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Abstract

Waveletransformsncludedatadecompositionandre-
constructionsThis paperis concernedvith the authentic-
ity issuesof the datadecompositionparticularly for data
visualization. A total of six datasetsare usedto clarify
the approximationcharacteristicsof compactlysupported
orthogonalwavelets.We presentan error tradking meda-
nismwhich usegheavailablewaveleresoucesto measue
the quality of the waveletapproximations.

1 Intr oduction

Sincethebeginningof the80's, therehasbeenanexplo-
sionin researclin the areaof wavelettheoryandits appli-
cations[3]. Major researchachiezementsduring the ®rst
decadeincludedthe Morlet wavelet, the Meyer wavelet,
the Battle Lemar@wavelet, the Daubechiesvavelet, and
Mallat's multiresolutionrepresentatiofil0]. The last has
becomehe defactoalgorithmfor most,if notall, wavelet
applicationdgn computergraphicsandvisualizationfor the
lastseveralyears.Someof theseeffortsincludevolumeren-
dering[12, 13|, radiosityandtextures[7, 5], volumemor-
phing [8], progressie transmission16], spacetimecon-
trol [9], painting[1], curves[4], andshapemodels[17].

We are interestedin using waveletsto provide a pro-
gressve re®nemengrvironmentfor scienti®datavisual-
ization[19]. Suchanervironmentshouldallow a scientist
to visualizemassie amountf dataat a coarseresolution
to identify areasthatwarrantinvestigationat ®nerresolu-
tions. To be effective the coarseresolutionamustprovide
anaccuratevisualrepresentationf the®neresolutionsin
particularwe would like to ensurethatimportantpatterns
in the high resolutiondataare evidentin the visualization
of thelow resolutiondata. Unfortunately the de®nitiorof

whatis importantis both applicationandtask-dependent.

On the other hand,we candevelop a commonevaluation
and representatiomf the accurag of a coarseresolution
basedon thelossof informationbetweerthe coarsereso-
lution andthe ®neresolutionrepresentationsWe call this
theauthenticityof the representation.

The goal of this paperis to investigatethe authenticity
issuefthewaveletapproximationsCommorapproaches
of errormeasuredor lossyreconstructionsre discussed.

We de®néhemeaningof functionpattern whichwe useto
measuréhequality of theapproximatbns.Six testdatasets,
eachwith differentcharacteristicsareusedto clarify facts
andpitfalls of orthogmalwavelets.An errortrackingmech-
anismwhichdoemotrequireary post-transformationom-
putation,is presentedvith reallife examples.

2 Sur®ngthe little waves

This sectionsketchedasicwavelet theoryasit relates
to our application. The readeris referredto [15, 3, 2] for
moredetails.For novices,werecommend18].

2.1 Scalingfunctions and wavelets

A function is re®nabldf it canberepresentethy
integer translatesof its dilation, 2 For example,in
Figure 1, function is piecavise constanton the unit
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Figure 1: Function is re®nableandcanbe representethy
itsdilation 2 andtranslateof its dilation 2 1.

interval; it canberepresenteblyitsdilation 2 ,together
with thetranslateof itsdilation 2 1 , whicharepiece-
wise constanbn half unit intervals. Mathematically
canberepresentedly integertranslate®f its own dilations
suchthat

2 (1)

where is constantand . In wavelet literature,
is known asthe scalingfunction. The box function in
Figurelis indeedhe scalingfunctionof the Haarwavelet.

Given , alinearspace 2 canbeobtained
by spanningthe integer translatesf its dilations. ( 2
denotegheHilbert spaceof measurablesquare-intgrable
one-dimensionalunctions.) The linear spaceis formally
de®neds

2 (2)

Since is re®nable, 4 for . Thesetwo
in®nitespacesarerelatedby anorthogonalprojection. If,



for example, is spannedy a®nitebasiswith vectors ;
and », aprojectionof function 1 ontospace can
bedepictedasshavn in Figure2. In anin®nitedimension

f(x)eVi.

V, = span(x1,x2)

X2
Figure2: A projectionof function

1 onto

spacethe shadedegion represents of Equation(2). If

wede®ne tobetheorthogonalcomplemendf  with
respecto 1 (i.e., ,) then

1 ®3)

Thespace isspannedy theintegertranslate®f the

dilationsof afunction known asthewavelet A function

1 canbe scaledto a coarseresolutionof by
losingdetailswhicharecapturedn . If Equation(3)is
appliediteratively, we get

1 1
1 2 0 0 (4)

Thereforewe canrepresenfunction by a setof
integer translatef the dilatedwavelets,alsoknown asa
waveletbasis This iterationprocesss the foundationof
Mallat's multiresolutionwaveletanalysig10].

2.2 Multir esolutionanalysis

In practicewe canonly measur@r recordscienti®data
in discretevalues. A waveletimplementatioron discrete
datais given by Mallat [10]. Given a one-dimensional
datasetith  itemsatresolution , an applicationof an
orthogonaivaveletdecompositiogenerates; coef®cients
of low frequeny appoximations and - coef®cientsof
high frequeng details at resolution 1, asshawn in
Figure3. The coef®cientcorrespondo thebasesn 1
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Figure 3: Waveletdecompositioron a one-dimensionalata.

and 1 discussedn Section2.1. From Equation(4),
we know that this operationcan be appliediteratively on
the approximationgo getincreasinglycoarsedata,for as
long asthesizeof theapproximations 2 ,where isthe
numberof vanishingmoment®f thewavelet. (We discuss
vanishingmomentin moredetailbelow.)

Wavelet transformsareinvertible. If boththe approxi-
mationsandthe detailsof ary oneresolutionareavailable,

it is possibleto have alosslesseconstructiomnf theapprox-
imationsof the next ®nerresolution.

3 Generalerror measue

Applicationsof waveletsaredevelopingrapidly in both
graphicsandvisualizationresearchMary of themrely on
the vanishingmomentpropertyof the wavelet transform,
in which a substantiabmountof wavelet detail is ignored
becausef its relatively insigni®cantalues. The process
is usuallyfollowedby areversetransformoperationwhich
producesa lossyreconstruction. This is by far the most
popularapplicationof wavelets.

A commonway to measurehe effectivenesof alossy
operationis by visual comparisorbasedon featureclassi-
®cationby a humanbeingon a small numberof features
suchasthe peakvalue and fundamentafrequeng. This
subjectivemethodassumesnedium-sizedlatawhich can
bedisplayedn asinglepicture.

Traditionally, applicationsvhichrequirehighererrorac-
curay might use more objective(quantitatve) measures
suchastheroot-mean-squarerror, givenby

— 2 (5)
1

where and aretheoriginalandthereconstructedata
respectrely. Unfortunately however, this methodrequires
both functionsto be the samesize, which is not the case
when comparinga function with its coarse-resolutione-
constructions.Furthermorejt is not alwaysthe casethat
objective measurearebetterthansubjectie ones.

In ourapplicatior19] wecombineobjectveandsubjec-
tiveerrormeasures aninteractve environmentto explore
data.Orthogonalvaveletsprovide ®neo coarseesolutbns
to browseterabytesizedscienti®dataandsearctfor infor-
mation. The wavelet approximationgjive an overvien of
thevery large datasetat a lower resolution,andthedetails
of eachresolutionallow the reconstructiorof the datain
higherresolutiononceinterestingargetsarelocated.Ob-
viously, thezoomeddatahasa muchsmallersizethanthe
original, so conventionalerror measuresuchasthe root-
mean-squarmethodcannotbeused.Insteadf computing
an error measureébasedon comparingthe approximation
coef®cientdo theinputdata,we computeonebasednthe
detailcoef®cients.

4 Authenticity analysis

We would like to have somemechanisnfor validat-
ing thata lower resolutionrepresentationf a signalis an
authenticapproximation. Fortunately by usinga wavelet
representatiorthe enegy lossdueto spaceprojectioncan
be obtainedfrom the wavelet details of eachresolution.
Oncewe de®nea measuref the enegy loss,we canuse



thatmeasurdor bothanalysisandvisualizatiorof theerror.
De®ninganerrormeasurehatis consistenthroughouthe
waveletcoef®cienthierarchyis complicatedy thechange
in coef®cientscaleandthedifferentnumberf coef®cients
at eachlevel of the hierarchy For ourinitial experimenta-
tion, we have choseranerrormetricin whichthetotalerror
dueto projectionfrom spaces 1to isgivenby

(6)

where is the wavelet detail at resolution . Eventhis
simple measureshaws positive visual resultsas shovn in
Sectionb, but moreresearchs neededo determinehow it
compareso otherpotentialmeasures.

It is known that somewaveletslose more enegy than
othersduringdecompositionThis bringsusto thediscus-
sionof vanishingmoments.

4.1 Vanishingmoments

Our discussiornis restrictedto compactlysupportedr-
thogonalwavelets. Otherssuchasthe Morlet waveletand
the Meyer wavelet have in®nitesupporton the wholereal
line becaus¢hey usesinusoidasthebuilding blocks. They
are .

The accurag of piecavise wavelet approximationcan
be characterizedy the numberof vanishingmomentsp
of the wavelet. Strang[15] describeshis as how well
the polynomialsl1 2 1 arereproducedy the
approximationForawavelet with p vanishingnoments,

0 (7)

where 0 1. In waveletliterature,the value
of 2 is usuallyusedasa subscriptto identify a wavelet.
Thiscomedrom thefactthatthe numberof coefdcientof
a wavelet®lterwith  vanishingmomentsis equalto 2 .
Figuredshovs , (Haarwaveletwith 1), 4, 12,and
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Figure4: Top: »
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20 (Daubechiesvaveletswith 2 6,and10.) It isalso
true that a compactlysupportedvavelet with ~ vanishing
momentss p timescontinuouslydifferentiablej.e.,

4.2 Function pattern

In this paperthe patternof afunctionis looselyde®ned
by its shapeor look ratherthanits mathematicatle®nition.
Sincemostgraphicdisplaysarenormalizedn our applica-
tion [19], the numberof a function's extremevalues(i.e.,
local maximumandminimum)andtheir relativelocations
arefar moreimportantthanthe absolutevalues.Following
thesamephilosophywe paymoreattentionto thefrequency
or theperiodof aperiodicfunctionthanits amplitude

4.3 Approximation characteristics

Inthissectioncompactlysupportearthogonalvavelets
with 1to 10areappliedto sinusoid-basetkstdatawith
differentpatterns. Dueto limited spacewe only plot the
resultsgeneratedby wavelets , and o, whichrepresent
the lowestandthe highestnumberof vanishingmoments
in our discussion.Theseexamplesare usedto clarify the
approximatiorcharacteristicsf orthogonalvavelets.

4.3.1 Effect of vanishingmomenton merging of data

A highernumberof vanishingmomentsimplies more
coef®dcientsn awavelet®ltermatrix, whichmeanghatthe
implementatiorrequiresthat more numbershe multiplied
andaddedmeged)togetherduringdecompositionHow-
ever, the featuresin the dataare not necessarilymegged
ary faster Thisis illustratedby a sinusoidwith 2° 512
discretesamplesshawn in Figure5. Figure6 depictsthe

ﬁtaset 7 -

Figure5: Dataset 1 with 512items.
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Figure 6: Waveletcoef®cientof dataset 1 with 512items.

®rstresolutionof the decomposition.The left half is the
approximatiorandtheright is the detail. Thetiny wavelet
detailindicateggoodapproximatiorfor bothwavelets.

Figure7 shavs the samesignalrepresentedvith 28
256 wavelet coef®cients. Both waveletsshav strongap-
proximationsand weak details,with 5o having smaller
details.

After two moreresolutionsthe size of the wavelet co-
ef®cientss downto 26 64, asshawn in Figure8. >



Figure 7: Waveletcoef®cientof dataset 1 with 256items.

Figure 8: Waveletcoef®cientof dataset 1 with 64items.

continuesto lose more enegy that 5. Both wavelets,
however, manageo maintainthe basicpattern(four peaks)
of theoriginal function.

Although more numbersare multiplied with higher
valuesduringdecompositionthe meiging processs dom-
inatedby the offsetof the dataduringeachmultiplication,
whichshiftstwo positionsatatimefor orthogonaivavelets.

4.3.2 Energy lossversusresolution

Eachwaveletdecompositiointroducesnegy loss(er
ror) into the approximation. By examining Figures6+8,
we seethat , hassigni®cantlylargerenegy lossat each
resolution. However, the amountof enegy lossdepends
notonly onthewaveletitself, but alsoon the
of thedata,which maychangeluringeachresolution.This
is discussedn thefollowing section.

4.3.3 Energy lossversusdata smoothness

Therateof decayof waveletdecompositioms governed
by the numberof vanishingmomentsof the wavelet. In
general,as illustrated in our previous example, smooth
functionslike 9 approximatefunctionsbetterthan ».
However, thisis notalwaystrue.

We use a secondsinusoidwith a higherfrequeng to
demonstrateThediscretefunctionsizeis2° 512. There
areatotal of 21 peaksasdepictedn Figure9.
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Figure 9: Dataset 2 with 512items.

Figure10 shavsthewaveletcoef®cientsaftertwo reso-
lutionswith 256discretdtems. Becaus®f thesmoothness
of thedata,thevery smallenegy lossof ;g hardlyshawvs

Figure 10: Waveletcoef®dcient®f dataset 2 with 256items.

upin the®gure.Both ;and ,gretainall 21 peakseven
though ; shavslargerdetails.
Thenext resolutionis depictedn Figurell. It has128
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Figure 11: Waveletcoefdcientof dataset 2 with 128items.

discretewavelet coef®cients: 64 approximationsand 64
details. All 21 spikesstayin the approximationwhichis
rathernon-smoottby now.

Disastetits whenthe sizeof the functionreache°®
64. The Nyquistlimit (the lower boundto retainall the
spikes)s past.As aresult,featureanegeandlargedetails
are created. For the ®rsttime in our examples, ;o has
largerdetailsthan , asshavnin Figurel2.

Figure 12: Waveletcoef®cientof dataset 2 with 64 items.

2 doesnotapproximatdunctionsaccuratelypecausé@
only hasonevanishingmoment.However, it doesnottend
rapidlyto zeroat®netevels,andtheaccurag alsodepends
on the smoothnessf the function. Whenthe functionis
smooth,more vanishingmomentdeadto smallerwavelet
details. On the otherhand,morevanishingmomentsalso
leadto morelargewaveletdetailswhenthefunctionis non-
smoothso g is notalwaysa betterchoiceover 5.

The phenomenorshavn in Figures10+12is repeated
for the restof the resolutions. The ®rstthreeresolutions
of this example are markedby their inactivity or repose.
Most of the majorfeaturesof the approximationstaythe
samej.e., thedetailsarevery small. Thatcreates stateof
quiescencelt also,however, establishes horizonbeyond
whichdisasteturks. In Figure12, half of thespikesin the
approximationare gone,and the details(the enegy loss)
areactuallymuchlargerthantheapproximations.



De®nition In a progressie re®nemeneérviron-
ment,a quiescencés de®nedsa stateof inac-
tivity in which mostof the distinctvenesf the
re®ningargetstays.

One of the majorissuesof our application[19] is the
detectionof quiescenceOnly the lowestresolutionrepre-
sentatiomeedsto be maintainedrom a setof resolutions
thatarepartof asinglequiescenstate.

4.3.4 Energylossversusdatavalue

Enegy lossof awaveletdecompositiomepend®onthe
datavalues. Higher datavaluesimply more enepy loss,
and vice versa. This is illustrated by a sinusoidwhose
amplitudedecreasesontinuouslyasdepictedn Figurel3.

Dataset #3 —————
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Figure 13: Dataset 3 with 512items.

After two resolutionsthewaveletcoef®cientgwith 256
discretevalues)of dataset 3 is shawvn in Figure14. The
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Figure 14: Waveletcoef®cientof 3with 256items.

valuesof thedetailsincreaseasthe datavaluesincrease.

4.3.5 Energy lossversusdata frequency

Enegy lossof awaveletdecompositiomepend®nthe
datafrequeng. Higherdatafrequeng impliesmoreenegy
loss,andvice versa.This occursbecausehe datagetsless
smoothasfrequeng increasesA chirp, whosefrequenyg
increasesontinuously illustratesour statementas shavn
in Figurel5.
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Figure 15: Dataset4 with 1 024items.

Figure 16 shawvs the wavelet coefdcientsafter oneres-
olution of waveletdecomposition.Both waveletsindicate
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Figure 16: Waveletcoef®cientof dataset4 with 1024items.

thatthe higherthefrequengy, thelargertheenepy loss. At
thesametime, they alsokeepthe patterndntact.

4.3.6 Pitfall

From Equation(4), we would expectthat the wavelet
decompositiorfwith “oating pointcomputationsyvill con-
tinue until thesizeof the approximatiorreache® . How-
ever, certainpatterns,even with high enegy content,can
vanishsuddenlyandprematurely

The sinusoidin Figure 17 is createdwith an integer
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Figure 17: Dataset 5 with 512items.

valueof cycleswithin the 512 discretevalues. After three
resolutionsof decompositionpoth , and 5o shavn in
Figure18 have perfectzigzagpatterns.In fact, the pattern
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Figure 18: Waveletcoef®cientof dataset5 with 64 items.

interleaveshigh-low discretevalueswith the sameamount
of enegy but reversedlirections.Thentheenegy vanishes
suddenlyasshavn in Figure19 whena high enegy spike

; [
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Figure 19: Waveletcoef®cientof dataset5 with 32 items.

zerosout its neighboralow enegy dataitem with exactly
thesameabsolutevalue.



4.4 Error tracking and results

Wedonotclaimthatoursinusoid-based<amplesabore
simulatereallife scienti®data.Thy arepresentedbecause
they showv thespeciakharacteristicef orthogonalwavelets.
Now we presentresultsof non-sinusoidunctions. Since
wavelet transformsare well adaptedo respondocally to
rapid changesn function values[3], orthogonalwavelets
are often usedas edgedetectors[10, 11]. Enegy loss
during wavelet decompositiorusually implies edge(i.e.,
pattern)changesof the approximations. Small changes
producdittle waveletdetails whichcanlargelybeignored.
Large changesuchasaliasing,however, producesigni®-
cantwavelet details. Thesedetailsare goodindicatorsof
thequality of thewaveletapproximatiorof eachresolution.

A functionwith 512discretevaluess createdo demon-
stratethe ideaof usingwavelet detailsto measurehe au-
thenticity of wavelet approximationsas describedat the
beaginningof sectiond4. Thefunctionhassevenspeciaffea-
turesincluding: 1) two discretesteps,2) a portion of a
sinusoid 3) two steepslopeg 8 andits mirrorim-
age)4) asharpspike,5) some uctuatingsignals6) alarge
“at block,and7) asmallblock. Eachof themis identi®ed
with its featurenumberasdepictedn Figure20.

loss,indicatingmajorpatternchangesEachof the follow-
ing two blocks(featuress and7) producetwo consecutie
spikes,indicatingthe two sharpedgesof the blocks. The
next two resolutionsareshowvn in Figures22 and23.
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Figure 22: Waveletcoefdcientof dataset 6 with 256items.
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Figure 23: Waveletcoefdcientof dataset 6 with 128items.

The maximaand the totals of the absolutevaluesof
wavelet details of the ®rstfour resolutionsare listed in
Figure 24. The summationof wavelet detailsshavs the

Dataset #6 ———
= =
=
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1 N

N
256 0.9124| 6.2810
128 1.5074| 10.7591
64 1.1257| 9.1903
32 1.2708| 8.8527

Figure 20: Dataset 6 with 512items.

When 4isappliedto thisfunction,it produce®56dis-
creteapproximationgollowedby 256 details,asshavn in
Figure21. In thegraph,the waveletdetailscorresponding

Figure24: A summaryf 4ondataset6.

overallapproximatiorguality, while themaximunindicates
theworsterror We noticefrom the graphsthat 4 keeps
the functionpatternintact. Thisis largely re ectedby the
correlatechumberdn thetable.

Da —
Thesenumbershowever, fail to shav theenegy lossof
a particularfeaturesuchasthe "uctuating signals,which
producethe largestdetails. Figure 25 is a summaryof
ﬂ a = =
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Figure 21: Waveletcoef®cientof dataset 6 with 512items. N 1 2 3 4 5 6 7
.- . 256 || 0.708 | 0.014 | 0.477 | 0.177 | 3.763 | 0.966 | 0.177
tothe_:onglnalfeaturearemark_edWlththesamenumpers. 128 T 1557 | 0.081 1 0.754 | 0225 | 6.177 | 1.641 | 0.325
Startingfrom theleft of the details,we seetwo sharpspikes 64 2.560 1.432 | 0.099 | 3.790 | 0.813 | 0.498

which indicatethe two sudderslopechangef featurel. 32 7.177 1.676

The enegy loss is due to the fact that thesetwo sharp
edgesaresmoothedut. Thedetailsof feature2 arealmost
invisible, re"ecting the high approximationpower of 4
onsinusoids.Thetwo steepslopesof feature3 createonly
smallspikeswhichalsoindicategoodapproxmations. The
isolatedspikeof featured is preseredwith someloss. The
“uctuatingsignalsof features producehelargestamounpf

Figure 25: A summary(by feature)of 4 ondataset6.

waveletdetailsbasedon the differentfeatures.In general,
the "uctuating signals(feature5) have the biggestpattern
changeswhich explain why they have the largestdetails.
Featurel hasoneof the larger losses. The two stepsare
totally smoothedut afterthe secondresolution.



Figure 26 lists the resultsof 5 appliedto dataset 2

N
256 0.3718| 0.9792
128 0.4690| 1.3124
64 1.2059| 13.2433
32 3.8953 | 72.6761
16 2.1756 | 8.5699
8 0.7576| 1.6806

Figure26: A summaryf ,,ondataset4.

aspresentedn Section4.3. Theresolutionprintedin bold
shavs the occurrenceof aliasingaswell asthe endof the
®rstquiescenceovering the previousthreeresolutions.A
secondjuiescencstartsright afterthis resolution.

5 Visualization of error

We briey describea wavelet-basednultiresolutionvi-
sualizatiorsystenj19], anduseit todisplayapproximations
of scienti®aataandits correspondingrror The system,
asdepictedin Figure27, supportsprogressie re®nement

Figure27: A wavelet-basedisualizationtool.

dataanalysiswith resolutionas ®neas one dataitem per
pixel. Ten orthogonalwaveletswith vanishingmoments
from 1to 10 areprovided. The systemkeepstrack
of the accumulatediatalossaswell asdatalossfrom in-
dividual resolutiongduring wavelettransforms.This error
canbedisplayedalongsidehecompressedata.lnputdata
canbein CDF [14] or system-de®nebinary formats. A
variety of colormapsareavailable.

Figures27 and 28 shav a 1D datasetextractedfrom
the CD-ROM USA_NASA_DDF_ISTP_KP _0003recorded
fromthespacecrafGEOTAIL of thelSTP[6] project. The
datasetcontainselectronaverageenegy datarecordedv-
ery 64 secondsaroundthe earthfor the ®rstthreemonths
of 1994.1t hasatotalof 217 131 072integers.

4 Is usedto generatetotal of 7 resolutionsfrom the
0 resolutionwith 2% 1 024tothe6 resolutionwith
2'6 65 536items. Thedisplayis a one-dimensiondine
plotwith colorsindicatingtheaccumulatedataloss(error)

of eachitem. A rainbown colormapshavn in Figure28ais
usedfor thedisplay

We startfrom the coarses{0 ) resolutionwith 1 024
items, an approximationof the original 131 072 items.
FromSectiom.3,weknow thattheenegy lossof awavelet
transformdependsnanumbetof factorsincludingthedata
valuesandthesmoothnesef thedata.Six featuresarecho-
senfrom the data,asindicatedin Figure28b,to illustrate
theseideasaswell astheimportanceof the approximation
errordisplay

Featurel containshighly "uctuating datawith someof
thehighestdatavalues.Both of themcontributeto thevery
high enegy loss of the approximation. This is re ected
by the darker colors (green/blue)of the error display in
Figures28band28c.

In termsof datavalues features4, 5 and6 aremoreor
lesscloseto eachother However, whenwe look at the
smoothnessf thedatawe noticethatfeature6 is smoother
thantheothertwo. It impliesthatfeature6 hasthelowest
enepgy loss. Thisis accuratelyre ectedby thecolor of the
errordisplayedn Figures28h Bothfeaturest and5 have
greenspikeswhile feature6 is light orange.

The valueof the errorrepresentations particularlyev-
identwhenlooking at features2 and 3. They have very
similar values,spreadsand shapes. Feature3, however,
hasmoregreen(highervalue)spikesthanfeature?2. These
two featuremarkedby the dottedrectanglesgrezoomed
to a ®ner(4 ) resolution,as shovn in Figures28d and
28e. This ®nerresolutionrevealsthatfeature2 is indeed
very smoothdata,while feature3 is relatively non-smooth.
Figure28eshaws thatfeature3 hasmultiple spikesspread
acrosghearea. Thesenarrav spikesfadeaway duringthe
downsamplingprocessecauseahe Nyquistlimit (to hold
all the spikes)is reached.Their errorsareclearlyre ected
in ourdisplay By usingthecolorto represenaccumulated
error, we areableto identify areaf thecoarsestesolution
representatiothatwarrantinvestigatonat®neresoluions.

6 Conclusionsand futur ework

We illustratethe approximatiorcharacteristicef com-
pactly supportedorthogonalwavelets. The ideaof using
wavelet detailsto measurahe authenticityof wavelet ap-
proximationis presente@ndresultsfrom testdataandreal
scienti®aataarediscussed.

Ourimmediategoalis to extendthis work to functions
of higherdimensions. This paperis part of our on-going
efforts onverylarge datavisualizationusingwavelets[19].
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Figure 28: a) Rainbav colormap.b) Thecoarsesapproximatiorof theISTPaverageenegy datais displayedatthe0
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