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Abstract

This paperpresentsa quick single-stepperformanceboundingtechniquefor parallelcomputerandstoragesys-
tems.Thecomputationof theseboundsis sosimplethat it canevenbeperformedby hand.Theboundingtechnique
developsbalancedjob boundsandasymptoticboundsfor parallelsystems.Theseboundsaretheparallelsystemcoun-
terpartsto previously developedboundsfor serialproduct-formsystems.Thecontribution of this paperis showing
how thesesimpleboundsfor serialnetworkscanbeappliedto parallelnetworks.Theperformancetechniqueis poten-
tially usefulin theearlyphasesof designprojectsor capacityplanningstudieswhenseveralcandidatecon�gurations
have to beevaluatedquickly.

Index Terms: performanceevaluation,parallelcomputerandstoragesystems,fork-join networks,queueingsystems,
performancebounds.

1 Intr oduction

The performanceof computingand storagesystemscan be improved by parallelism. In computingsystems,the

executiontime of a programcan be improved by splitting the programinto sub-programswhich then executein

parallelondifferentprocessors.In storagesystems,theservicetimeof anI/O requestcanbeimprovedby dividing the

requestinto sub-requestswhich thenexecutein parallelon multiple disks.Froma performanceanalysisperspective,

suchparallel resourcesaremodeledby fork-join queues,sincea job forks into its varioussub-tasksandthen joins

(exits) after all thesesub-taskscompleteservice. For easeof exposition,we will henceforthusethe term parallel

networksto referto systemswith parallelcomputingor parallelstorageresources.

This paperpresentsa simple, yet powerful techniquefor computingthe meanperformanceboundsof parallel

networkswith batchandterminalworkloads(seeFigure1). Thetechniqueexploits resultsonbalancedjob boundsfor

product-form,serialnetworksin [34]. Theprinciplethattheperformanceof aproduct-formnetwork is boundedby the

performanceof suitablybalancednetworksalsoappliesto parallelnetworks.In [34], simpleexpressionsfor computing

theperformanceof balancedproduct-formnetworksareprovided,but unfortunatelytheseresultsdonot carryover to

parallelnetworks. In this paper, however, we derive simpleexpressionsfor computingtheapproximateperformance

measuresof balancedparallel networksby usinganapproximateresponsetime resultin [32] andTheorem4.1 that

is proven in this paper. (Comparisonof theseapproximationsagainstsimulationsresult in an averageerror of 3%

for balancedparallelnetworkswith multiprogramminglevelsrangingfrom 1 to 50 anddegreeof parallelismranging

from 1 to 50.) Thisexpressionis thenusedto computeapproximateoptimisticandpessimisticboundsfor any parallel

network. Sincetheresultsin [32] areprovenonly for exponentialservicetime distributions,thebalancedjob bounds

arevalid only for exponentialservicetime distributions. In addition,we derive asymptoticperformanceboundsfor

parallel networks using the idea in [24] that the performanceof a serial network is boundedabove and below by

theperformanceof thenetwork underlight andheavy workloads,andthesebounds,which areeasilycomputed,are

independentof theservicetime distribution of theservers. Thus,performanceengineerscancomputeboth typesof

bounds(balancedandasymptotic)andchoosethetighterof thesetwo bounds.Thevalueof theseperformancebounds

is that the approximateperformanceboundsof parallel networks can be derived using a single-stepcomputation,
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Figure1: Examplesof parallelnetworks

regardlessof the degreeof parallelism,the load on the system,and the numberof modeledresources.Thus, this

boundingtechniqueis simpleandef�cient, with theaddedadvantageof requiringasingle-stepto calculate(asopposed

to theiterativecalculationsrequiredby alternativeapproaches).

Our techniquecanbe usedin the early stagesof a designor capacityplanningprojectwhenthe inputsarenot

completelyknown and/orwhenalargenumberof candidatecon�gurationsmustbeevaluated- asin automatedstorage

managementsystemssuchasMinerva [2] thatmustevaluatethousandsof candidatestoragecon�gurationsquickly.

Subsequentto theeliminationof non-suitablecon�gurations,it is recommendedthatperformanceanalystsusemore

precise,but computationallydif�cult bounds/approximations(e.g., detailedsimulations).

Theremainderof this paperis organizedasfollows. Section2 summarizesrelatedwork on performanceanalysis

of fork-join systems.Section3 presentsa prior resulton parallelnetworks from [32] that is usedhereto derive the

quick bounds.Sections4 and5 developthebalancedjob boundsandtheasymptoticbounds,respectively. Section6

illustratestheapplicationof theboundsto diskarrays.Finally, conclusionsarepresentedin Section7.

2 RelatedWork

Severalpapersstudyparallel(fork-join) queuesandproposetoolsfor analyzingtheirperformance.Exactperformance

measureshave beenderivedonly for fork-join queueswith two servers- [3] and[11] derive exactsteadystatedistri-

bution for two server fork-join queuesin opennetworkswhile [32] derivesexactmeanperformancemeasuresof two

server fork-join queuesin closednetworks. Resultsin [3] assumesgeneralservicetime distribution, while thosein

[11] and[32] assumeexponentialservicetime distributions. Due to the dif�culty of analyzingfork-join queuesex-

actly, all studiesonfork-join queueswith threeor moreserversconcentrateonapproximationor boundingtechniques.

HeidelbergerandTrivedi [12] consideraclosedqueuingnetwork in which jobsdivide into two or moreasynchronous

tasks. The join point is not modeled.The servicecentersareof a type describedin the BCMP theorem[9]. They

developaniterativemethodfor solvingasequenceof product-formmodels.In [13], themodelis expandedto include

a join node.NelsonandTantawi [25] considera scalingapproximationtechniqueto analyzethemeanresponsetime

of an openhomogeneousfork-join queuewith exponentialservicetime distributions. They assumethat the mean

responsetime increasesat thesamerateasthenumberof sibling tasks.Closed-formapproximationexpressionsfor

themeanresponsetime aredeveloped.An extensionof this approximationto heavy traf�c, relying on a light traf�c
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interpolationtechnique,is developedby Makowski andVarma[23]. Kim andAgrawala[15] analyzewaitingtimesfor

two server open,homogeneousfork-join systemswith exponentialand2-stageErlangservicetime distributions. In

[21, 22], Lui, Muntz, andTowsley presenta boundingtechniquefor anopen,homogeneousfork-join network with a

k-stageErlangdistribution. Liu andPerros[19, 20] proposeanapproximationprocedurebasedondecompositionand

aggregationfor analyzinga closedqueuingsystemwith K-sibling fork-join queues.Their methodprovidesanupper

boundfor meanresponsetime. Responsetimeboundsareobtainedfor acyclic fork-join queuingnetworksby Baccelli

et. al. [4] usingstochasticorderingprinciplesandassociationof randomvariables.BaccelliandLiu [5] proposeanew

classof queuingmodelsfor evaluatingtheperformanceof parallelsystems.Usingtheconceptof associatedrandom

variables,KumarandShorey [16] obtainresponsetime boundsfor anopenfork-join modelin which a job forks into

a randomnumberof tasks. Servicetimesaredrawn from a generaldistribution. Almeida andDowdy [1] propose

aniterative techniquefor obtaininglower performanceboundsof closedfork-join networkswith exponentialservice

times. No proofs for the techniquearepresented.Varki andDowdy [30] prove that the proportionof the number

of jobs in thedifferentsubsystemsof a closed,exponential,balancedfork-join network remainconstantirrespective

of the multiprogramminglevel. This propertyof balancedfork-join networks is usedto boundthe performanceof

fork-join networks.Theproof is limited to 2-serverexponentialfork-join systems.In [31], Varki developsanapprox-

imatemean-valueanalysistechniquefor fork-join parallelnetworks.Balsamo,Donatiello,andVanDijk [8] proposea

matrix-geometricalgorithmicapproachfor computingperformanceboundsof openheterogeneousfork-join systems.

Thefork-join structureis studiedwith relationto parallelstoragesystems(RAID) in [18, 26, 27, 28].

All theaboveperformancetechniquesgrow in complexity asthedegreeof parallelismincreases(i.e.,asthenumber

of serversin thefork-join queueincreases)andasthenumberof jobsaccessingthefork-join queueincreases.Mostof

thesetechniquesdonotaddressthetightnessof theirgeneratedbounds/approximations.Thecontributionof thiswork

is thecomputationalspeedandthesimplicity of theboundingtechniquepresented.Regardlessof thecomplexity of

theparallelnetwork or theloadon thenetwork, theboundscanbecomputedby simplenon-iterativeformulae.These

boundsaccuratelyquantify theeffectsof bottleneckdevices,a critical factorin capacityplanningstudies.So, these

boundsarepotentiallyusefulin theearlyphasesof adesignor capacityplanningproject.

3 Prior Result on Parallel Networks

We presenta resulton meanresponsetime of parallelfork-join queuesfrom [32] that is usedhereto developquick

performancebounds.Beforepresentingtheresult,wepresentthemodelandnotation.Considerparallelnetworkswith

batchor terminalworkloads,asshown in Figure1. Let
�

representthenumberof queuingresources,bothparalleland

non-parallel,in a network. It is assumedthatall servicecentersof a parallelresourceareidenticalandthatall jobsin

thenetworksareidentical(i.e., theworkloadis single-class).Jobsin thenetwork will accesseachof the
�

resources

with someprobability. For eachresource� , ��� representsthe probability that a job will visit (access)resource�

duringeachcycleand �
� representstheprobabilitythatasub-taskof a job visitsaservicecenterof theresourceduring

eachcycle. For non-parallelresources,� ���
�

� , andfor parallelresources,� ���
�	��

� where����� . If �

� is the

meanservicetimeat resource� , theservicedemandat resource� , �
� , equals�

�

��

� . Similarly, theservicedemand,
�

� , at a servicecenterwithin a parallelresourceis givenby �
�


��
� , where �

� is themeanservicetime at thecenter.

Performancetechniquestypically computethemeanperformancemeasures(throughput,responsetime,queuelength)

of eachresource( �
� , �

� , �
� ) andof theoverall network ( � , � , � ). Let � representthenumberof jobs cycling

throughthenetwork. To refer to a performanceparameterat a speci�c multiprogramminglevel � , thesymbol �����

is attachedto theparameter.

First, considerfork-join queueswith � servicecenterswhereevery arriving job forks into exactly � sub-tasks.

Thus,whena job “visits” the fork-join queue,a sub-taskof the job will “visit” eachservicecenterof this fork-join
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queue(i.e., � � � � � , � �

�

). In addition,assumethattheservicetimesat the � servicecentersof thefork-join queue

areexponentiallydistributed.Then,theresponsetime, � � , of thefork-join queueis boundedby

� ��� � ���

�

� 
�� �

Here, � � � � � 
 � � is themeanservicedemandatthefork-join queue.Themeanservicetime � � of a fork-join queue

with exponentialservicetimesis givenby

� � �	��
 
 � �

where � 
 is the �
��� harmonicnumber(i.e., � 
 ���


�����

�����

) and � � is the meanservicetime at a centerwithin

thefork-join queue.Theparameter� � is theprobabilitythata job in thenetwork visits resource� duringeachcycle,

while � � is theprobabilitythatasub-taskof a job visitsadeviceof resource� . Theparameter
�

�
�

� ��

� � represents

themeanservicedemandat a centerwithin the fork-join queue.Finally, �
� is themeannumberof jobsseenat the

fork-join queuewhena new job arrivesat the queue.The relationshipis a strict equalityonly in thecaseof closed

fork-join networks with a single resource,namely, a fork-join queuewith two servicecenters. In othercases,the

computedresponsetimesaregreaterthantheactualresponsetimes.Simulationresultsshow thatthecomputedvalues

arecloseto thesimulatedactualvalueswith theaverageerrorbeing3% for valuesof � and � rangingfrom 1 to 50.

Next considerfork-join queueswherejobs cansplit into any numberof sub-tasks(i.e., jobs arenot restrictedto

forking into exactly � sub-tasks;thenumberof sub-taskscanbeeither¡ � or = � or ¿ � ). So, � � , theprobability

thata job visits a fork-join queue,is notnecessarilyequalto �
� , theprobabilitythata sub-taskof a job visits a center

within thefork-join queue.Furthermore,thereis no restrictionon theservicetime distribution. In [32], anargument

is presentedshowing that

�
���

�
�

�

�

�

��

� (1)

Equation1 approximatestheresponsetimeataresourceto thesumof theservicetime( �
� ) andthewait time(

�

�

��

� )

at theresource.Notethatfor non-parallelresources,� �
�

�

� andtheaboveequationreducesto � �
�

�

� 
 �

�

��� � � .

4 BalancedJob Boundsfor Parallel Networks

Equation1 is usedhereto computesingle-stepapproximateperformancemeasuresof balancedparallel networks.

A balancedparallelnetwork is onewherethe demands,
�

� , at all the servicecentersin the network areequal(i.e.,
�

�

�

�! 

�

�#"

�%$&$&$ �

�

� ). Thekey ideaunderlyingthebalancedjob boundingtechniqueis thattheperformanceof

any givenparallelnetwork is boundedby theperformanceof two balancedparallelnetworks: (1) pessimisticbounds

areobtainedwhenthedemandsat all servicecentersareraisedto themaximumdemandat any servicecenterin the

network, and(2) optimisticboundsareobtainedwhenthedemandsat all servicecentersarereducedto theminimum

demandat any servicecenterin thenetwork. We show herethat the approximatemeanperformancemeasuresof a

balancednetwork canbe computedin a singlestepregardlessof the numberof resourcesandjobs in the network.

Thus,single-stepapproximateperformanceboundsof parallelnetworkscanbegeneratedquickly andtrivially.

Thebalancedjob boundingtechniquedevelopedhereis theparallelnetworkcounterpartof thebalancedjob bound-

ing techniquefor product-formnetworks[34]. In [34], thebalancedjob boundingtechniqueis derivedby usingthe

well known fact that themeanqueuelengthsat all theresourcesof a balancedproduct-formnetwork areequalat all

multiprogramminglevels. Thus,themeanthroughputandresponsetimesof balancedproduct-formnetworkscanbe
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computedtrivially usingLittle' sLaw. For balancedparallelnetworks,thispropertyof equalityof meanqueuelengths

doesnot hold sincethe meanqueuelengthat resource� is dependentnot only on the servicedemand
�

� at the re-

sourcebut alsoon thedegreeof parallelismat theresource.In thenext section,we show how themeanperformance

measuresof balancedparallelnetworkscontainingbothparallelandnon-parallelresourcescanbecomputedquickly.

Thework hereis anextensionof [30] wheretheboundingtechniqueandanalysisarelimited to parallelnetworkswith

fork-join queuescontainingonly two exponentialservicecenters.In this work, thebalancedjob boundsarederived

for parallelnetworksmodelingparallelresourceswith � �

�

deviceswherearriving jobscandivide into any number

of sub-tasks.

4.1 BalancedJob Boundsfor Batch Workloads

We �rst explain how Equation1 is usedto derive quick single-stepapproximateperformancemeasuresof balanced

parallelnetworks underbatchworkloads. For balancednetworks,
�

�

�

�! 

� $ $&$ �

�

� . Let
�

� �

�

�

�

�# 

�

$&$ $ �

�

�
� representtheservicedemandataservicecenterin abalancedparallelnetwork. ThenusingEquation1, the

approximateresponsetime, � , of a balancedparallelnetwork is givenby:

�
�

� �

�

� �

 

�
$ $&$

� �
�

� �

�


 ���

�

� �

 

�
$&$&$

� �
�

�

�
�%�

�


 ���

�

� �

 

�
$&$&$

� � � �

where�
�

�

�

���

 

�
$&$ $

� � � . Thevaluesof � (thesumof servicedemandsateachresource)and
�

(theservice

demandat a servicecenter)canbe derived if the servicetime distribution andthe con�guration of the network are

known. Theissuenow is to computeavaluefor � �

�

� �

 

�
$&$ $

� ��� � in asinglestep.Here, �
� representsthemean

numberof jobsat resource� seenby a job justprior to arrival at resource� . In thebestcasescenario,a job arriving at

resource� seesno jobsaheadof it. In theworstcasescenario,a job arriving at resource� seen���

�

�

� jobsahead

of it. Thus,
�

� � �

�

� �

 

�
$&$ $

� ��� � ��� 
 ���

���

� is a looseboundthat is intuitive andsimpleto derive. In

thefollowing theorem,we show througha non-trivial proof that theupperboundcanbeloweredfrom
�


 ���

�

�

�

to ���

�

�

� andthe lower boundcanbe increasedfrom � to maximum	 ��
 ���

�

�

�
� . The line of reasoningin the

proof presentedbelow is similar to that usedby Burke [10] in proving the equalityof arrival anddepartureinstant

probabilites.

Theorem4.1 For all closedqueuingnetworks(not justparallel queuingnetworks)with
�

resourcesand � circulat-

ing jobs,

maximum	 ��
 �

�

�

� � �

�

� ��� � �

 

� ��� �
$ $&$

� � � � ��� � �

�

�

where �
� is themeannumberof jobsat resource � that is seenbya job just prior to arrival at resource � .

Proof: Without lossof generality, assumethat �

�

�
�

 

� $&$ $ �
�	� sothat jobscycle throughthenetwork moving

from resource1 to resourceK.

Let � representthemeanarrival instantqueuelengthof thenetwork. That is, � is thesumof themeannumberof

jobs at the
�

resourcesseenby a job just prior to its arrival at the network (i.e., arrival at resource1). For closed

networkswith � circulatingjobs, � �����
�

�

�

�

, sincea job sees�

�

�

jobs in thenetwork just prior to arrival

(i.e. excludingitself). In particular, let ��� representthemeanarrival instantqueuelengthof thenetwork just prior to

the �
���

cycle throughthenetwork; thatis, if onecountsthenumberof arrivalsat a resource,��� representsthequeue

lengthof thenetwork just prior to the �
���

arrival at resource1. Now,
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�

�

� ��� � � ����� � �

�

�

Let � � representthenumberof jobsat resource� ataparticularinstant.Assumethatjustprior to the � ��� arrival at the

network (i.e., arrival at resource1), thestateof thenetwork is givenby

�

�

� �

�


��

 

� �

 


��

"

� �

"


�������������� 
�� � � � �

where�

�

� �

 

� �

"

� $&$ $ � � � � �

�

�

. At this instantjust prior to the � ��� arrival at resource1, therehavebeen:

� �

�

�

� arrivalsat resource1,

� �

�

�

�

�

�

� arrivalsat resource2,

� �

�

�

�

�

�

�

�

 

� arrivalsat resource3,

......

� �

�

�

�

�

�

�

�

 

�

�����

�

� ���

�

� arrivalsat resource
�

.

We �rst show that �

�

����� � �

 

����� �
$&$&$

� �
�

� ��� � �

�

�

by lookingat thearrival stateateachof theresources

just prior to thenext arrival of a job at theresource.

Justprior to the �
��� arrival at resource1, thenumberof jobsat resource1 will beequalto �

�

(i.e., �

�

�
�

�

).

Justprior to the ���

�

�

�

�
���

arrival at resource2, the numberof jobs at resource2 will be lessthanor equalto �

 

(i.e., �

 

� �

 

), sincesomeof the �

 

jobs mayhave completedserviceanddepartedresource2 by the time that the

� �

�

�

�

�
��� job arrivesat resource2.

Similarly, for eachresource� , just prior to the � �

�

�

�

�

�

 

�

�����

�

�
�

�

�

� arrival at resource� , �
�

� �
� .

Thus,

�

�

�

� �

�

�

�
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�

�

�
	

�

���

"

�
$&$&$
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�

�
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�
�
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�����
	

�

� �

�
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�
�
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���
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�

�

� �

�

 

� �

�

"

�
$ $&$

� �

�

�

�

�

�

���

�����

�

�

Now,

�

���

�
���

�

�

� ���
�

� �����
�

�

�

�

Thus,

�

�

������� �

 

�������
$ $&$

� �
�

� ��� � �

�

�

Usinga similar approach,we now provethat �

�

������� �

 

� ��� �
$ $&$

� �
�

������� �

�

�

by looking at thearrival

stateat eachof theresourcesjust prior to thelast arrival of a job at theresource

Justprior to the �
���

arrival at resource1, thenumberof jobsat resource1 is equalto �

�

(i.e., �

�

�
�

�

).
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Justprior to the ���

�

�

�

�

�

� ��� arrival at resource2, thenumberof jobs at resource2 wasgreaterthanor equalto

�

 

�

�

(i.e., �

 

� �

 

�

�

), sincesomeof thejobsat resource2 mayhave completedserviceanddepartedresource2

by thetime that � ��� job arrivesat thenetwork (i.e., arrivesat resource1).

Similarly, for eachresource� , just prior to the � �

�

�

�

�

�

�

�

 

�

�����

�

� � �

�

� arrival at resource� , � � � � �

�

�

.
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Thus,

�

�

�

� �

�

����� � �

 

����� �
$&$ $

� ��� ����� � �

�

�

�

Theorem4.1statesthatthesumof arrival instantqueuelengthsat all resourcesof a closednetwork with
�

resources

and � circulating jobs is at mostequalto �

�

�

andat leastequalto �

�

�

. (In particular, for productform

networks, �

�

� �

 

�
$&$ $

� �
�

�
�

�

�

.) Thetheoremmakesnoassumptionsregardingtheservicetimedistributions

andthetheoremholdsfor all networks,not justbalancedparallelnetworks.

UsingTheorem4.1,theEquation�
�

� �

�


 � �

�

� ��� � �

 

����� �
$&$&$

� � � ����� � canbewrittenas

� �����
�

�%�

�


 ���

�

�

� (2)

In the caseof balancedparallelexponentialnetworks, the responsetime is given by � � � �

�


 ���

�

�

� since

Equation1 is aninequality(SeeSection3). We testthetightnessof Equation2 via simulation.Figure2 shows three

graphsthatplot theresponsetime of balancedparallelnetworkscontainingtwo resources,oneparallelandtheother

non-parallel.The�rst graphrelatesto exponentialservers,thesecondgraphrelatesto Erlangserverswith coef�cient

of variation(CV) 1 = 0.5,andthethird graphrelatesto hyper-exponentialserverswith coef�cient of variation= 1.5.

Comparisonof theresponsetimeapproximationsagainstsimulationsshow anaverageerrorof 3% at95%con�dence

level for exponential,Erlang,andhyper-exponentialdistributionswith multiprogramminglevelsrangingfrom 1 to 50

anddegreeof parallelismrangingfrom 1 to 50.

The meanapproximatethroughput,� , of a closedbalancedparallelnetwork is derived from the responsetime

equationusingLittle' sLaw.

� �����
�

�

� �

�


 ���

�

�

�

(3)

1CV = standarddeviation/mean
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Figure2: Responsetimeof balancedparallelnetworks

Theapproximateperformancemeasuresof balancedparallelnetworkscanbecomputedin a singlestepusingEqua-

tions2 and3. Sincetheseequationsarederivedfrom Equation1, they arevalid if theassumptionsfor thevalidity of

Equation1 hold,namely, thatall fork-join queuesin theparallelnetwork haveexponentialservicetimes.

Theperformancemeasuresof any parallelnetworkareboundedby theperformanceof two relatedbalancedparallel

networks,onein which the demandsat all servicecentersareraisedto
���

��� , themaximumdemandat any service

centerof the parallelnetwork, andanotherin which thedemandsat all theservicecentersarereducedto
�

�

�

�

, the

minimumdemandat any servicecenterof thenetwork. Thus,

�

�

�

���

�

���

���


�� �

�

�

�

�
� � � ���

�
�

�

�

�

�

�

�

���

�

�


 ���

�

�

�

where �

�

���

�
�

�

� �

 

�
$&$ $

� � � is computedby settingtheservicedemandat all servicecentersto
���

��� and

�

�

�

�

�
�

�

� �

 

�
$ $&$

� �
� is computedby settingtheservicedemandatall servicecentersto

�
�

�

�

.

Tighter optimistic boundscanbe obtainedfor networks underheavy load asexplainedhere. At high multipro-

gramminglevels,the�rst resourceto saturateis theresourcecontainingthebottleneckcenterwith demand
���

��� . The

utilization, 	

�

��� , of this centerapproachesthe maximumlimit of 1. Using the Utilization Law (



�
� 
 � ), an

optimisticthroughputboundfor theparallelnetwork underheavy loadis givenby

� ����� �

	

�

���

���

���

�

�

���

���

At lower multiprogramminglevels, the optimistic balancedboundcomputedusing
���

�

�

is tighter. The optimistic

balancedboundintersectsthe heavy load boundas the multiprogramminglevel increasesto somepoint, say,
���

.

After this point, theheavy loadboundis tighter. This gives

�

�

�

���

�

���

���


 ���

�

�

�

�
� � �����

�
� minimum
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�

���

�����

Theresponsetimeboundsarecomputedfrom thethroughputboundsby usingLittle' sLaw.

maximum	 �
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4.2 BalancedJob Boundsfor Terminal Workloads

For terminalworkloads,a job in the network spendstime � at a terminal(modeledby a delayserver) during each

cycle. Thecycle timeof thebalancednetwork is givenby

� � � � ��� � � � � � �

�


 � �

�

� �

 

� $ $&$ � � � � �

Theissuenow is to computeanapproximatevaluefor � �

�

� �

 

� $ $&$ � � � � in a singlestep.For batchworkloads,

thenumberof waiting jobs( �

�

�
�

 

� $ $&$ � ��� ) is approximatelyequalto � �

�

�

� sincejobsspendall their timeat

queuingresources.For terminalworkloads,thenumberof waitingjobsat thequeuingresources( �

�

� �

 

� $ $&$ � � � )

would be lessthan � �

�

�

� sincesomejobs may be at the terminals. In orderto generatequick bounds,a tighter

bound/approximationfor ���

�

���

 

� $&$ $ ��� � � is required.Theapproachpresentedhereis similarto theapproachused

to computeanapproximatevalueof ���

�

� �

 

�
$ $&$

� � � � for product-formnetworksunderterminalworkloads[17].

Thedegreeby which ���

�

� �

 

�
$&$&$

��� � � variesfrom ���

�

�

� dependsontherelativetimethateachjob spends

at thequeuingresourcesasopposedto thetime it spendsat theterminalserver. This gives:

�

�

� ��� � �

 

� ��� �
$ $&$

� ��� � ���
�

� �����

� � ��� ���

�

���

�

�

�

Boundsfor � ����� arecomputedasfollows:

� In theworst-casescenario,eacharriving job hasto wait behind ���

�

�

� jobsat eachof thequeueingresources

beforereceiving service.Let �
�

�

�

� �

 

�
$&$ $

� � � . Thejob spends� 
 ���

�

�

� time unitswaiting for

service,� timeunitsreceiving service,and � time unitsthinking. Therefore,therelative timespentby a job in

thequeueingresourcesis givenby
�

���

�

�����
	

and �

�

� ��� � �

 

� ��� �
$ $&$

� � � � ���
�

�

�

�

�

�
	���


�

�����

.

� In thebest-casescenario,eacharriving job receivesserviceimmediately(i.e., thereareno waiting jobs). The

job spends� time units in serviceand � time unitsthinking. Therefore,therelative time spentby a job at the

queuingresourcesis givenby
�

���
	

and �

�

����� � �

 

����� �
$&$ $

� �
�

�����
�

�

�

�

�

��	����

.

Thethroughputof aparallelnetwork undera terminalworkloadis givenby � �����
�

�

�

���
� � � ��� � . Thebalanced

job boundsfor a parallelnetwork undera terminalworkloadarethencomputedas:

�

� ���

�

���

�

���
���

��


�

�

�

�

�

��	���


�

���

�
���

�

�
� � �����

�
� minimum

�

� �

�

� � �

�

�

�

�

�����! 

��


�

�

�

�

�

�
	��"�

���! 




�

�
�

���

# $

%

Theapproximateresponsetimeboundsarecomputedfrom thethroughputboundsby usingLittle' sLaw.
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� � 
 �

�

���

�

4.3 Validation

Figure3 plotsthebalancedjob boundsfor networkswith exponentialservers.Theperformancemeasuresof parallel

networks aregeneratedvia simulation. The simulatednetwork for batchworkloadshas4 resources- resource1 is

non-parallelwith meanservicetime of 1 time unit, resource2 is a parallelqueuewith 2 servicecentersandmean

servicetimeof 2 timeunits,resource3 is aparallelqueuewith 3 servicecentersandmeanservicetimeof 3 timeunits,
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andresource4 is a parallelqueuewith 10 servicecentersandmeanservicetime of 2 time units. In additionto the

above resources,the simulatednetwork for terminalworkloadshasa delayserver with meanthink time of 10 time

units.Themultiprogramminglevelsof thenetworksarevariedfrom 1 to 50. All simulatedvaluesareaccuratewithin

0.5 timeunitsat 90%con�dencelevel.

EventhoughEquations2 and3 areonly provenfor networkswith exponentialparallelqueues,simulationresults

indicatethat theseequationshold for networks with Erlangandhyper-exponentialdistributions. Figure4 plots the

balancedjob boundsfor networkswith all Erlangserversandfor networkswith all hyper-exponentialservers(which

have thepropertyof thecoef�cient of variationbeinglower andgreaterthanone,respectively). The simulatednet-

works contain3 resourceseach- resource1 is non-parallelwith meanservicetime of 1 time unit, resource2 is a

parallelqueuewith 2 servicecentersandmeanservicetimeof 2 time units,andresource3 is a parallelqueuewith 10

servicecentersandmeanservicetimeof 3 timeunits.Thesimulationresultsshow thattheboundswork well for such

distributionswithin therangeof CV'ssimulated(0.5and1.5).
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5 Asymptotic Boundsfor Parallel Networks

The asymptoticboundingtechniquefor parallelnetworks is a simpleextensionof the correspondingtechniquefor

non-parallelnetworks [24, 6]. The techniqueis basedon the fact that performanceboundsfor any network canbe

easilycomputedundertheextremeconditionsof very light or veryheavy loads.We �rst considerboundsfor terminal

workloadswith � circulating jobs. Boundsfor batchworkloadsarederived by settingthe think time, � , to zero.

Underheavy load,thethroughputof thesystemapproaches
���

� �

��� , thedemandat thebottleneckcenter. Underlight

load,theboundsarecomputedasfollows:

� In theworst-casescenario,eacharriving job hasto wait behind � �

�

�

� jobs at eachof the resourcesbefore

receiving service.Thejob spends� timeunitsthinking, � 
 � �

�

�

� timeunitswaitingfor service,and � time

unitsreceiving service.( � � �

�

���

 

� $&$&$ ��� � .) Thenetwork's throughputthenequals
�

	 �

�

���

� In thebest-casescenario,eacharriving job receivesserviceimmediately(i.e., thereareno waiting jobs). The

job spends� timeunitsthinkingand � timeunitsin service.Thenetwork's throughputthenequals
�

	 ���

.

Theasymptoticboundson throughputarethengivenby:

�

� � � 
 �

� � ����� � minimum




�

� � �




�

���

��� �

Theboundson responsetime arederivedfrom thethroughputboundsby usingLittle' s law:

maximum	 � 

� 


�
�

���

�

� � � � ����� � � 
 �

The optimistic light load boundintersectsthe heavy load boundas the multiprogramminglevel increasesto some

point,say,
� �

( �
� � � ���

�

���

���

� . After this point, theheavy loadboundis tighter.

Thegraphsin Figure5 plot theasymptoticboundsfor aterminalandbatchworkload.Thesimulatednetworkshave

thesamecon�gurationasthenetworksusedin Figure3. All theboundsarestraightlines(exceptfor thepessimistic

throughput/responsetimeboundsfor terminalworkloads)andcanbecalculatedmanually. They canbeusedto quickly

get a rough understandingof any system. Asymptotic boundsare useful in analyzingthe effects of primary and

secondarybottleneckdevices[6, 7]. Several casestudiesshowing the applicationsof asymptoticboundsfor non-

parallelnetworksaregivenin [17]. Theseapplicationsalsoapplyto asymptoticboundsfor parallelnetworks.

6 Illustrati veExample

We illustratetheapplicationof theboundsby generatingone-stepperformanceboundsof a disk arrayundera syn-

chronousI/O workload. Figure6 shows a representationof theHewlett-PackardSureStoreE disk arrayFC-60[14]

that is usedto validatethebounds.TheFC-60has2 arraycontrollersthatarebothconnectedto a singlebackplane

bus. Eachcontrollerhas256MB of batterybackedcachememory. Thebackplanebushas6 ultra-wideSCSIbuses

eachconnectedto a SCSIcontroller. EachSCSIcontrolleris connectedto a tray. Therecanbeup to 6 trayson the

FC-60. Eachtray has2 SCSIcontrollersandup to 10 disks. Thus,the FC-60holdsup to 60 disks- at 73 GB per

disk drive, the total raw capacityis about4.3 terabytes.Table1 presentsthearrayparametersof signi�canceto the

model.All our experimentsarerun on oneFC-60Logical Unit (LU) containing6 disks.TheLU is con�guredusing

RAID 1/0with astripeunit sizeof 16KB.

Table2 presentstheworkloadparametersof signi�cance. TheI/O workloadis generatedby a �x ednumber, � ,

of similar interactive jobs that eachspendstime at its terminalbeforeissuinga requestof size ����� 	��

��� �

�	�

� to the
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Parameter Description Value/Units
������� �

�

�	�

� sizeof thecacheat eachcontroller 256MB
�

	

� �

���

� �	�

� � ���

�

� meancachetransferrate 86MB/sec
� �
�

�

��� �	�

�

�

�	�

� meannumberof additionalbytesreadfrom disk � � bytes
LU disks numberof disksin a logical unit 6 disks

� �

�

�

�

� 	

�

�

� �

�	�

� sizeof a stripeunit 16KB
� �

�

�

�

�

�

�	�

� numberof bytesin a stripe(logical row) 48KB
�

�

� � �
� �

� typeof disksin theFC-60diskarray Cheetah73
�

�

� �

���

�

���

�

�
� total formattedcapacityof adisk 73.4GB
�

�

� �

�

���

� �	�

�

��� �

�

�

�

� � �

���

� meandisk readpositioningtime 9.72ms
�

�

� �

�

��� �

�

�

�

�

��� �

�

�

�

� � �

���

� meandiskwrite positioningtime 10.2ms
�

�

� � �

���

� �
�

� � ���

�

� meandisk transferrate 33MB/sec

Table1: Disk arrayparameters

disk array. A job is blocked while its I/O requestis being serviced. Upon completionof its I/O requestthe job

unblocksandspendssometime, � , at its terminalbeforesubmittinganotherreador write I/O request.The fraction

of readandwrite requestsis givenby � �	�

�

�

�����

�

�

� � and �

�

�

�

�

�

�����

�

�

� � ( �

�

�

� �	�

�

�

�����

�

�

� � ). Theworkload

containsa numberof consecutiverequestsfor sequentialbytes(a run) followedby intervalsof randomrequests.This

spatiallocality of workloadsis capturedby theattribute � 	

�

�

�

	

� � , themeannumberof sequentialrequestsin a run,

and �	�

�

�

�

�

�

�

	

� � , themeannumberof randomrequestsbetweentwo runs. The temporallocality of workloadsis

capturedby the attribute ��� � �

�

� ���

�

� �

�

�

���

�

�

� � , the numberof bytesaccessedbetweentwo accessesto the same

block.

Figure7 shows thequeueingmodelof a disk arrayundersynchronousI/O workloads[33]. TheCPUprocessing

time is not explicitly modeled,but is includedin theterminalthink time. Thedisk arrayis modeledby threecompo-

nents,thecache,thecontroller, andthedisks.Eventhoughthearraycacheis partof thearraycontroller, it is modeled

asaseparatecomponentsinceI/O requeststhatcanbeservicedby thecacheneednotbesubmittedto thedisks.Com-

ponentslike the(SCSI)disk controllersandtheinterconnectsarenot modeledexplicitly sincetheir servicetimesare

muchsmallerthanthedisk servicetimesanddo not have a signi�cant impacton thedisk-arrayperformance.A job,

oncompletingits terminalthink time,submitsarequestto thearraycache.If therequestcanbeservicedby thecache,

thenthe cachesignalsservicecompletionwithout forwardingthe requestto thecontroller. If the requestcannotbe
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Parameter Description Value/Units
� multiprogramminglevel (i.e.,numberof jobsissuingI/O requests) �

�

� meantime spentby a job at its terminal � � msec
� ��� 	 �

� � �

�	�

� meanrequestsize 4 KB to 256KB
� 	

�

�

�

	

� � numberof requestsmadeto contiguousaddresses 1-64requests
���

�

�

�

�

�

�

	

� � numberof randomrequestsbetweeneachrun � � requests
� �	�

�

�

�����

�

�

� � fractionof readrequestsin theworkload 0-1
� � � �

�

� � �

�

� �

�

�

� �

�

�

� � amountof dataaccessedbetweenconsecutiveaccessesto thesameblock bytes

Table2: Workloadparameters
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Figure7: SystemModel Undera SynchronousI/O Workload
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BoundParameters Description Units/Value
�

�

, �

�

meancacheservicetimeperrequest msec
�

�

, �

�

probabilitythata requestis submittedto thecache 1
�

 

meancontrollerservicetimeperrequest msec
�

 

probabilitythata requestis submittedto thecontroller �

�

�

�

�

�

�

������� �

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� � �

�

 

meandisk servicetime persub-request msec
�

 

probabilitythata sub-requestis submittedto a disk 0-1

Table3: Inputsto boundingtechnique
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Figure8: Randomreadworkload

servicedby thecache,thenthecacheforwardstherequestto thecontroller. Thecontrollerdividestherequestinto sub-

requestsandsubmitthesesub-requeststo thedisks.Onceall thesub-requestscompleteservice,thecontrollersignals

servicecompletion.Thus,thediskarrayis modeledby two resources- resource1 is thecachewhich is modeledby a

singlequeuingserverandresource2 is thecontrollerwhich is modeledby a fork-join queue.Eachdisk is modeledby

a queuingserverof thefork-join queue.Table3 presentstheinput parametersto theboundingtechnique.

Theboundingtechniqueis validatedby comparingthroughputboundsagainstmeasuredthroughputvaluesfrom

the FC-60 array for syntheticread-onlyworkloadswith requestsizesrangingfrom 4 KB to 256 KB and varying

degreesof sequentiality. Thenumberof jobsgeneratingrequestsrangefrom 1 to 12andtheterminalthink timeranges

from 0 ms to 300ms. For this syntheticworkload,we computevaluesfor the input parametersspeci�ed in Table3

usingthemodelpresentedin [33]. (Thedetailsof this diskarraymodelarebeyondthescopeof thispaper.) Figures8

and9, respectively, presentthethroughputbalancedjob boundsfor two typesof randomreadworkloadsandtwo types

of sequentialreadworkloads.For randomreadworkloads,�

�

�

�

������� �

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� �
�

� . For sequentialread

workloads,�

�

�

�

������� �

�

�

� �

�

�

�

�

�

�

�

�

�

�

�

� � varieswith themultiprogramminglevel. At multiprogramminglevel 1,

the workload is highly sequentialand the cachehit rate is high. At multiprogramminglevel
�

�

�

, thereare
�

sequentialstreams,sothecachehit ratedecreases.Hence,theheavy loadbound
���

���

���

�

���

�! 

is notastraightline

sincethevisit probabilityto adisk varieswith themultiprogramminglevel.

7 Conclusions

This paperpresentsa single-stepboundingtechniquefor parallelnetworks that is basedon the ideathat theperfor-

manceof any parallelnetwork is boundedaboveandbelow by theperformanceof relatedbalancedparallelnetworks
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Figure9: Sequentialreadworkload

(balancedjob bounds)andby the performanceof the network underextremeworkloads(asymptoticbounds).The

ideabehindbalancedboundsandasymptoticboundswas�rst presentedfor product-formnetworks.Thecontribution

of this paperis showing how thissingle-stepboundingtechniquecanbeappliedto parallelnetworks.

Theboundingtechniqueis derivedfor single-classworkloads.Theasymptoticboundsdonotdependontheservice

time distributionsof the modeledresources.The balancedjob boundsareproven for networks wherethe parallel

resourceshave servicetimesthat aredrawn from an exponentialdistribution. Simulationresultsandmeasurements

from a disk-array, however, provide limited evidencethat thebalancedjob boundsarevalid for networkswith other

servicetimedistributions;moreresearchis neededto fully investigatethisproposition.

In AppendixA, we show that the proportionof the meanqueuelengthsat the variousresourcesof a balanced

parallelnetwork is invariantof themultiprogramminglevel. This resultis not usedin thederivationof thebounding

techniqueandwe presentit to illustratethis interestingpropertyof balancedparallelnetworks. As futurework, we

planto extendtheboundshereto parallelnetworksundermultipleclassworkloads.Anotherissuewe planto address

is generatingtighteroptimisticbalancedjob boundsusingtheaveragedemandof a resourcein thenetwork insteadof

theminimumdemand.

A Appendix

Here,we presenta propertyof balancedparallelnetworks,namely, �
�

� ���
�

� 
 �
�

�

�

� , for all resources� in the

network. Thispropertyof balancedparallelnetworksis derivedfrom thefollowing conjecturepresentedin [32]:

ConjectureA.1 Themeanarrival instantqueuelength, � � , at a resource � in a parallel networkis approximately

equalto themeanqueuelength, �
� , at theresourcewhenthere is onelessjob in thenetwork.

�
�

�����
�

�
�

� �

�

�

�

Usingthis conjectureandEquation1, theresponsetimeof resourcesin closedparallelnetworkscanbewrittenas

� � �����
�

� ���

�

� 
 � � ���

�

�

� (4)
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In [31] and [32], Equation4 is validatedagainstsimulationresultsfor exponential,Erlang,andhyper-exponential

distributions.Equation4 (derivedfrom ConjectureA.1) is usedto proveResultA.1.

ResultA.1 For closedbalancedparallel networks,

� � � ��� � � 
 � � �

�

��� resources �

Proof: Without lossof generality, assumethat thebalancednetwork is constructedsuchthat �

�

� �

 

��$ $&$ � � �

(i.e., theresourcesin thenetwork arevisitedwith equalprobability).

At multiprogramminglevel 1, � � �

�

� � � � for all resources� .

By construction,� � �

�

� �

 

� $&$&$	� � � at all multiprogramminglevels. Now, � �

�

� �

���

���

�

� �

 

� $&$&$ �

� � �
�

���

� , where �
�

�

�

� �

 

�
$ $&$

� � � .

FromLittle' sLaw, � � �

�

�
�

� �

�

� 
 � � . It followsthat,

� � �

�

�
�

�
�

�

for all resources� (5)

We now show that for any givenmultiprogramminglevel � , �
�

� ���
�

� 


���

�

�
� 
��

�
�

�

� for all resources� .

Theresultis provedby inductionon themultiprogramminglevel.

Inductionbasis:Theresultis trivially trueatmultiprogramminglevel 1.

Inductionhypothesis:Assumethattheresultis trueat multiprogramminglevel
�

�

�

, thatis, � � �

�

�
�

�


 � � �

�

� .

It remainsto show that �
�

�

�

�

�

�
�

�

�

�

�

� 
 �
�

�

�

� .

For any resource� in thenetwork,

��� �

�

�

�

�

�
�

�

�

�

�

�

�

� �

�

�

�

� 
 ��� �

�

�

�

�

� �

�

�

�

� 
 �
�

�

�

�

�

�

�

�����

�

� 
 ��� �

�

�

�
�

�

�

�

 �

�
�

�

�

from Equation4
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�	� �
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 �
� �

�

�

� � �

�


 � � �

�

�

�

�

�

�
�

�

� sincethenetwork is balanced

�

�	� �

�




�


 ��� �

�

�

� � �

�




�


 � � �

�

�

by inductionhypothesis

�

�	� �

�




�


 � �

�
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 ���

� � �

�




�


 � �

�

� 
 � �

from Little' sLaw
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�


 � �
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� �

�
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Thus,

��� �

�

�

�

�
�

�
�

�
�
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�

�

�

�

Now,

18



�

�

�

�

�

�

� � �

 

�

�

�

�

� � $ $&$ � � � �

�

�

�

� �

�

�

�

�

� � �

�

�

�

� 


�

�

� �

� � � �

�

�

�

� 


�

 

� �

� $&$ $ � � � �

�

�

�

� 


� �

� �

�

�

�

�

�

� � �

�

�

�

� 


�

� �

�

�

�

�

where � � �

�

� $&$&$ ��� �

�

� � �

�

�

�

� � �

�

�

�

� 


� �

�

�

� � �

�

�

�

� � �

�

�

�

� 
 � � �

�

� from Equation5

Hence,� � ����� � � 
 � � �

�

� for all resources� in abalancedparallelnetwork.
�

Note that ResultA.1 just illustratesan interestingpropertyof balancedparallel networks. The result itself is not

relevant to the derivation of the balancedjob bounds. This result implies that the meanqueuelength (and hence,

themeanresponsetime) at eachresourceof a balancedparallelnetwork canbe computedquickly regardlessof the

multiprogramminglevel.
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