a similar problem, but for a di erent reason. Finding the
optimal solution to a problem is known to be incredibly di cu It. This di culty is actually
the entire justi cation for the dissertation. We cannot exp ect bounded cost A* to perform
well on problems that cannot be solved optimally in memory by A*, ie every domain used

in this paper save life-cost grid navigation.
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Figure 6-5: Performance of Bounded Cost Search Algorithms

6.3.2 Performance in Terms of Time to Solve

Figure 6-5 shows the relative performance of the bounded cbsearch algorithms on the
benchmark domains considered in this dissertation. On the saxis, we show the cost-bound
that each algorithm was run with. The y-axis shows the mean tine consumed by each
search algorithm on a log scale. We don't show the performarecof the simple baselines, as
they perform quite poorly. Instead, we show four algorithmsdesigned from the ground up
for the bounded cost search problem, potential search (PTSn the legend), potential search
using an inadmissible cost-to-go estimate (PTSﬁ bounded cost explicit estimation search
(BEES), and bounded cost explicit estimation search with pdential (BEEPS).

The rst plot in Figure 6-5 shows the relative performance of the algorithms on the
standard fteen puzzle. The algorithms are di cult to di er entiate on this plot. In Figure 6-

6, we will see that the di erences that do exist between the ajorithms are primarily a result
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of algorithm overhead. Although the algorithms are not easyto distinguish between, we
do see an important phenomena of bounded-cost search: a oftebserved easy-hard-easy
transition.

Early on, when C is much lower than the average optimal cost of a problem, prolems
are very easy to prove unsolvable, and search is quite fast. flen, asC grows and approaches
the average cost of an optimal solution, it becomes quite di cult to prove that no solution
exists, or alternatively, that some optimal or near-optimal cost solution satis es the cost-
bound C. This manifests as a large peak in the performance pro les othe algorithm.
Then, asC grows to be much larger than the average cost of an optimal sation, problems
once again become easy, although not as easy as those instasavhich were trivial to prove
unsolvable within C.

In the next domain in the plot, inverse cost fteen puzzles, dl algorithms follow this
general rule with the notable exception of the potential seach algorithm. It starts o
solving many problems quite quickly, as no solution exists wthin C, However, once the
other algorithms have peaked and begun their descent, potéial search fails to become fast
again. As we saw in previous chapters, search focused puredyn cost-to-go, especially greedy
search onh, does not perform particularly well in the inverse cost tiles problems. Potential
search becomes greedy search on cost-to-go for large valu@dsC, and so it never becomes
as fast as the algorithms that search on actions-to-go dirdty (ie BEES and BEEPS), nor
the algorithm that includes d indirectly (PTSh §\ Of all the algorithms, BEES and BEEPS
are the fastest and are di cult to distinguish between.

The results in life-cost grids highlight the importance of an e cient search order for
portions of the space where solutions are di cult or impossble to nd within the given
cost-bound. We again see the same easy-hard-easy transiticms C moves from a point
where few solutions exist, towards the cost of optimal solubns to the problem, and then
nally beyond the cost of optimal solutions into a space whee many solution exist within
C. However, for the smaller values ofC, we see that potential search is far and away more

e cient than the other bounded cost search algorithms. This is because, as we previously
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noted, potential search has a very good search order for pravg no solution exists. BEES
has an ideal approach, provided it correctly estimates thatno solution exists within the
bound. It obviously does not guess correctly for this domain

The heavy vacuum domain, seen in the bottom row, left most pael of Figure 6-5 returns
to the more standard shape of the tiles domains. That is, prokems start out easy to solve,
then become harder to solve a<C approaches the average cost of an optimal solution. As
C becomes larger, most of the algorithms speed up, eventuallgonverging on the speed of
a greedy search, either on cost-to-go in the case of potentigearch and potential search on
inadmissible heuristics, or a greedy search on estimated ions-to-go in the case of BEES
and BEEPS. Just as was the case in the inverse tiles problemsgarch on actions-to-go ends
up being much faster than search on cost-to-go, and so BEES @nBEEPS outperform the
other algorithms in this setting.

The next panel in the gure shows the performance of the algoithms on the dynamic
robot navigation problem. The results in this domain do not look at all like the results
in the other ve domains. This is because the domain is quite derent from our other
domains. We generate the instances with random start and gdalocations, so there is a
wide range of optimal solution costs to these problems. Thigrevents us from getting the
well formed peaks seen in the other domains, as there is @ for which most problems have
an optimal or near optimal solution.

In the nal panel of Figure 6-5, we have results on the dock rolmt domain and a return
to the easy-hard-easy pattern seen in most of the domains inw study. We note that the
peak is less pronounced in this data set than it is in the tilegpuzzles. This is because there
is a wider range of optimal solution costs for the problems irthis domain than there are for
the tiles domain. This results in a di erent point for the peak in each problem. Further,
we can't come close to solving these problems optimally usinthe search techniques in this
paper, meaning many of the algorithms time out rather than returning a solution or showing
that none exists within C. That results in a more shelf-like appearance rather than a pak

in terms of running times and nodes generated.
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This data set is also interesting because both BEEPS and pot#ial search on inadmissi-
ble heuristics perform better than BEES, in contrast to the other domains where BEES and
BEEPS are generally better than potential search with or without inadmissible heuristics.
This is because BEES is often estimating that no solution lis within the bound despite
there being a solution within the bound. BEES reverts to an A* search order when no
solution is estimated to be within the bound, as A* is the moste cient way of proving this
to be true. However, BEEPS falls back to potential search onmadmissible heuristics in this
case, and this is why the performance of these two algorithmalign in this domain.

This points out the diering requirements of heuristic prop erties that bounded cost
algorithms like BEES and BEEPS have when compared to boundeduboptimal algorithms
like EES and Skeptical. EES and Skeptical can perform well sdong as the inadmissible
heuristics provide a good relative ordering over the nodeswhile BEES and BEEPS really
need accurate estimates of cost-to-go in order to determing a solution exists within C or

not.

6.3.3 Performance in Terms of Nodes Generated

Figure 6-6 shows the performance of the bounded cost algohims in the same domains as
those in Figure 6-5, but now we are examining performance asumber of nodes generated
rather than time consumed. This removes algorithm overheadrom the comparison, and
provides a direct comparison of the search strategies of thalgorithms in the evaluation.
The results seen in the timing plots are relatively unchangedin the nodes generated
evaluation. We do see that the algorithms are essentially idistinguishable in two domains:

the sliding tiles puzzle and dynamic robot navigation.

6.4 Discussion

Consider the two best performing algorithms here, BEES and ptential search. These

two algorithms take radically di erent approaches to the problem of bounded cost search.
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Figure 6-6: Performance of Bounded Cost Search Algorithms

Potential search explores nodes in order of their chances @bntaining a solution within the
bound beneath them. BEES makes a binary decision about a nodkading to a solution
within the cost bound, and then explores this subset of all nales in order of increasing
estimated actions-to-go.

Both approaches initially seem well founded. Pursuing node more likely to lead to
acceptable solutions seems ideal. Remember though, we dbslmply want to nd a solution
in the cost bound. We want to nd a solution within the cost bou nd quickly. The node
most likely to contain a solution beneath it may be talking about a solution thousands of
steps away, while a node that is marginally less likely to cotain a solution beneath it may
be discussing a solution tens of steps away. Not taking the ster, albeit less likely, node
in favor of the more certain bet seems unreasonable, and as ¢hempirical results showed,
it is unreasonable.

BEES has a similar aw. It makes a binary decision about within the cost bound or
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outside the cost bound, and then searches all of those nodes & they were equal. If we
assume error info-values is similar across all nodes, then if we have two nodeas; and n;
where 1"3(n1) 1b(n2) C, ny is obviously more likely to lead to a solution within the cost
bound than n,. However, BEES doesn't use this information in any way. Anytime a search
algorithm doesn't take advantage of information it has computed, we should immediately
wonder if there is some way to bring this information to bear eciently.

Ideally, we would consider both likelihood of containing a ®lution beneath it and the
proximity of that solution together as a kind of expected e ort measurement. Simple
combinations, like BEEPS, or simply multiplying &(n) by potential do little to improve
search performance, in some cases they harm it, and they alsocur additional overhead over
the approach of BEES. This of course doesn't preclude the u$gness of this information,

but we have yet to nd an e ective way to bring it to bear.

6.5 Summary

In this Chapter we discussed the bounded cost search problenwhere we want to nd a

solution within a user speci ed cost-boundC as quickly as possible. We examined two main
approaches to the problem, potential search and bounded co®xplicit estimation search.

Potential search sorted nodes in an order determined by howikely they were to have a
solution within the cost bound. BEES, on the other hand, rst constructed a set of nodes
estimated to be within the cost-bound and then sorted these bsed on estimates of the
remaining number of actions-to-go. The empirical evaluaton revealed again that if we want
to have fast searches, we need to consider estimates of act®remaining to prefer solutions
that are easier to nd. Simply put, we should be careful to optimize the problem we are

solving when applying heuristic search.
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CHAPTER 7

ANYTIME SEARCH

When abandoning cost-optimality as infeasible, there are @l many ways we can retain
some measure of control over the search algorithms being u$do nd solutions. In the
previous two chapters we've discussed ways of managing thest of solutions returned by
a solver, either by restricting solution cost to be within some bounded factor of optimal or
to be beneath some absolute user speci ed bound. We now coudgr an alternate setting,
where time, and not solution cost, is the value we want to retan some control over.

There are three primary ways we can retain control over the tme used by heuristic
search. In the setting where we are willing to interleave ndng a plan and executing that
plan, we can limit the amount of time taken by search per-acton. Alternatively, we can
construct search algorithms that are designed to work undera xed, known deadline, for
example half an hour. Finally, we could construct algorithms that work with an unknown
amount of time. This nal setting, the anytime search settin g [4], is the focus of this chapter.

We will begin by setting out the anytime search setting. In particular, we will take care to
di erentiate it from the setting in which a deadline is known before hand. The literature has
shown that knowing the deadline before search begins shoutthange our search strategy [15],
and we will discuss why that is the case here. After introduang the problem of anytime
search, we will discuss three general frameworks for conwérg bounded suboptimal search
algorithms like those discussed in Chapter 5 into anytime sarch algorithms. The strengths
and drawbacks of the frameworks will be the focus of this sea@in, and we will show the
performance of Explicit Estimation Search in each of the frameworks as well. Finally, we

will discuss anytime search algorithms that are not obviouty frameworks for converting
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other algorithms into anytime search algorithms. This secton includes discussion of the
anytime explicit estimation search algorithm which attempts to minimize the time between
improving solutions in anytime search. Although we will not see that AEES is always the
best performing algorithm for anytime search, we will see tlat the algorithm with the least

time between improving solutions often is.

7.1 Anytime Search Setting

Anytime search is so named because an anytime search algdrih could be interrupted at
any time and be required to return its best known solution. Anytime search is designed to
solve problems under some unknown deadline. That is, we do kv that there is a limit
on the amount of compute time that will be given to us, but we do not know what that
limit is. We could be asked to stop our algorithm at any point. In this setting, the desired
behavior for an algorithm is to nd some solution quickly, and then produce a stream of
improved solutions until the cuto arrives or until we can pr ove that we have the optimal
solution in hand.

This suggests the following approach: nd any solution as gickly as possible, then nd

the next improving solution as quickly as possible, and so on

7.1.1 Ideal Performance of Anytime Search Algorithms

When discussing the performance of anytime algorithms, we eed to make an important dis-
tinction between ideal performance and dominance. Dominace is when one anytime algo-
rithm always has a better solution in hand at a given time than another anytime algorithm.
More formally, for two anytime algorithms 1 and », let (t) be the solution returned by
the algorithm at time t. Then ; is said to dominate chis if, for all t, g( 1(t)) g( 2(t)).
In this chapter we will assume that the cost of no solution is n nite, ie g(chi(0)) = 1.
Realistically, 1 dominates » if, when the algorithms are halted 1 has the better solution.

Clearly, dominance is what we want of our anytime search alggthms. We want the
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best possible solution at timet for any conceivable anytime search algorithm. However,
it is incredibly di cult to optimize \better than every othe r algorithm", especially when

many algorithms have yet to be constructed. As a result, we wl now examine an alternate
measure of anytime search performance, minimizing regret.

In this context, regret will be the amount of \wasted" comput e time. That is, when the
anytime search is interrupted, how long ago did it nd its best solution. The time between
nding the returned solution and returning that solution is wasted in the sense that the
additional compute resources did not directly improve the quality of the incumbent solution.
The time may not actually be wasted, as it may improve the bourd on solution quality or
show that large portions of the space contain no answers, butrom the perspective of the
consumer of the returned solution, it is e ort that resulted in no improvement, or more
colloquially a waste.

Regret can be formalized as follows. Letsyp, be the time at which the algorithm was
halted, then

regret( ;t swop) = tstop  (Argmin (t) = (tstop)) (7.1)

t tstop

This is exactly the di erence in time between when the solution was returned and when the
solution we returned was found. While minimizing regret does not guarantee dominance,
it does minimize the amount of wasted compute cycles, whichsi a desirable trait.
Minimizing the regret for an algorithm under an unknown deadline is simple. As the
deadline could come at any time, we must simply minimize the ime between improving
solutions which we will refer to as ;. Minimizing  has a lot in common with the quantities
we were trying to optimize for in Chapters 5 and 6. There we wated to nd some solution
within the relative or absolute cost bound as quickly as posible. We were trying to minimize
the time between the initial, in nitely expensive incumbent and the time when we found
our acceptable solution. Minimizing time between solutiors requires looking at the time it
will take to nd a solution. Just as in bounded suboptimal and bounded cost search, we

will see that algorithms which take time to solution into account are rare in anytime search.
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7.1.2 Dierence from Contract Search

It is important to di erentiate between anytime search prob lems and contract or deadline
search problems if only because anytime search algorithmsra often applied to deadline
search problems even though they are not ideally suited to th problem. The key di erence
between anytime search and deadline search is that in the foner we do not know when
the algorithm will be halted, however in the latter this info rmation is part of the prob-

lem description. Deadlines are actually quite common in a veety of settings, but perhaps
the most common is competitions such as the bi-annual interational planning competi-

tion. Here, competitors are given about half an hour per insance to solve a variety of
vary challenging planning problems, yet most algorithms téke an anytime approach to the
problem.

The use of anytime search algorithms for deadline search pbdems con icts with what
has been a central tenant of this thesis: use all available formation. In this case, the
impending deadline is the available information not being wed by the algorithms. Anytime
search algorithms should, as we just discussed, seek to minize the time between solutions
in order to reduce potential regret. However, when the deadhe is known, we should seek
to have the best solution possible in hand at that deadline. These two tasks di er, as we
just discussed.

There exist algorithms for the deadline search setting, forexample deadline aware
search [15], but they are not the winning algorithms for the nternational planning com-
petition, anytime algorithms are. This speaks to the di cul ty of designing good contract
search algorithms. We all know that we are trying to minimize solution cost within a given
deadline, but taking the deadline into account requires us © estimate how di cult it will
be to solve a problem. This is very hard to do. Even deadline aare search, which is cur-
rently the state-of-the-art, is actually an anytime algorithm because it frequently fails to
accurately predict when it will be able to reach a given soluton. Improving these predictors

is an important and open problem.
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7.2 Three General Frameworks

We now turn from the de nition of the problem of anytime search to the algorithms designed
to address it. Although anytime algorithms can take any form, they tend to be based on
best- rst heuristic search algorithms and can loosely be d@ssi ed into one of three frame-
works: the continued search framework, the repairing seaftframework, and the restarting
framework. All of the previously discussed algorithms havebeen best- rst heuristic search

algorithms.

7.2.1 Continued Search

Continued search runs a bounded suboptimal search beyond & rst encountered solution
was introduced by Hansen and Zhou [22]. If the search is contued it will produce a stream
of ever improving solutions, eventually nding the optimal solution. Continued search is
sensitive to the con guration of the underlying bounded suboptimal search. There will
naturally be some sensitivity to the underlying algorithm for all frameworks, but unlike
repairing or restarting search, continued search never remsiders the initial con guration of
the underlying algorithm. As a result it is very reliant on pr uning for performance. Thus,
it performs best in domains with strong admissible heuristts where greedy search produces
good solutions, and many nodes can be pruned once an incumiesolution is in hand. It
has di culties in domains where there are many cycles becaus it cannot ignore improved
paths to an already visited state. Although the underlying bounded suboptimal algorithms
may be able to ignore duplicate states while still respectig a suboptimality bound [17],
ignoring these nodes during a continued anytime search wodlprevent us from converging

on optimal.

7.2.2 Repairing Search

Repairing search di ers from continued searches in two waysFirst, they have a special way

for handling duplicate nodes. When repairing search encousrs a better path to a state
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Figure 7-1: Impact of Ignoring Duplicates

which it has already expanded, it places this state onto a lis of inconsistent nodes rather
than immediately re-expanding it. These nodes will not be skected for expansion until the
next iteration of repairing search. While this may decreasehe quality of the solution found
on any iteration of repairing search, it leads to improved peformance in domains with many
cycles by decreasing the time it takes to nd a solution on anyiteration, as seen in Figure 7-
1. Here, we show the performance oA [44] and weighted A* [45] on a grid path nding
problem. The y-axis represents the number of nodes generatevhile nding a solution on a
log scale. The x-axis represents the parameter that the algithm was run with. Algorithms
with 'dd' appended do not re-expand duplicate states, instad they ignore duplicate states
whenever they are encountered. While this can decrease stilon quality, and even quality
bounds for some algorithms, ignoring duplicates allows bdt of these algorithms to solve
the problems while generating orders of magnitude fewer nask. In the event that ignoring
duplicate nodes loosens the desired suboptimality bound, st does in every algorithm but
weighted A*, the anytime nature of the framework will ensure that we still converge on an

optimal solution, but the speedup will still extend to every iteration of the search.
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Second, repairing searches rely on parameter schedules. 8$e are typically constructed
by selecting a starting parameter and a decrement for the paameter, although they may
also be specied by hand. Every time a new solution is encourtred the parameters are
updated. There are now two parameters that need tuning: the arting weight and the
decrement. Set the decrement to be too large, and the next it@tion may never nish;
however, if the decrement is too small, the open list will be esorted a large number of
times, and this is also ine cient. Changing the parameters used by the search requires
updating the evaluation of every node the search is currentt considering. While touching
every node will take time, it also allows for the immediate puning of every node that cannot
lead to an improved solution. This considerably reduces thesize of the open list and thus
reduces overhead.

An alternative to the above approach is to compute a new bounddynamically every time
a new incumbent solution is found. As we pointed out severalitmes in Chapter 5, the node
with the smallest f -value, best, can be used to construct a lower-bound on the cost of an
optimal solution. Using this lower-bound, an upper-bound m solution suboptimality can be

computed as g(incumbent )

“Flbesy) ~ as we discussed in the sections on optimistic and skepticakarch.

Likhachev et al [37] point out that while we could compute sud a bound dynamically, it is
likely to create jumps that are too large in the parameters ugd by the anytime search. We
have not observed this behavior in our searches, but we do elate on di erent benchmarks
than they did. This could be the reason for the di erence. As we have already established,
the behavior of weighted A* di ers from domain to domain, and thus what would constitute

a large jump in w would also di er from domain to domain.

7.2.3 Restarting Search

Restarting search is one of the simplest frameworks for anyine search. Restarting weighted
A* (RwAY*) [48], the search strategy at the center of the award winning LAMA planning [51,
52], is an example of an algorithm in the restarting framewok. RwA* runs a sequence

of weighted A* searches, each with a parameter picked from a dnd-crafted parameter
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Figure 7-2: Comparison of Anytime Frameworks

schedule. The subsequent searches do not throw away all of ¢he ort of previous searches,
they share information in the form of the incumbent solution, cached heuristic values, and
stored paths from the root to states. This way, when a new iteation of search encounters
a node previously explored, it must not re-compute the heurstic, an action that may be

expensive, and it can replace the current path to the node wit a better one found in a

previous search iteration.

7.2.4 Comparison of Frameworks

So that we can get a better feel for the relative trade-o s betveen the various frameworks
discussed in this section, we perform an empirical evaluadin of weighted A* run in each

of them. This is e ectively an evaluation of the frameworks as they were proposed on the
benchmark domains considered in this thesis. All three fraraworks are shown in Figure 7-2

across six benchmark domains. Anytime weighted A*, AWA* in the legend, is shown as the
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avatar of the continued search framework, anytime repairirg A* is used for repairing search
and is labeled ARA* in the legend, and restarting weighted A* represents the restarting
framework and is labeled RwA* in the legends. The x-axis show the cuto time for the

algorithm on a log scale, and the y-axis shows the quality of lte incumbent solution. We

present the mean of the solution quality on the y-axis, and sbw 95% con dence intervals.

Parameter Settings for Anytime Algorithms

Anytime weighted A*, anytime repairing A*, and restarting w eighted A* all require a pa-
rameter with which to run. This is actually one of the largest drawbacks of these algorithms.
As we saw in Chapter 5, the performance of bounded suboptimalearch algorithms can vary
between various suboptimality bounds, and the performancaloes not always improve with
looser bounds. This makes setting parameters for anytime sech algorithms like those
discussed here a challenge.

We usew = 3 for anytime weighted A*, and the xed parameter schedule 5,3,2,1.5,1
for anytime repairing A* and restarting weighted A*. Nothin g is sacred about these values.
However, they do appear to work well in practice, and they miror the values used in
previous evaluations of these algorithms [49, 69]. For somdomains, other settings would
have worked better and other settings would have had worse péormance. Those reported
here work fairly well across the board and provide a realisti view of what one might expect

from the various algorithms on the various domains.

Discussion of Results

Perhaps the most interesting thing about the results shownm Figure 7-2 is that no algorithm

dominates across all domains. Anytime repairing A* has the lest performance, being the
dominant algorithm in half of the domains investigated here In one domain, dynamic
robot navigation, restarting weighted A* is the clear choice, and in the inverse tiles puzzle,
continued search is clearly preferable. In the original ties problem, repairing and restarting

search have similar performance, so similar that it is di cult to say which approach is best.
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The domains where ARA* has the largest advantage over other pproaches, life cost
grids, dockyard robots and heavy vacuums, roughly in order bthe size of ARA*'s advantage,
have a common feature: a large number of duplicates. ARA* has special method for
handing duplicate states, so we should expect it to perform btter in domains with a large
number of duplicate states. Similarly, in domains with very few duplicate states, like the
tiles puzzles and dynamic robot navigation, special handhg of duplicates only harms the
performance of repairing search. It is spending time doing@mething that is unbene cial.

In the domains investigated here, it is rare that restarting improves the performance of
the algorithms here. This is in contrast to domain independa&t planning, where restarting
can lead to substantial performance improvements by combanhg a problem called lowh-
bias. Low-h-bias is actually exactly the desired outcome of search algihms like weighted
A*. By putting additional emphasis on the cost-to-go estimate, weighted A* prefers nodes
with low h-values to other nodes in the search space.

While this is the desired behavior for single-solution setings like bounded suboptimal
search, it's not good behavior in anytime search. When ndirg a solution, we tend to
generate several nodes near that solution just because of Wastate space progression search
works. If poor decisions are made early on in the search, algthms like anytime weighted
A* will only reconsider those decisions late in the search ater because nodes near the root
have very high h-values relative to nodes near the goal. By restarting the sa&rch over from
the root every iteration, restarting search avoids this prdolem.

Dynamic robot navigation is the only domain where we see restrting search outper-
forming other approaches. It is also the only one of our benamarks where decisions made
early on can be argued to be disproportionately important. In these domains, the robot
starts from a standstill and must navigate to a given goal lo@tion and heading. Note, speed
is not considered in the goal state. Since the goal of the prdbm is to minimize time to
solution, the early part of the search is very important. In these early states, the robot gets
up to speed, and how quickly it can get up to speed is often detenined by decisions made

early on in the search. Using high weights causes continuedarch and repairing search not
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to reconsider these important early decisions.

To reiterate, unfortunately there does not appear to be a onesize- ts-all model for
anytime search frameworks. The appropriate decision lies grtly with the domain being
searched and partly with the algorithm being used in the framework, as we are about to

discuss.

7.3 EES in Frameworks

Much of the previous work in anytime search can be seen as wrapmng bounded suboptimal
search algorithms in additional functionality, as we just discussed. Previous work focused
on weighted A* almost exclusively when extending bounded sbioptimal search algorithms.
Weighted A* is simple to implement and understand, and until relatively recently there
were not consistently better performing algorithms; it was a natural choice at the time
those anytime algorithms were published.

Now that we have improved bounded suboptimal search algoritms, it is natural to
wonder if we can construct improved anytime search algoritims by using EES instead of
weighted A* as the search inside of the previously describednytime search frameworks.

Very roughly, the answer to this question is yes, as shown in lgure 7-3.

7.3.1 Benets of Frameworks

The di erent frameworks have di erent things to o er EES. Co ntinued search simply con-
verts EES from a bounded suboptimal search into an anytime sarch, but this adds sub-
stantial utility to the approach as it adapts it for a new sett ing. However, the restarting
and the repairing frameworks add much more to EES.

Previously, EES could not discard duplicates during searctwithout losing its guarantee
of bounded suboptimality. When combined in the repairing framework, EES can ignore
duplicates on any single iteration, save the nal iteration wherew = 1. This should improve

performance on domains with many duplicate states.
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Figure 7-3: EES in Anytime Search Frameworks

Restarting gives EES the potential to reuse learning done ora previous iteration. As
we discussed in Chapter 4.2, heuristics learned during seer on one problem often transfer
well between instances of the same domain. Here though, we austill running search on
the same instance so the heuristic should transfer perfectly. If we are usinga global error
model, we can use the single-step error learned in the preuvis iteration of search as a base,
or just continue to build on what we've already learned as if £arch hadn't started over

again.

7.3.2 Empirical Evaluation

Figure 7-3 shows the relative performance of anytime weiglgd A* (AwA*), anytime re-
pairing A* (ARA¥*), and restarting weighted A* (RwA*) compar ed to explicit estimation
search in the same three frameworks, continued EES, repaing EES, and restarting EES.

We show the solution quality returned by the algorithms as a function of the cuto time,
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Figure 7-4. Overhead of Suboptimal Search Impacts Anytime Rrformance

shown in log scale on the x-axis.

Again, it is unfortunately the case that no single framework dominates all others. In
fact, it is not the case that EES in any particular framework dominates weighted A* in all
frameworks. This is in part because no single framework domiates all other frameworks
on all domains, but there is another important factor at play: although EES is generally
better than previously proposed bounded suboptimal searchalgorithms, it is not always
better as a result of, among many other factors, overhead.

Consider Figure 7-4, where we look at the number of nodes coiered by the search,
the y-axis, as a function of time, the x-axis, for one of the bachmark domains used in this
paper, the standard fteen puzzle. We see that over the cours of ten minutes, anytime
repairing A* is able to examine far many, many more nodes thanRepairing EES. In some
domains, examining more nodes can lead the less involved tatiques to nd better solutions
by brute force. In others, even though the more deliberativetechnique considers far fewer

nodes, it considers the right ones and thus nds a better soltion.
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The outcome seems to depend on how informed the inadmissiblesuristics are and how
low the per-node overhead is for the domain in general. If wghted A* is not able to examine
many more nodes and get lucky, its speed will not pay o . In donains like dock robots, EES
performs better than other algorithms in the same frameworls because its deliberation pays
o0 and because the other algorithms cannot compensate by siply expanding a staggeringly
large number of nodes. In domains like the tiles puzzle, thedarned heuristic is less accurate
than the base heuristic, and weighted A* can examine hundred of thousands of nodes a
second. This leads to weighted A* in any given framework beig better performing in this
domain.

As for general trends, while no single framework-based algibhm dominates all other
frameworks on all domains, we can see that the algorithms ba&sl on EES typically have
the best performance. They perform better than other approa@hes early on, as we see in
the inverse tiles puzzle and in the heavy vacuum domain. Futer, as time progresses they
tend to have the best, or at least competitive, solutions in fand as we see in the same two

domains.

7.4 Alternate Approaches

There are anytime searches that are not frameworks for exteding bounded suboptimal al-
gorithms into anytime searches. These include beam stack aech, BULB, anytime window

A*, and branch and bound. Branch and bound performs poorly fa all of the benchmarks
problems presented here excluding the TSP. The traveling dasman problem is the only
domain we examined with a xed depth. As a result of this xed depth, depth rst ap-

proaches like branch and bound can nd an incumbent solutionquickly, and begin pruning
starting the process of converging on an optimal solution. Wen the safety net of a xed
depth is removed, nding any solution with a depth rst search is extremely challenging,
and converging on an optimal solution may happen, but it will take a remarkably long time.

For example for the 4-connected grid path nding problems weconsidered, A* will solve the
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problem in less than 2 seconds for all instances we considerevhile branch and bound fails
to nd any solution within the rst ve minutes. This isn't si mply a problem with one
domain, it happens in every domain in our evaluation save theTSP. As a result, we omit
discussion of it, instead focusing on the more general algithms which can solve problems

of bounded and unbounded depth.

7.4.1 Beam Searches

Beam search is a memory limited search where a set number of des at each depth are
expanded. The beam is typically some form of 'leaky' priority queue, where the best
elements that t within the size limit are held. When a new element is added to the
beam, if the beam is at capacity, the worst element is discardd. Since nodes are discarded
before a solution is found, the search is incomplete, but it an be extended into a complete
anytime search in several ways.

Beam stack search [83], keeps track of the elements that aréstarded from each beam at
each depth. Whenever a node is discarded, we make a note of ¥Vhen we have exhausted
all of the nodes at a certain depth, backtracking begins. Wha backtracking to a layer, we
see if any nodes were discarded. If no nodes were discardedrfr the beam, we continue
backtracking. If some nodes were discarded, we regeneratke beam by re-expanding all of
the nodes in the previous beam. This time, rather than only hading on to the best nodes,
we hold on to the best nodes that are at least as bad as the bestrgviously discarded
node. When repopulating the beam, we still keep track of the lest node that is discarded.
Eventually, we will exhaust all beams right up to the root layer, at which point we know
that the search has returned an optimal solution.

BULB [19] is a blending of limited discrepancy search [35] ath beam search that aims
to correct the incompleteness of beam search. Limited disepancy search is a tree based
search where we search from the start of the search space towis the leaves but limit
the number of times we can choose a node not recommended by thesuristic. Initially,

limited discrepancy search will proceed greedily towards aoal, but as the allowed number
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Figure 7-5: Comparison of Beam Stack Search with Framework Ryorithms

of discrepancies increases, more of the space is exploredtibeventually the entire space

is considered. It can also be extended to graph search. Rathé¢han maintaining fa -

boundaries as beam stack search, BULB increases the numbef discrepancies allowed
during an iteration, and eventually it will exhaust the search space. Wilt et al [79] that

beam stack search is consistently better than BULB, so we rddct ourselves to beam stack
search in the following evaluation.

Figure 7-5 show a comparison of beam stack search (BSS in thedend) with anytime
weighted A*, anytime repairing A*, and restarting weighted A* across six benchmark do-
mains. As before, the x-axis shows the time consumed by the gbrithm (on a log scale)
and the y-axis shows the mean solution quality as computed irthe IPC.

Generally, beam stack search has worse anytime performandban the weighted A*
based framework algorithms. There are a few very interestig exceptions. These are the

inverse fteen puzzle and the dock robot puzzle, where beamtack search is better than
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the framework algorithms, and dynamic robot navigation, where beam stack search is much
worse than the framework algorithms. In all three cases, thgerformance di erences are a
result of the pruning performed by beam search.

In dynamic robots, there is a disconnect between the heuris¢ and the goal predicate
that causes many states withh(n) = 0 when they are not actually goals. Since we do not
break ties on being a goal, beam search will often run circlearound the goal state, causing
it to perform poorly in this domain. In contrast, the heurist ic is apparently often good at
identifying a hand full of promising states in inverse tilesand dock robots, and beam search
excels in these two domains as a result.

In the inverse tiles puzzle and in dock robots we note that noe of the algorithms report
high mean quality scores despite quality being relative to he best solution returned by any
of the algorithms. What's happening here is that beam searchis occasionally returning
great solutions to these problems within the time limit, but more frequently it is returning
no solution to the problems within the cuto. The good soluti ons it does nd brings the
average for all algorithms down, however not solving many ofthe problems brings the

average quality of beam search down as well.

7.4.2 Window A*

Anytime window A* [1] is an extension of window A* where window A* is run with itera-
tively increasing window sizes. Window A* is an incomplete garch where A* is run on a
sliding window of nodes in the search space, instead of on arpen list consisting of every
node ever generated but not yet expanded. Restricting the amparisons between nodes to
nodes a similar distance away from the root makes the compasons fairer while searching
on a restricted set of nodes typically improves the speed wit which we can nd solutions.
Pseudo code for the algorithm is provided in Figures 7-6 7-7rad 7-8. We will now describe
each piece in turn.

To understand the behavior of anytime window A*, we need to sart by discussing the

behavior of window A*. As we previously discussed, the intuiion behind window A* is that
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insert(c, Open, Closed Suspend

1. if cZ(Open[ Suspend Closed

2. then Open f cg[ Open

3. elseif c2 Open[ Suspend& f (c) < previous estimated path cost
4

then update c in Open & Suspend

o

else if c2 Closed& f (c) < previous estimated path cost
6. then replacec in Closed

7. Open f cg[ Open

Figure 7-6: Node Insertion Strategy for Window A* and d{Fenestration

nodes at di erent places in the search tree aren't really conparable because the heuristic
isn't equally well informed throughout the search. In order to ensure a fairer comparison,
window A* restricts its search to a set of nodes at a similar dpth. Pseudo code is provided
in Figure'7-7.

We can see that the algorithm behave much like A* in line 5. It expands nodes in best-
rst order as determined by the standard f node evaluation function. However, window A*
will only consider a node for consideration if it is within the current window. In line 7, we
test to see if the depth of the node is within distance of the depest node ever expanded.
If it is too shallow, the comparison will be too unfair in favor of the shallow node, and we
delay the node for expansion until a later time (lines 8 and 9)

If a node is within the window, and it is deeper than any node eer expanded by the
search, we will increase the current depth or level of the seeh (line 11). In this way, the
deepest level will always progress forward, forcing windowA* to abandon nodes near the
root of the search and instead consider nodes further away @&m the root. Nodes that are

placed into the suspend list aren't considered in this iterdion of window A*, but might be
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window A*( Open, Closed Suspend BestSol Depth, WindowSize
1. CurDepth 1
while Opené ;
selectn 2 Openlist with minimum f -value

Closed f ng[ Closed

2.
3
4
5. if f(n) g(BestSo) then return BestSol
7 else if Depth(n) CurDepth  WindowSize

8 then Closed Closed=fng

9 Suspend f ng [ Suspend

10. continue

11 if Depth(n) > CurDepth then CurDepth  Depth(n)
12. if isGoal(n)

13. then BestSol n

14. return BestSol
15. else for each successoc of n do
16. insert(c,Open, Closed Suspend

17. return BestSol

Figure 7-7: Window A*
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Anytime Window A*( root)

1. Closed ;

2.  WindowSize O

3. Openlist f rootg[ Openlist

4. BestSol inf

5. do

6. Suspend ;

7. WindowSize  WindowSize +1
8. BestSol WindowA (Open, Closed Suspend BestSol Level, WindowSize)
9. Closed Closed[ Open

10. Open  Suspend

11. while Suspends ;

12. return BestSol

Figure 7-8: Anytime Window A*
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considered by subsequent calls to window A* if it is used in aranytime framework, as we
will now discuss.

Figure 7-8 shows the general layout of the anytime window A* #gorithm. Generally,
what the algorithm does in call the window A* algorithm shown in Figure 7-7 with progres-
sively larger window sizes. Thus, fewer and fewer nodes wille suspended at each iteration
because the window size will be larger, eventually encompaisg the entire search tree that
A* would have expanded when solving the problem, guaranteeig the optimality.

Rather than starting the search over from the root at each iteation like a restarting
search might do, anytime window A* seeds the open list with ttbse nodes that were sus-
pended during the previous iteration. This allows anytime window A* to save e ort from
previous iterations for use in subsequent searches. It alsmeans that some nodes will be
immediately pruned from the next iteration if, for example, the node with the bestf -value
is very deep in the search space. Search ends when, after aerition, the suspend list is
empty. This signals that all nodes with f -values less than that of the current solution have

been explored, and thus the optimal solution is in hand.

d-Fenestration

When we say that window A* assumes nodes at a similar depth aresimilarly informed,
what we mean is that it assume their heuristics are similarlyaccurate. Large heuristics
belong to nodes that are very far away from the goal, and therfore seem more likely to be
inaccurate than nodes with small heuristic values. It has ben previously noted that the
depth of a node does not directly translate into the distanceof that node from a goal, even
in best rst search [68]. We use an estimate of distance to gdad, to form the window of

window A* rather than the node depth, a technique we call d-Fenestration?.

L1t's a play on words. Defenestration means to throw someone or something out of a window. The word
originates from the Latin \de" meaning down or away from and \ fenestra", a window or opening. In this
case, we are basing the windowing scheme of window A* on the ations-to-go estimate, d. Hence the name.

Seriously, it's very clever and I'd hate for you to miss out on the joke if you bothered to read this far.
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d{Fenestration(Open, Closed Suspend BestSol WindowSize
1. ming 1
while Opené ;

selectn 2 Openlist with minimum f -value

Closed f ng[ Closed

if f(n) g(BestSo) then return BestSol

else if d(n) > min g4+ WindowSize

then Closed Closed=fng

© ® N g &~ w N

Suspend f ng [ Suspend
10. continue

11 if d(n) >min 4 then ming d(n)
12. if isGoal(n)

13. then BestSol n

14. return BestSol
15. else for each successoc of n do
16. insert(c,Open, Closed Suspend

17. return BestSol

Figure 7-9: d{Fenestration
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Using d instead of depth requires a minor change to the algorithm, shan in Figure 7-9.
Unlike depth, which grows over the course of a searchd should decrease as new nodes are
generated. This may not always be true sincel is a heuristic estimate of the distance to
a goal for most of the domains in our evaluation. We are intersted in the smallestd that
the search has ever seen rather than the largest depth. Thishanges how we determine if a
node is within the current window. Nodes are within the window if they have d values that
are up to the window size larger than the smallestd we've ever seen, as opposed to up to
the window size shallower than the deepest node we have evezen.

The largest changes to the algorithm are in the direction of he comparisons used to
determine if a node is within the current window. Where Window A* looked to see if a
node had depth that was not too shallow,d{Fenestration looks to make sure nodes have a
similar number of estimated actions-to-go, ied(n) is not too large relative to min 4 and the
window size.

It's interesting to note that on the domains where window A* was proposed, the two
formulations are equivalent. Window A* was originally proposed for domains where the
depth of the solution was known before search began, speciatly the 0-1 knapsack problem
and the traveling salesman problem. In these domains, therare a xed number of decisions
to be made, and therefor all solutions exist at the same depth In these settings, nodes at
the same depth also have the samd-values, andd(n) = d (n) as the depth of solutions is

known.2

Scaling Windows

Selecting an appropriate window size for the iterations of aytime window A* is key in ob-
taining reasonable performance. For some domains, such akd knapsack problem, window

A* is guaranteed to nd a solution for any window size. All nodes have solutions beneath

2This mirrors the relationship of dynamically weighted A* and revised dynamically weighted A*, as we
discussed in a previous chapter. Dynamically weighted A* was proposed on a xed-depth problem, and so

the issue of nodes having a di ering number of actions-to-go went unaddressed until recently.
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Figure 7-10: Use Distance Instead of Depth in Window A*

them, so it is impossible for the window to only contain nodeswith no solution beneath

them. There are also no cycles in the standard encoding, soi$ impossible for the algorithm

to see nodes it has already generated via a better path, meamjy the window can never be
exhausted. When these properties do not hold there are many wdow sizes that nd no

solution. Typically these are smaller windows, so the que$bn of how to grow the window
to the appropriate size naturally arises.

To solve this problem, we grow the window rapidly so long as neolution is found, and
become more cautious in growing the window as solutions begito stream in. We maintain
two values, a window step size and a current window size, botlinitialized to 1. At every
iteration, we add the window step size to the current window $ze to produce a new window.
In every iteration where no solution is found, the window stg size increases by one, but if
we do nd a solution, the step size is set back to one. So long aso solution is found, the

size of the window continues to grow rapidly until the rst solution is encountered. Then,
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Figure 7-11: The Impact of Scaling Window Sizes in Anytime Wndow A* and d{

Fenestration.

we back o and increase the window size slowly until the soluton stream dries up. We
also considered using a geometric progression for windowegi size, but found this was too
aggressive in pilot experiments.

Figure 7-11 evaluates the e ectiveness of scaling the winde size in window based
searches using the technique we just described. We perforrmavaluation in both the base
window A* algorithm as well as the new d{Fenestration variant. There is an interesting
general trend to be seen here. While window scaling consistdy improves the performance
of the base window A* search algorithm, it also consistentlyharms the anytime pro le of
d{Fenestration.

We suspect that the following is happening: Recall that windbw A* bases the sameness
of nodes based on their distance from the root, and so in manyases it is making an incorrect

assumption about the proximity of nodes at the same depth baig about the same distance
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away from the goal, as we covered in the discussion of revisatynamically weighted A* in
Chapter 5. By increasing the size of the window quickly, winebw A* with scaling gets to
a point where it can make fair comparisons faster. The scalig is likely counteracting the
negative e ects of the bad assumption. Compare this tod{Fenestration, which does not
assume that nodes at the same depth are approximately the saendistance away from the
goal. Thus, increasing the window size too quickly can only aused{Fenestration to do too

much work in a given iteration, thus harming its anytime pro le.

7.5 A Direct Approach

While we can improve upon the performance of anytime algorihms simply by replacing the
bounded suboptimal search algorithm at their core with EES, this is against the philosophy
behind EES. When solving a search problem, we should look atxactly what it is we're
trying to optimize, and then construct a search algorithm that optimizes what we want to
do directly. As we saw in bounded suboptimal search, and as weill soon see in bounded
cost search, this tends to lead to a large improvement over gbrithms that are not designed
speci cally to solve the problem at hand.

The rst question then is what is the goal of anytime search. PReviously we argued
that an algorithm that could be interrupted at any time shoul d minimize the time between
improvements to the incumbent solution. This reduces the anount of regret, or wasted
computation, that the algorithm experiences for any particular cuto .

The pseudo code in Figure 7-12 presents an algorithm, Anytira EES [66], that is de-
signed to minimize the time between improving incumbent salitions. In line 3 of AEES
in Figure 7-12 we see AEES and EES have the same de nition of ks, and thus expand
nodes in the same order.selectN ode pursues the nearest solution estimated to be within
the suboptimality bound, provided we can currently prove this node is actually within the
bound (line 1 of selectNodg. Selecting best, is pursuing the next fastest-to- nd solution.

best, is estimated to both be within bound and have the fewest actims (and thus node
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AEES (root )
1. open f rootg,cost 1 ,w 1
while opené fg
let n = selectNodgopen;w) in

if f(n) costthen continue

else if goak(n) then newlncumbent(n;w; cost; open)

else expand(n; open; cos)

open open f ng

for each child c of n

© ©® N o g ~ w BN

if f(c) <cost then open open[f cg
newlncumbent (n;w;cost;open)

1. if g(n) <cost

then let best =argmin ;qpenf () in

2.
3. cost g(n)
4,

cost
W fibest)

selectNode (open;w)
1. if 1b(besgp) w f (best) then best,
2. elseif 1b(bes;b) w f (best) then best,

3. else best

Figure 7-12: Anytime Explicit Estimation Search
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expansions) between it and a goal. All other nodes are selead in an e ort to make best,
pursuable, either by raising our lower-bound on optimal salition cost or by adding new
nodes to the pool from whichbest, is selected.

EES and AEES dier in what happens when a goal node is encounted (line 5 of
AEES). EES would simply return the solution. AEES is an anytime search algorithm that
must eventually converge on an optimal solution. When AEES nds a goal, it updates the
cost of the incumbent solution and lowers the suboptimality bound w before continuing
search.

Rather than supplying a schedule of suboptimality bounds, ve compute one online.
During search, we can compute a dynamic bound on the suboptiality of the incumbent
solution. Rather than supplying a sequence of suboptimalig bounds, we need only compute
the dynamic bound when the algorithm needs the next parametg typically when a new
solution is encountered.

In AEES, a dynamic bound can be computed a%. f (best ) provides a lower
bound on the cost of an optimal solution to our problem, and scthis equation computes an
upper bound on the suboptimality of the current incumbent sdution. We use this dynamic
bound to setw for the next iteration of AEES. This technigue has also been ged to augment
parameter schedules used by anytime search [37, 22, 69].

While we can construct examples where an algorithm that impoves the incumbent
solution fastest does not have the best solution in hand for rany cuto s, the empirical
evaluation performed in Thayer, Benton, and Helmert [66] am reproduced and extended
in part below shows that in practice this rarely happens. In fact, in this evaluation it was
with a single exception the case that the algorithm that had the smallest time between
improving solutions also tended to have the best solution inhand at any given item.

Figure 7-13 shows the performance of AEES relative to three ther state-of-the-art
anytime search algorithms: d{Fenestration, Anytime Nonparametric A*, and beam stack
search. Anytime Nonparametric A* (ANA*) [77] is a continued search that can be seen

as an anytime variant of potential search [64], discussed ithe previous chapter. Anytime

258



Figure 7-13: AEES Versus Leading Anytime Search Approaches

nonparametric A* expands the node with maximal e(n) = Gh(?]()”). This is equivalent

h(n)

G g(n)’ where G is the cost of the current

to expanding the node with minimal e{n) =
incumbent solution, initially 1 .

As before, we note that there is no clearly dominating algoiihm for all domains and all
potential time cuto s. We do however see several general tnads. It is rare that AEES is
the worst performing algorithm for any cuto , with the one ex ception being the rst second
of search on the dynamic robot domain. Similarly, it is rare that beam stack search is not
the worst performing algorithm, with the exception being in life-cost grid navigation where
beam stack search is better thand{Fenestration.

In the standard 15 puzzle instances (leftmost panel, top rowof Figure 7-13, we see that
most of the algorithms have performance that is quite simila to one another. d{Fenestration

is marginally better than the other algorithms throughout, but not by a substantial amount.

However, when we change the cost-function of the domain, asevdo in the inverse
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tiles problem (center panel of the top row), we see that the pgormance of the algorithms
dramatically changes. Now, AEES andd{Fenestration are the only two competitive algo-

rithms, with d{Fenestration being the better of the two algorithms. These two algorithms

have similar performance because they are the only two appeches under evaluation which
take advantage of actions-to-go estimates to guide searchAEES relies on®to select nodes
that appear to be close to a goal, whiled{Fenestration usesd to restrict the comparison

of nodes between those nodes that are likely to be similarlynformed, ie those nodes that
are a similar number of actions away from the goal. AEES siddsps the issue of similarly
informed comparisons by relying on inadmissible heuristis that are not inherently biased
based on the distance of a node from the goal.

The rightmost panel of the top row of Figure 7-13 shows the redtive performance of
the algorithms on the life-cost grid navigation problem. As we've previously discussed,
the grid problems are unique among all domains studied in thé paper in that they have
the largest number of duplicate nodes of any domain consided. Thus, algorithms that
specially handle duplicate states or that are more likely toreach a node by an optimal path
tend to perform better in these domains.

The large number of duplicate states makes it unsurprising hat both beam stack search
and d{Fenestration perform poorly for this domain. Both beam seach algorithms and
window search algorithms are known to have di culty in domai ns with a large number of
tight cycles. The relative performance of ANA* and AEES is mare di cult to explain. We
refer back to Figure 6-5, where we saw that potential search as far more e cient on grid
problems than BEES was, in part because it had an expansion der that was more similar
to that of A* and thus it re-opened fewer nodes. AEES often ex@nds nodes in order of
their proximity to a goal, and this has nothing to do with the c ost of that node. Thus it
is more likely to expand a node by a suboptimal path, thus reqiring a re-expansion, than
nonparamteric A*.

In the left and rightmost panels of the bottom row, we see two @mains where AEES is

far and away better than other state of the art anytime searchalgorithms. The heavy vac-
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Domain / Alg. | AEES | ANA* | d{Fenestration | Beam Stack Search
Tiles 47 71 49 131
Inv. Tiles 104 277 59 179
Life 12 51 136 17
Vacuum 24 95 72 198
Dyn. Robot 2 2 110 200
Dock 126 379 357 280

Table 7.1: Average time between solutions in seconds

uum domain and the dock yard robot domain have two interestig commonalities: search on
an actions-to-go heuristic is often substantially faster than search on a cost-to-go heuristic,
and both domains have inconsistent admissible estimates afost to go. AEES is the only
algorithm out of those considered in this evaluation that uses both inadmissible estimates of
cost-to-go and actions-to-go. The reason that the inadmisble cost-to-go estimates are in-
teresting in this context is that they are not guaranteed to be consistent, and thus EES, and
algorithms based on it, have inadvertently been designed tdandle inconsistent heuristics.
This is in contrast to many other algorithms that are designed and tested on benchmarks
with admissible estimates of cost-to-go.

That leaves the dynamic robot domain for discussion, shownn the center panel of
the bottom row of Figure 6-5. This is another domain where anyime explicit estimation
search has good, but not dominating, performance. Both anyitne nonparametric A* and
d{Fenestration have strong performance in this domain as wel We will see in the following
evaluation that anytime nonparametric A* and AEES nd solut ions to this problem with
about the same frequency, and this may in part explain their gmilar performance.

Table 7.1 reports the mean time between solutions for the algrithms shown in Figure 7-
13 for the domains used throughout this dissertation. The adjorithm with the smallest time

between solutions in a given domain has its valueéolded , while the algorithm with the
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longest time between improvements in a domain has its valudtalicized. A brief glance at
the table will reveal that the algorithm with the smallest ti me between solutions is often
the best performing algorithm. We now discuss this phenomea in more detail.

In the tiles domain, we see in Table 7.1 that AEES has the smadist time between
solutions, followed closely byd{Fenestration and LAMA-11. Looking at the results in
Figure 7-13, we see that these algorithms are all closely aped together, and thus have
similarly good solutions in had at any given time.

In the inverse tiles problem, we see thatd{Fenestration has the smallest time between
solutions and it is indeed the best performing algorithm. This observation clearly repeats
itself in the heavy vacuum problem and the dock robot domain,although there AEES is
the better performing algorithm instead.

In life-cost grids, we see that AEES and beam stack search, @nanytime nonparametric
A* have the smallest times between solutions. Further, thes are the three best-performing
algorithms for this domain; early on, AEES has the best perfomance, but after around a
second of computation, nonparametric A* pulls ahead. Beam &ck search has comparable
performance to these two approaches throughout.

If we look at the table as a whole, we see that the only domain fowhich AEES doesn't
have the smallest delay between improving solutions is thenverse tiles problem. Looking
at Figure 7-13, we also see that this is the only domain where reother search algorithm
has better performance than AEES throughout the entire duraion of cuto s examined.
It appears that there is a very strong correlation between snall times between improving
solutions and good anytime search performance, as we previsly hypothesized there would
be.

Unfortunately, it is not perfectly clear why this correlati on exists. As we previously
noted, nding many improving solutions rapidly is not going to cause improved performance
if those improvements are very incremental. This can happenlook at the performance of
beam stack search in life cost grids, for example, however #ppears to be rare. Heuristics,

by large, appear to help search, and nding incumbents allovg us to prune away unpromising

262



avenues earlier.

7.6 Discussion

Windowing is meant to make the comparison of nodes fairer by estricting the comparison
to nodes at about the same depth. The idea here is that nodes arsilar distance away
from the goal should be similarly informed. This is very muchlike the idea behind dynam-
ically weighted A*, and it has the same aw: nodes at the same @pth may be radically
di erent distances away from the goal. d{Fenestration approaches this problem in the same
way that revised dynamically weighted A* tries to approach it, by de ning similarity by
estimated number of actions to the goal. As we saw, this led t@ remarkable improvement
in performance.

Why then do we not treat windowing as a general framework, lile continued, repairing,
and restarting search? Much like lowh bias is unique to algorithms that weight cost-to-go
estimates to produce suboptimal search strategies, not athlgorithms are prone to making
unfair comparisons between nodes. One of the main strengthsf inadmissible heuristics is
that we can expect them to behave consistently over the entiety of the search space.

We have not yet discussed two alternate ways of controlling he amount of time con-
sumed by a search: search under a known deadline and searchthvia limited amount of
computation per action. Both are ne techniques for limitin g the amount of time avail-
able to search, and they both nicely line up with a real appli@tion: competitions and
robotics. Although both areas are interesting, time is nit e, and this work doesn't contain
any new algorithms in these settings. Possible enhancemenfand algorithms are discussed

in Chapter 8.

7.7  Summary

In this chapter we discussed one particular setting for heustic search under a time bound,

the anytime search setting. We put forth a possible de nition for the optimal behavior of

263



anytime search. This de nition had been considered, albeitless formally, by other previous
authors. We showed that algorithms which optimized this patticular performance metric,
minimizing wasted search time, also tended to have the best grformance in the more
classical sense, that is dominant performance. We o ered,r&d have, no explanation for the
relationship between these two values other than the intuiton that algorithms which make
better use of their time often have better solutions in hand when the deadline does arrive.

This chapter covered one search algorithm that is rarely disussed in the literature
or deployed in practice: Window-based anytime searches angarticularly d{Fenestration.
These algorithms are not often employed because they can beuie brittle. When they
work well, they work incredibly well, however when they work poorly, they are particularly
bad.

Such an assessment ignores an unfortunate truth that came tdight several times
throughout this chapter and dissertation. There is rarely a best algorithm in heuristic
search in general, but this is particularly true of anytime search. There are domains for
which beam stack search is the best approach despite perfoing terribly in many of the
domains under evaluation, and this holds ford{fenestration and AEES as well. The ques-
tion of \Which algorithm performs best in general?" is dicu It to answer, and perhaps it

is unimportant if we can easily answer \Which algorithm will perform best here?".
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CHAPTER 8

CONCLUSIONS AND FUTURE
WORK

This thesis was separated into two major sections. In the rg section, we discussed sources
of information not typically considered by optimal heuristic search algorithms: inadmissible
estimates of cost and actions-to-go from a node to a goal. Theecond section of the thesis
considered suboptimal search in a variety of settings: boutled suboptimal, bounded cost,
and anytime search.

In the rst section, we discussed two major techniques for castructing inadmissible
sources information. The rst involved looking at the domain and constructing inadmissible
heuristics based on observations of an expert: the way in wikh the admissible heuristic
is derived, hand-crafted estimators, etc. While such inadmnissible heuristics are useful,
constructing sources of information by hand doesn't scale ell. Thus, we looked at ways of
deriving inadmissible heuristics automatically.

Previous work had considered learning heuristics from datawritten down before any
search begins, or from data available in between the solvingf multiple instances when
solving a large set of instances. We chose to purse the orthogal approach of learning during
the search itself. In order to ensure the technique had the lagest possible applicability, we
restricted ourselves to information that was ubiquitously available during best- rst heuristic
search, namely the behavior of the heuristic across a singkexpansion. By looking at single

expansions, we could measure and correct for error in the basheuristic, thus improving it.
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The second section of the thesis focused on algorithms for Baptimal search. We talked
about three major settings for suboptimal search: bounded sboptimality, bounded cost,
and anytime search. In each setting, we proposed a new statd the art algorithm, explicit
estimation search, bounded-cost explicit estimation seaih, and anytime explicit estimation
search. These algorithms have two major things in common: thy attempt to optimize the
goal of the setting directly, and they take advantage of the aditional sources of information
discussed in the rst portion of the thesis.

The rst point is the most important. All of the previous work could be modi ed to
take additional information into account, but as we saw in the evaluation, simply taking the
information into account did not improve the performance beyond what we could achieve
with EES, BEES, and AEES. This is because those three algoritms attempt to solve the
problem at hand as directly as possible give the informatiorreadily available. \As directly
as possible" because we must acknowledge the fact that we anet minimizing time directly;
we are searching for short solutions and this approaclendsto minimize solving time.

Although addressing the problem directly, or nearly directly, is important, we are only
able to do so because we rely on the additional sources of infoation. Thus, their im-
portance cannot be discounted. Without inadmissible estinates of cost and actions-to-go,
neither EES nor BEES would have been able to predict which nods would lie within the
desired bound. Without good estimators of actions-to-go, wne of the search algorithms
discussed here would be able to reason about the proximity cd goal.

The bigger picture of the thesis is that it provides the start of a theory of suboptimal
search. In the thesis, we outline three major settings for shioptimal search. We discuss the
goal of each area and discuss what ideal performance would b&Ve then go on to discuss
what sorts of information are needed to achieve ideal perfanance. Finally we consider what
available information approximates those sources, and catruct state of the art algorithms

using this new information.
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8.1 Major Lessons

This dissertation covers a lot of ground with respect to the eld of suboptimal search,
but there are three main points that | feel bear repeating at the end here. These are
that suboptimal search is di erent than optimal search, we should make use of as much
information as possible during search, and before workingroan algorithm, we should rst

consider what it is we're optimizing. We now discuss each oftiese in a bit more detalil.

8.1.1 Suboptimal Search is Di erent

The goals of suboptimal search and optimal search are di emet. Optimal search seeks to
prove that no solution exists better than the one returned; nding the solution itself is almost
a secondary consideration. Suboptimal search, on the othenand, is primarily concerned
with nding any solution. Proving that solution has certain properties is almost a secondary
consideration, especially when we consider di culty. Proving a solution is optimal is hard
even if our heuristics are nearly perfect [25], while provig bounded suboptimality can be
easy in certain restricted circumstances [13].

Suboptimal search has di erent goals than optimal search, ad this means we should
really be considering sources of information and search sitegies that are di erent from
those used by optimal search algorithms. We saw this again ahagain throughout the
dissertation. Techniques like weighted A*, which simply adapt the ideas of optimal search
to a suboptimal setting do not work as well as algorithms thatare designed explicitly for the
suboptimal setting. Their wide adoption is largely the resut of their ease of implementation

and the amount of time they have existed unopposed.

8.1.2 Use Available Information

The performance of algorithms like EES, BEES, and AEES showmpirically the impor-
tance of taking advantage of the information available to the search algorithm. By consid-

ering information that was readily available, estimates ofactions-to-go and the observable
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error in the cost and actions-to-go heuristics give, theselgorithms are able to out perform
the previous sate of the art in their respective areas of suljgimal search.

At rst glance, the idea that we wouldn't use information ava ilable during search to
improve algorithm performance seems ridiculous. Howeverthere are many reasons why it
wasn't immediately obvious that we were overlooking information. Many heuristic search
papers focus on unit cost benchmarks, and in a unit cost domaithere is no di erence be-
tween cost-to-go and actions-to-go, and therefore no neeaif an additional set of heuristics.
Treating heuristics as sensors and using expansions as obgions is an analogy that is
not easily made when we forget about the agent in single agergearch and instead focus on
considering a sequence of potential solutions. It's not suyorising that many failed to make
this connect before simply because of how we tend to talk abdthe problems.

While | am very fond of the search algorithms proposed in the scond half of the disser-
tation, | have no doubt that the online learning technique put forth in the rst part of the
dissertation is the larger contribution. The algorithms will eventually be surpassed by new
variants that are able to more directly minimize time under a constrain, probably by con-
sidering time directly rather than a proxy like ® However, the idea that expansions provide
information on the performance of a heuristic that we can leerage to improve heuristics
and search performance is, | think, very important.

Suboptimal search is a very large area, but it is only a fractbn of state space search,
and all state space algorithms can likely bene t from the indght that we can learn from
the performance of heuristics during search. The idea is lgrer than any of EES, BEES,
or AEES in the sense of the a ected area. Heuristics search gbrithms have heuristics by
de nition, and many of them expand nodes generating success states from which error

can be observed.

8.1.3 Consider What You're Optimizing

Individually, EES, BEES, and AEES are each a nice ideas that ontribute to the furtherance

of each of their respective areas of suboptimal search. Hower, they are all bound by a
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single underlying idea that is more important than any one ofthe algorithms: we should be
mindful of what we are trying to optimize when designing best rst search algorithms. All
three try to reduce solving time subject to some constraint,be it a relative cost bound, an
absolute cost bound, or the cost of the last solution. A largeportion of their improvement
over the previous state of the art can be attributed to their addressing solving time as

directly as possible.

8.2 Future Work

There are several things that are related to the topics discesed in the dissertation that
were not explored in su cient depth. There is also an area rekvant to all of the topics in

the dissertation that goes largely undiscussed.

8.2.1 Deadline Search

While Chapter 7 addressed one way of controlling the time abtted to a search algorithm,
anytime search, it did not consider the setting in which we krow the deadline a priori.
As we previously touched on, search should make an e ort to tke advantage of all the
information available to it. In this case, the impending deadline is imparting information

that should be taken advantage of by search.

Some algorithms have already started looking at this infornation, for example deadline
aware search [15]. There is, however an open question or twelating to deadline search.
We don't really have a strong handle on how to take the impendng deadline into account.
Deadline aware search uses the deadline to try and prune awagvenues of search that
cannot lead to a solution within the remaining deadline, but this is not obviously the right
approach. In fact, it is the most conservative approach imagable.

This highlights another open problem, how do we estimate if agoal is reachable within
the deadline? Deadline aware search uses measurements likillation and search velocity

to try and estimate the size of the sub-tree that will be exparded form one node on the
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path to a goal. The e ectiveness of these techniques is stilunexamined, but even if they
were perfect, they don't seem to be answering the right quesbn.

Current techniques for estimating tree size don't considerthe quality of solution we're
looking for beneath a give node. Search velocity makes no disction, and vacillation
distinguishes between the optimal cost solution and the saition with the fewest actions
remaining. This is a step in the right direction, but it is not all the way there. What
we really want is a full spectrum, a function of the form \if I am willing to invest X
time (or expansions), then | can achieve a solution of cos¥". Given such a function, we
could directly optimize the desired goal of search under a dedline. It is unclear how to
construct such a heuristic, but tree size estimation of the knd investigated by Korf, Reid,

and Edelkampf [36] will likely inform or inspire the approach.

8.2.2 Real-time Search

We also do not consider a second alternative to controllingime during search, the setting of
real-time search. In real time search, our goal is to be as c&in as possible at the end of the
allotted time that we are committing to the correct next acti on. This is left intentionally
ambiguous, as we may be trying to optimize a wide variety of citeria in real-time search:
cost, safety, number of actions, etc. The idea is that we wantto be sure that we are
committing to the right action; the actual metric by which th e solution will be measured is
a secondary concern.

Current heuristics don't give us the kind of information that we need to solve the
problem. They only tell us about cost or distance to go from a de to goal. They don't
often tell us much about our certainty in the estimate. That is the more important value
here, as we want to be sure we've made the right decision, nosémate what the nal value
of our solution will be. This desire is a direct result of the nterleaved nature of real-time
search.

The idea of collapsing con dence intervals is not new to heustic search. This is the

fundamental idea behind algorithms like decision theorett A* [57] and Monte Carlo tree
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search approaches like UCT [32]. To the best of my knowledge,aither has been applied
directly to real-time search, though both seem like they cold be easily adapted. Existing
best rst search algorithms, like A [43] could also probably be adapted to this setting. They
are well suited to it in that they already consider a set of simlar (ie hard to disambiguate

between) nodes for search on a secondary criteria.

8.2.3 Dealing with Very Large Problems

In the course of the dissertation, we never bother to discussery large problems. That isn't
to say the problems we look at are particularly small, but they all can be solved in memory
using at least one of the algorithms discussed in the disseation. The largest drawback of
best- rst heuristic search is that it does not scale well. Fo a give algorithm and domain,
it is almost always possible to specify an input that cannot ke solved without needing far
more memory than is available on a modern machine. Since therpblems we tend to solve
with search are often hard in the formal sense, this is unlikly to change.

How to perform suboptimal search on disk or across multiple rachines in parallel is an
open problem not addressed by this work, with open challenge The largest is that best
rst search is, in a very real sense, embarrassingly sequeial. Best has a de nition that
doesn't lend itself well to parallelism. However, as Burns tal [9] point out, we only need
to approximate a best rst order in search to have the behaviorof a best rst search and
the advantage of parallelism. Hatem et al [24] showed that wean also make use of disk to

deal with particularly large spaces in best rst search.

8.3 Conclusions

The thesis of this dissertation was that the performance of sboptimal search algorithms
can be improved by taking advantage of information that, while widely available, has been
overlooked. This information took two major forms: new heuiistics and problem state-

ments. The heuristics were either derived from observatioa about the search space, the
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performance of heuristics, or both. The larger contribution though, was noticing that sub-
optimal search di ered substantially from optimal search in terms of the desired outcome.
This means that simply adapting optimal search techniquespor search techniques from other
suboptimal settings, is unlikely to produce ideal performance. Both feed into the foundation
of suboptimal search: a formal de nition of what we are trying to do, and an analysis of

what information is needed to do it.
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