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Abstract
Wavelettransformsincludedatadecompositionsandre-

constructions.Thispaperis concernedwith theauthentic-
ity issuesof the datadecomposition,particularly for data
visualization. A total of six datasetsare usedto clarify
the approximationcharacteristicsof compactlysupported
orthogonalwavelets.We presentanerror trackingmecha-
nism,whichusestheavailablewaveletresourcestomeasure
thequalityof thewaveletapproximations.

1 Intr oduction
Sincethebeginningof the80's,therehasbeenanexplo-

sionin researchin theareaof wavelettheoryandits appli-
cations[3]. Major researchachievementsduring the ®rst
decadeincludedthe Morlet wavelet, the Meyer wavelet,
the Battle LemariÂe wavelet, the Daubechieswavelet, and
Mallat's multiresolutionrepresentation[10]. The last has
becomethedefactoalgorithmfor most,if not all, wavelet
applicationsin computergraphicsandvisualizationfor the
lastseveralyears.Someof theseeffortsincludevolumeren-
dering[12, 13], radiosityandtextures[7, 5], volumemor-
phing [8], progressive transmission[16], spacetimecon-
trol [9], painting[1], curves[4], andshapemodels[17].

We are interestedin using wavelets to provide a pro-
gressive re®nementenvironmentfor scienti®cdatavisual-
ization[19]. Suchanenvironmentshouldallow a scientist
to visualizemassive amountsof dataat a coarseresolution
to identify areasthatwarrantinvestigationat ®nerresolu-
tions. To beeffective the coarseresolutionsmustprovide
anaccuratevisualrepresentationof the®nerresolutions.In
particularwe would like to ensurethat importantpatterns
in the high resolutiondataareevident in the visualization
of thelow resolutiondata.Unfortunately, thede®nitionof
what is importantis both applicationandtask-dependent.
On the otherhand,we candevelop a commonevaluation
andrepresentationof the accuracy of a coarseresolution
basedon the lossof informationbetweenthecoarsereso-
lution andthe®neresolutionrepresentations.We call this
theauthenticityof therepresentation.

The goalof this paperis to investigatethe authenticity
issuesof thewaveletapproximations.Commonapproaches
of error measuresfor lossyreconstructionsarediscussed.

Wede®nethemeaningof functionpattern, whichweuseto
measurethequalityof theapproximations.Six testdatasets,
eachwith differentcharacteristics,areusedto clarify facts
andpitfallsof orthogonalwavelets.An errortrackingmech-
anism,whichdoesnotrequireany post-transformationcom-
putation,is presentedwith reallife examples.

2 Sur®ngthe little waves
This sectionsketchesbasicwavelet theoryasit relates

to our application. The readeris referredto [15, 3, 2] for
moredetails.For novices,werecommend[18].

2.1 Scalingfunctions and wavelets

A function
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is re®nableif it canberepresentedby
integer translatesof its dilation,
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. For example, in
Figure1, function �
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is piecewiseconstanton the unit

10 0.50 1

f(2x) f(2x-1)f(x)

Figure 1: Function ��	�

� is re®nableandcanbe representedby
its dilation ��	 2

� andtranslateof its dilation ��	 2
�� 1� .

interval; it canberepresentedby itsdilation �

�

2
���

, together
with thetranslateof its dilation �

�

2
���

1
�

, whicharepiece-
wiseconstanton half unit intervals. Mathematically,
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suchthat
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where
�
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is constantand
� �"!

. In wavelet literature,
�

is known asthe scaling function. The box function � in
Figure1 is indeedthescalingfunctionof theHaarwavelet.
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by spanningthe integer translatesof its dilations. ( (
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denotestheHilbert spaceof measurable,square-integrable
one-dimensionalfunctions.) The linear spaceis formally
de®nedas
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Since
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is re®nable,#%$:&;#�$=< 1 for >
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< . Thesetwo
in®nitespacesarerelatedby anorthogonalprojection. If,



for example, # $ is spannedby a ®nitebasiswith vectors
�

1

and
�

2, aprojectionof function �
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# $=< 1 ontospace# $ can
bedepictedasshown in Figure2. In anin®nitedimension
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Figure2: A projectionof function �?	�
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space,theshadedregion represents# $ of Equation(2). If
we de®neH,$ to betheorthogonalcomplementof #I$ with
respectto #�$=< 1 (i.e., #�$IJ5H,$ ,) then
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ThespaceH,$ is spannedby theintegertranslatesof the
dilationsof a function N known asthewavelet. A function

�

�

#�$=< 1 can be scaledto a coarseresolutionof #I$ by
losingdetails,whicharecapturedin HC$ . If Equation(3) is
appliediteratively, weget
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Thereforewe can representfunction �

�

#
$ by a setof

integer translatesof the dilatedwavelets,alsoknown asa
waveletbasis. This iterationprocessis the foundationof
Mallat'smultiresolutionwaveletanalysis[10].

2.2 Multir esolutionanalysis
In practice,wecanonlymeasureor recordscienti®cdata

in discretevalues. A wavelet implementationon discrete
data is given by Mallat [10]. Given a one-dimensional
datasetwith V itemsat resolution> , an applicationof an
orthogonalwaveletdecompositiongeneratesW 2 coef®cients
of low frequency approximations, and

W 2 coef®cientsof
high frequency details at resolution >

�

1, as shown in
Figure3. Thecoef®cientscorrespondto thebasesin #

$�P 1

approximations
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Figure3: Waveletdecompositionon aone-dimensionaldata.

and H
$�P 1 discussedin Section2.1. From Equation(4),

we know that this operationcanbe appliediteratively on
the approximationsto get increasinglycoarsedata,for as
longasthesizeof theapproximationsX 2

1

, where
1

is the
numberof vanishingmomentsof thewavelet. (We discuss
vanishingmomentin moredetailbelow.)

Wavelet transformsareinvertible. If both the approxi-
mationsandthedetailsof any oneresolutionareavailable,

it is possibleto havealosslessreconstructionof theapprox-
imationsof thenext ®nerresolution.

3 Generalerror measure
Applicationsof waveletsaredevelopingrapidly in both

graphicsandvisualizationresearch.Many of themrely on
the vanishingmomentpropertyof the wavelet transform,
in which a substantialamountof waveletdetail is ignored
becauseof its relatively insigni®cantvalues. The process
is usuallyfollowedby areversetransformoperation,which
producesa lossyreconstruction.This is by far the most
popularapplicationof wavelets.

A commonway to measuretheeffectivenessof a lossy
operationis by visualcomparisonbasedon featureclassi-
®cationby a humanbeingon a small numberof features
suchasthe peakvalueandfundamentalfrequency. This
subjectivemethodassumesmedium-sizeddatawhich can
bedisplayedin a singlepicture.

Traditionally,applicationswhichrequirehighererrorac-
curacy might usemore objective(quantitative) measures
suchastheroot-mean-squareerror, givenby
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where �

\

and �

^

\

aretheoriginalandthereconstructeddata
respectively. Unfortunately, however, this methodrequires
both functionsto be the samesize,which is not the case
whencomparinga function with its coarse-resolutionre-
constructions.Furthermore,it is not alwaysthe casethat
objectivemeasuresarebetterthansubjectiveones.

In ourapplication[19] wecombineobjectiveandsubjec-
tiveerrormeasuresin aninteractiveenvironmentto explore
data.Orthogonalwaveletsprovide®netocoarseresolutions
to browseterabytesizedscienti®cdataandsearchfor infor-
mation. The wavelet approximationsgive an overview of
thevery largedatasetata lower resolution,andthedetails
of eachresolutionallow the reconstructionof the datain
higherresolutionsonceinterestingtargetsarelocated.Ob-
viously, thezoomeddatahasa muchsmallersizethanthe
original, so conventionalerror measuressuchasthe root-
mean-squaremethodcannotbeused.Insteadof computing
an error measurebasedon comparingthe approximation
coef®cientsto theinputdata,wecomputeonebasedonthe
detailcoef®cients.

4 Authenticity analysis
We would like to have somemechanismfor validat-

ing thata lower resolutionrepresentationof a signalis an
authenticapproximation.Fortunately, by usinga wavelet
representation,theenergy lossdueto spaceprojectioncan
be obtainedfrom the wavelet detailsof eachresolution.
Oncewe de®nea measureof the energy loss,we canuse



thatmeasurefor bothanalysisandvisualizationof theerror.
De®ninganerrormeasurethatis consistentthroughoutthe
waveletcoef®cienthierarchyis complicatedby thechange
in coef®cientscaleandthedifferentnumbersof coef®cients
at eachlevel of thehierarchy. For our initial experimenta-
tion,wehavechosenanerrormetricin whichthetotalerror
dueto projectionfrom spaces# $=< 1 to # $ is givenby
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where
i

$

�

is thewavelet detailat resolution> . Even this
simplemeasureshows positive visual resultsasshown in
Section5, but moreresearchis neededto determinehow it
comparesto otherpotentialmeasures.

It is known that somewaveletslosemoreenergy than
othersduringdecomposition.This bringsusto thediscus-
sionof vanishingmoments.

4.1 Vanishingmoments

Our discussionis restrictedto compactlysupportedor-
thogonalwavelets. OtherssuchastheMorlet waveletand
theMeyer wavelethave in®nitesupporton the wholereal
linebecausethey usesinusoidsasthebuildingblocks.They
are j�k .

The accuracy of piecewise wavelet approximationcan
be characterizedby the numberof vanishingmomentsp
of the wavelet. Strang[15] describesthis as how well
the polynomials1 l
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approximation.For awavelet N with p vanishingmoments,
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1. In wavelet literature,the value
of 2

1

is usuallyusedasa subscriptto identify a wavelet.
Thiscomesfrom thefact thatthenumberof coef®cientsof
a wavelet ®lterwith

1

vanishingmomentsis equalto 2
1

.
Figure4shows t 2 (Haarwaveletwith

1O�

1), u 4, u 12, and

H2 D4

D12 D20

Figure4: Top: v 2 w2x 4. Bottom:
x 12 wGx 20.

u 20 (Daubechieswaveletswith
1,�

2 l 6,and10.) It is also
true that a compactlysupportedwavelet with

1

vanishing
momentsis p timescontinuouslydifferentiable,i.e., j

m

.

4.2 Function pattern

In thispaper, thepatternof a functionis looselyde®ned
by its shapeor look ratherthanits mathematicalde®nition.
Sincemostgraphicdisplaysarenormalizedin ourapplica-
tion [19], the numberof a function's extremevalues(i.e.,
localmaximumandminimum)andtheir relativelocations
arefar moreimportantthantheabsolutevalues.Following
thesamephilosophy,wepaymoreattentionto thefrequency
or theperiodof aperiodicfunctionthanits amplitude.

4.3 Approximation characteristics

In thissection,compactlysupportedorthogonalwavelets
with

1C�

1to10areappliedtosinusoid-basedtestdatawith
differentpatterns.Due to limited space,we only plot the
resultsgeneratedby waveletst 2 and u 20, which represent
the lowestandthe highestnumberof vanishingmoments
in our discussion.Theseexamplesareusedto clarify the
approximationcharacteristicsof orthogonalwavelets.

4.3.1 Effect of vanishingmomenton merging of data

A highernumberof vanishingmomentsimplies more
coef®cientsin awavelet®ltermatrix,whichmeansthatthe
implementationrequiresthatmorenumbersbe multiplied
andadded(merged)togetherduringdecomposition.How-
ever, the featuresin the dataare not necessarilymerged
any faster. This is illustratedby a sinusoidwith 29 �

512
discretesamplesshown in Figure5. Figure6 depictsthe

Dataset #1

Figure5: Datasety 1 with 512items.

D20
H2

Figure6: Waveletcoef®cientsof datasety 1 with 512items.

®rstresolutionof the decomposition.The left half is the
approximationandtheright is thedetail. Thetiny wavelet
detailindicatesgoodapproximationfor bothwavelets.

Figure7 shows the samesignalrepresentedwith 28 �

256 wavelet coef®cients. Both waveletsshow strongap-
proximationsand weak details,with u 20 having smaller
details.

After two moreresolutions,the sizeof the wavelet co-
ef®cientsis down to 26 �

64, asshown in Figure8. t 2
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Figure7: Waveletcoef®cientsof datasety 1 with 256items.
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Figure8: Waveletcoef®cientsof datasety 1 with 64 items.

continuesto lose more energy that u 20. Both wavelets,
however, manageto maintainthebasicpattern(four peaks)
of theoriginal function.

Although more numbersare multiplied with higher
1

valuesduringdecomposition,themerging processis dom-
inatedby theoffsetof thedataduringeachmultiplication,
whichshiftstwopositionsatatimefor orthogonalwavelets.

4.3.2 Energy lossversusresolution

Eachwaveletdecompositionintroducesenergy loss(er-
ror) into the approximation. By examining Figures6±8,
we seethat t 2 hassigni®cantlylargerenergy lossat each
resolution. However, the amountof energy lossdepends
not only on thewavelet itself, but alsoon the
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of thedata,whichmaychangeduringeachresolution.This
is discussedin thefollowing section.

4.3.3 Energy lossversusdata smoothness

Therateof decayof waveletdecompositionis governed
by the numberof vanishingmomentsof the wavelet. In
general,as illustrated in our previous example, smooth
functionslike u 20 approximatefunctionsbetterthan t 2.
However, this is notalwaystrue.

We usea secondsinusoidwith a higher frequency to
demonstrate.Thediscretefunctionsizeis 29 �

512.There
area totalof 21peaksasdepictedin Figure9.

Dataset #2

Figure9: Datasety 2 with 512items.

Figure10showsthewaveletcoef®cientsaftertwo reso-
lutionswith 256discreteitems.Becauseof thesmoothness
of thedata,theverysmallenergy lossof u 20 hardlyshows

D20
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Figure10: Waveletcoef®cientsof datasety 2 with 256items.

up in the®gure.Both t 2 and u 20 retainall 21 peakseven
thought 2 shows largerdetails.

Thenext resolutionis depictedin Figure11. It has128
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Figure11: Waveletcoef®cientsof datasety 2 with 128items.

discretewavelet coef®cients: 64 approximationsand 64
details. All 21 spikesstayin the approximation,which is
rathernon-smoothby now.

Disasterhits whenthesizeof thefunctionreaches26 �

64. The Nyquistlimit (the lower boundto retainall the
spikes)is past.As aresult,featuresmergeandlargedetails
arecreated. For the ®rsttime in our examples, u 20 has
largerdetailsthan t 2 asshown in Figure12.
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Figure12: Waveletcoef®cientsof datasety 2 with 64 items.

t 2 doesnotapproximatefunctionsaccuratelybecauseit
only hasonevanishingmoment.However, it doesnot tend
rapidlyto zeroat®nerlevels,andtheaccuracy alsodepends
on the smoothnessof the function. Whenthe function is
smooth,morevanishingmomentsleadto smallerwavelet
details. On theotherhand,morevanishingmomentsalso
leadto morelargewaveletdetailswhenthefunctionis non-
smooth,so u 20 is notalwaysa betterchoiceover t 2.

The phenomenonshown in Figures10±12is repeated
for the restof the resolutions. The ®rstthreeresolutions
of this examplearemarkedby their inactivity or repose.
Most of the major featuresof theapproximationsstaythe
same,i.e., thedetailsareverysmall. Thatcreatesastateof
quiescence. It also,however, establishesa horizonbeyond
whichdisasterlurks. In Figure12,half of thespikesin the
approximationaregone,and the details(the energy loss)
areactuallymuchlargerthantheapproximations.



De®nition In a progressive re®nementenviron-
ment,a quiescenceis de®nedasa stateof inac-
tivity in which mostof thedistinctivenessof the
re®ningtargetstays.

Oneof the major issuesof our application[19] is the
detectionof quiescence.Only thelowestresolutionrepre-
sentationneedsto bemaintainedfrom a setof resolutions
thatarepartof asinglequiescentstate.

4.3.4 Energy lossversusdata value
Energy lossof a waveletdecompositiondependson the

datavalues. Higher datavaluesimply moreenergy loss,
and vice versa. This is illustratedby a sinusoidwhose
amplitudedecreasescontinuouslyasdepictedin Figure13.

Dataset #3

Figure13: Datasety 3 with 512items.

After two resolutions,thewaveletcoef®cients(with 256
discretevalues)of dataset} 3 is shown in Figure14. The

D20
H2

Figure14: Waveletcoef®cientsof y 3 with 256items.

valuesof thedetailsincreaseasthedatavaluesincrease.

4.3.5 Energy lossversusdata frequency
Energy lossof a waveletdecompositiondependson the

datafrequency. Higherdatafrequency impliesmoreenergy
loss,andvice versa.Thisoccursbecausethedatagetsless
smoothasfrequency increases.A chirp, whosefrequency
increasescontinuously, illustratesour statementasshown
in Figure15.

Dataset #4

Figure15: Datasety 4 with 1
w

024items.

Figure16 shows the wavelet coef®cientsafter oneres-
olution of waveletdecomposition.Both waveletsindicate

D20
H2

Figure16: Waveletcoef®cientsof datasety 4 with 1024items.

thatthehigherthefrequency, thelargertheenergy loss.At
thesametime,they alsokeepthepatternsintact.

4.3.6 Pitfall

From Equation(4), we would expect that the wavelet
decomposition(with ¯oating pointcomputations)will con-
tinueuntil thesizeof theapproximationreaches2

1

. How-
ever, certainpatterns,even with high energy content,can
vanishsuddenlyandprematurely.

The sinusoidin Figure 17 is createdwith an integer

Dataset #5

Figure17: Datasety 5 with 512items.

valueof cycleswithin the512discretevalues.After three
resolutionsof decomposition,both t 2 and u 20 shown in
Figure18 have perfectzigzagpatterns.In fact, thepattern

D20
H2

Figure18: Waveletcoef®cientsof datasety 5 with 64 items.

interleaveshigh-low discretevalueswith thesameamount
of energy but reverseddirections.Thentheenergy vanishes
suddenlyasshown in Figure19 whena high energy spike

H2
D20

Figure19: Waveletcoef®cientsof datasety 5 with 32 items.

zerosout its neighbor, a low energy dataitem with exactly
thesameabsolutevalue.



4.4 Err or tracking and results

Wedonotclaimthatoursinusoid-basedexamplesabove
simulatereallife scienti®cdata.Thy arepresentedbecause
they show thespecialcharacteristicsof orthogonalwavelets.
Now we presentresultsof non-sinusoidfunctions. Since
wavelet transformsarewell adaptedto respondlocally to
rapid changesin function values[3], orthogonalwavelets
are often usedas edgedetectors[10, 11]. Energy loss
during wavelet decompositionusually implies edge(i.e.,
pattern)changesof the approximations. Small changes
producelittle waveletdetails,whichcanlargelybeignored.
Large changessuchasaliasing,however, producesigni®-
cantwavelet details. Thesedetailsaregoodindicatorsof
thequalityof thewaveletapproximationof eachresolution.

A functionwith 512discretevaluesis createdto demon-
stratethe ideaof usingwaveletdetailsto measurethe au-
thenticity of wavelet approximations,as describedat the
beginningof section4. Thefunctionhassevenspecialfea-
tures including: 1) two discretesteps,2) a portion of a
sinusoid,3) two steepslopes( �

�����~�0� 3 andits mirror im-
age),4) asharpspike,5) somē uctuatingsignals,6) alarge
¯at block,and7) a smallblock. Eachof themis identi®ed
with its featurenumberasdepictedin Figure20.

Dataset #6

1 6

4

2

3

7

5

Figure20: Datasety 6 with 512items.

When u 4 is appliedto thisfunction,it produces256dis-
creteapproximationsfollowedby 256details,asshown in
Figure21. In thegraph,thewaveletdetailscorresponding
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Figure21: Waveletcoef®cientsof datasety 6 with 512items.

to theoriginal featuresaremarkedwith thesamenumbers.
Startingfrom theleft of thedetails,weseetwo sharpspikes
which indicatethe two suddenslopechangesof feature1.
The energy loss is due to the fact that thesetwo sharp
edgesaresmoothedout. Thedetailsof feature2 arealmost
invisible, re¯ecting the high approximationpower of u 4

onsinusoids.Thetwo steepslopesof feature3 createonly
smallspikes,whichalsoindicategoodapproximations.The
isolatedspikeof feature4 is preservedwith someloss.The
¯uctuatingsignalsof feature5producethelargestamountof

loss,indicatingmajorpatternchanges.Eachof thefollow-
ing two blocks(features6 and7) producetwo consecutive
spikes,indicatingthe two sharpedgesof the blocks. The
next two resolutionsareshown in Figures22and23.

D4

Figure22: Waveletcoef®cientsof datasety 6 with 256items.

D4

Figure23: Waveletcoef®cientsof datasety 6 with 128items.

The maximaand the totals of the absolutevaluesof
wavelet details of the ®rst four resolutionsare listed in
Figure24. The summationof wavelet detailsshows the

N ••€�
�‚ ƒ�„�‚ …†‚ ƒ~„�‚

256 0.9124 6.2810
128 1.5074 10.7591
64 1.1257 9.1903
32 1.2708 8.8527

Figure24: A summaryof
x 4 on datasety 6.

overallapproximationquality,while themaximumindicates
theworsterror. We noticefrom the graphsthat u 4 keeps
the functionpatternintact. This is largely re¯ectedby the
correlatednumbersin thetable.

Thesenumbers,however, fail to show theenergy lossof
a particularfeaturesuchasthe ¯uctuating signals,which
producethe largest details. Figure 25 is a summaryof

…0‡9ˆ�‰‹Š•Œ9Ž�ˆ�• •
„

•

N 1 2 3 4 5 6 7
256 0.708 0.014 0.477 0.177 3.763 0.966 0.177
128 1.557 0.081 0.754 0.225 6.177 1.641 0.325
64 ‘ 2.560 1.432 0.099 3.790 0.813 0.498
32 ‘ 7.177 ‘ 1.676

Figure25: A summary(by feature)of
x 4 on datasety 6.

waveletdetailsbasedon thedifferentfeatures.In general,
the ¯uctuating signals(feature5) have thebiggestpattern
changes,which explain why they have the largestdetails.
Feature1 hasoneof the larger losses.The two stepsare
totally smoothedoutafterthesecondresolution.



Figure26 lists the resultsof u 20 appliedto dataset} 2

N •5€�
�‚ ƒ „ ‚

…

‚ ƒ „ ‚

256 0.3718 0.9792
128 0.4690 1.3124
64 1.2059 13.2433
32 3.8953 72.6761
16 2.1756 8.5699
8 0.7576 1.6806

Figure26: A summaryof
x 20 ondatasety 4.

aspresentedin Section4.3. Theresolutionprintedin bold
shows the occurrenceof aliasingaswell astheendof the
®rstquiescencecovering thepreviousthreeresolutions.A
secondquiescencestartsright afterthis resolution.

5 Visualization of error
We brie¯y describea wavelet-basedmultiresolutionvi-

sualizationsystem[19], anduseit todisplayapproximations
of scienti®cdataandits correspondingerror. Thesystem,
asdepictedin Figure27, supportsprogressive re®nement

Figure27: A wavelet-basedvisualizationtool.

dataanalysiswith resolutionas®neasonedataitem per
pixel. Ten orthogonalwaveletswith vanishingmoments
from

1’�

1 to 10 areprovided. The systemkeepstrack
of the accumulateddatalossaswell asdatalossfrom in-
dividual resolutionsduringwavelet transforms.This error
canbedisplayedalongsidethecompresseddata.Inputdata
canbe in CDF [14] or system-de®nedbinary formats. A
varietyof colormapsareavailable.

Figures27 and28 show a 1D datasetextractedfrom
theCD-ROM USA NASA DDF ISTP KP 0003recorded
from thespacecraftGEOTAIL of theISTP[6] project.The
datasetcontainselectronaverageenergy datarecordedev-
ery 64 secondsaroundthe earthfor the ®rstthreemonths
of 1994.It hasa totalof 217 �

131l 072integers.
u 4 is usedto generatea total of 7 resolutions,from the

0“•” resolutionwith 210 �

1 l 024to the6“�” resolutionwith
216 �

65l 536items.Thedisplayis a one-dimensionalline
plotwith colorsindicatingtheaccumulateddataloss(error)

of eachitem. A rainbow colormapshown in Figure28ais
usedfor thedisplay.

We startfrom the coarsest(0
“�”

) resolutionwith 1 l 024
items, an approximationof the original 131l 072 items.
FromSection4.3,weknow thattheenergy lossof awavelet
transformdependsonanumberof factorsincludingthedata
valuesandthesmoothnessof thedata.Six featuresarecho-
senfrom thedata,asindicatedin Figure28b, to illustrate
theseideasaswell astheimportanceof theapproximation
errordisplay.

Feature1 containshighly ¯uctuatingdatawith someof
thehighestdatavalues.Bothof themcontributeto thevery
high energy loss of the approximation. This is re¯ected
by the darkercolors (green/blue)of the error display in
Figures28band28c.

In termsof datavalues,features4, 5 and6 aremoreor
lesscloseto eachother. However, whenwe look at the
smoothnessof thedata,wenoticethatfeature6 is smoother
thantheothertwo. It impliesthat feature6 hasthelowest
energy loss.This is accuratelyre¯ectedby thecolorof the
errordisplayedin Figures28b. Both features4 and5 have
greenspikeswhile feature6 is light orange.

Thevalueof theerror representationis particularlyev-
ident when looking at features2 and 3. They have very
similar values,spreads,andshapes.Feature3, however,
hasmoregreen(highervalue)spikesthanfeature2. These
two features(markedby thedottedrectangles)arezoomed
to a ®ner(4

“•”

) resolution,as shown in Figures28d and
28e. This ®nerresolutionrevealsthat feature2 is indeed
verysmoothdata,while feature3 is relatively non-smooth.
Figure28eshows that feature3 hasmultiple spikesspread
acrossthearea.Thesenarrow spikesfadeaway duringthe
downsamplingprocessbecausethe Nyquistlimit (to hold
all thespikes)is reached.Their errorsareclearlyre¯ected
in ourdisplay. By usingthecolorto representaccumulated
error, weareableto identifyareasof thecoarsestresolution
representationthatwarrantinvestigationat®nerresolutions.

6 Conclusionsand futur ework
We illustratethe approximationcharacteristicsof com-

pactly supportedorthogonalwavelets. The ideaof using
waveletdetailsto measurethe authenticityof wavelet ap-
proximationis presentedandresultsfrom testdataandreal
scienti®cdataarediscussed.

Our immediategoal is to extendthis work to functions
of higherdimensions.This paperis part of our on-going
effortsonverylargedatavisualizationusingwavelets[19].
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Figure28: a)Rainbow colormap.b) Thecoarsestapproximationof theISTPaverageenergy datais displayedatthe0
Š•–

resolution.Inter-
estingfeaturesareidenti®edwith numbers.Dottedrectanglesarezoomingwindows. Thecolor indicatestheaccumulatedapproximation
error. c) Feature1 at the3

Ž�—

resolution.d) Feature2 at the4
Š•–

resolution.e)Feature3 at the4
Š•–

resolution.
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