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Abstract

Many combinatorial optimization and constraint satisfaction prob-
lemscanbe formulated asa seard for the bestleafin a tree of bounded
depth. When exhaustive enumeration is infeasible, a rational strategy
visits leavesin increasing order of predicted cost. Previous system-
atic algorithms for this setting follow a predetermined seard order,
making strong implicit assumptions about predicted cost and using
problem-speci ¢ information ine cien tly. We introduce a framework,
best-leaf- rst search (BLFS), that employs an explicit model of leaf
cost. BLFS is complete and visits leavesin an order that e cien tly
approximates increasing predicted cost. Dierent algorithms can be
derived by incorporating di erent sourcesof information into the cost
model. We shav how previous algorithms are special casesof BLFS.
We also demonstrate how BLFS can derive a problem-speci ¢ model
during the seard itself. Empirical results on latin squarecompletion,
binary CSPs, and number partitioning problems suggestthat, even
with simple cost models, BLFS yields competitiv e or superior perfor-
manceand is more robust than previous methods. BLFS can be seen
as a model-basedextension of iterativ e-deegening A*, and thusit uni-
es seart for combinatorial optimization and constraint satisfaction
with traditional Al heuristic seard for shortest-path problems.



1 Intro duction

In a conmbinatorial optimization problem, one must chooseone of a discrete
number of possible values for ead problem variable in such a way that
the problem-speci ¢ objective function is minimized. Often, this task is
formulated as a tree seard in which one selectsa variable at ead node
and brancheson its possiblevalues. The goal then isto nd the leaf with
the lowest cost. Becausethesetrees grow exponertially with problem size,
complete enumeration of the leaves is often infeasible, and one attempts
to visit the best leaves one can in the time available. One can think of
constraint satisfaction problemsin a similar way, with the goal beingto nd
a leaf that violates zero constraints. Becausean optimal leaf is recognizable
in this case,visiting one early in the seard can save an enormousamourt
of time.

Sewral di erent tree seart procedureshave beenproposedfor this set-
ting. Depth-rst seard hasthe advantage of minimal overhead, generating
ead internal node in the tree no more than once. Often, a heuristic scoring
function is usedto rank the children of a node, and the seart visits the
preferred child rst. If always choosing the preferred child does not vyield
an optimal solution, depth- rst seard revisits the decisionslowest in the
tree rst. This may be a poor strategy if the node ordering function can be
inaccurate at the top of the tree. In limited discrepancyseard (Harvey and
Ginsberg, 1995; Korf, 1996), decisionsat all levels of the tree are revisited
quickly. A decision at which the top-ranked child node is not selectedis
called a discrepancy Limited discrepancyseart exploresall paths with k
discrepanciesheforeany with k+ 1 discrepancies.Other algorithms, sudc as
depth-bounded discrepancy seard (Walsh, 1997) and iterativ e broadening
(Ginsberg and Harvey, 1992), usestill di erent seard orders.

Eadh of these algorithms can be viewed as making strong assumptions
regarding the expected costs of di erent leaves (Ruml, 2001a). Depth- rst
seart, for instance, is a rational choice only if one assumeshat the cost of
ewvery leaf whosepath includesa discrepancyat the root is greater than the
cost of the worst leaf that doesnot. Equivalertly, the penalty for taking a
discrepancyat a given depth is assumedto be greaterthan the costof taking
discrepanciesat all deeper depths. Limited discrepancyseard, on the other
hand, assumeghat discrepanciescostthe sameat all depths. Unfortunately,
it is not always clear in advancewhich seard order is best, and those faced
with a new seard problem are reducedto running many pilot experimerts.

In this paper, we explore the advantages of represeiing the seart al-
gorithm's assumptionsexplicitly, in the form of a cost model. Becausethe



seart usesan explicit model, it can depend on parameterswhich are esti-
mated on-line from the seard tree itself, rather than assumedbeforehand. It
is also easyto arrangefor it to take advantage of information sud as heuris-
tic child scores.We introduce a framework, best-leaf- rst serch (BLFS), for
systematic seard using such a model. The certral idea s to visit leavesin
an order that approximates increasing predicted cost. This is achieved by
visiting all leaveswhosepredicted cost falls within a xed bound, and then
iterativ ely raising the bound.

After outlining BLFS, we will seetwo instantiations of the framework.
The rst, indecision search, usesa cost model that dependson the heuristic
scoresalong the path to a leaf. We evaluate the algorithm's performanceon
both latin squarecompletion and random binary CSPs. The secondinstan-
tiation usesa cost model whose parametersare learned from the leaf costs
obsened during the seard. We evaluate this algorithm on two di erent for-
mulations of the combinatorial optimization problem of number partitioning.
The results from both algorithms suggestthat BLFS provides competitiv e or
superior performanceand is more robust than existing algorithms. We will
conclude by shaving how BLFS is analogousto the iterativ e-deegening A*
(IDA*) algorithm for shortest-path problems (Korf, 1985). Their common
framework of single-agem rationality provides a clean uni cation of seard
for combinatorial optimization and constraint satisfaction with the tradition
of heuristic seard in arti cial intelligence for shortest-path problems.

2 Best-Leaf-First Search

The basicstructure of BLFS is a simpleloop in which we carry out successie
depth- rst seardes. Each seart visits all leaveswhosecost is predicted to
fall within a cost bound. Becausethe predicted costs are generated by
a known model, we can chooseboundsthat are expectedto causetwice as
many nodesto be visited ason the previousiteration. Pseudo-cale is shovn
in Figure 1. In order to implemert this scheme, we must equip BLFS with
a model of leaf coststhat can support two di erent operations. The rst is
to predict, given a seart node, the lowest cost of any leaf below it. This
function is usedto guide the seart within ead iteration of BLFS, allowing
the algorithm to avoid descendinginto any subtree that does not contain
a leaf we wish to visit on this iteration (step 9). The secondoperation
the model must support is to predict, given a cost bound, the number of
nodes that would be visited if that bound were used. This can be used
to help nd an appropriate cost bound for ead iteration (step 5). In the



BLFS-outer

1. Visit afew leaves

2. Nodes-desied  number of nodesvisited so far

3. Loop until time runs out:

4, Double nodes-desied

5. Estimate cost bound that visits nodes-desied nodes
6. Visit all leaveswithin cost bound (seeBLFS-inner)

BLFS-inner (node, bound)

7. If leaf(node), visit( node)

8. else,for ead child of node

9. If best-completion(child)  bound
10. BLFS-inner(child, bound)

Figure 1. Simplied pseudo-cale for best-leaf- rst seard.

experiments reported below, a simple bisection seard was performed over
possiblecostbounds, searting for onethat yielded, accordingto the model,
approximately the desired number of nodes. Any prediction within 5% of
the desired value or greater by lessthan 50% was deemedsu cient. The
seart waslimited to 10 bisections. To guard againstinaccurate predictions,
an iteration wasterminated after visiting three times the desirednumber of
nodes.

By approximately doubling the number of nodes visited on ead itera-
tion, BLFS limits its overheadin the worst-casesituation in which the ertire
tree must be searhed. In such a situation, depth-rst seard is optimal. If
we assumethat the full tree has n nodes,the worst casefor BLFS is when
its second-to-lastiteration visits n 1 nodes. In such a case,all previous
iterations visit a combined total of roughly n nodes, and thus BLFS visits
roughly 3n nodes,only three times more than optimal. In practice, the main
overheadin the algorithm hasbeencost bound estimation, which consumes
up to 40% of the seart time for short runs in our prototype implemena-
tion. This overhead can be nearly eliminated, howewer, by augmering the
bisection seard with memory and interpolation.

The basic BLFS framework is remarkably simple. In the remainder of
this paper, we will demonstrateits power and exibilit y by instantiating the
framework using two di erent cost models. The rst model we will consider
is a static one that is speci ed beforethe seard begins.



3 BLFS with a Fixed Mo del: Indecision Search

As mentioned earlier, heuristic child ranking is often used to guide tree
seart. Most such ranking functions actually return a numerical scorefor
ead child, although the precisesemartics of this scorevaries. The rst cost
model we will consideris basedon these scores.We will assignead child a
cost basedon how much worseits scoreis than the scoreof the best child.
If the child scoresare sp;:::;Sp, child i hasa costof s; sg. Furthermore,
we will assumethat the cost of a leaf is simply the maximum of the costsof
the nodesalong its path from the root. This is a generalization of iterativ e
broadening, which assumeghat the costof a leafre ects the maximum rank
of any child along its path. Another way to think about this cost model is
that the cost of a node re ects how decisiwely the heuristic scoreseparated
it from the best child. Paths involving nodes for which the heuristic was
indecisive in its ranking will be explored earlier in the seart than those
involving nodeswhosescoreswere much worse. For this reason,we can call
this instantiation of BLFS indecision seard.

It is easyto support the operations neededfor BLFS using this cost
model. Becausethe preferred child is always free, the predicted cost of the
bestleaf below any node is just the maximum cost of any node encouriered
enroute to the nodeitself. To predict the number of nodesvisited for a given
cost bound, we assumeindependenceand estimate the average expected
branching factor at ead level of the tree. This dependson the number of
children at ead level whose costs we expect to fall below the cost bound.
Although we probably do not know all of the costswe will see,we will have
seenmany of them during the previousiteration of indecisionseart. Recall
that ead iteration exploresa supersetof the previous one, and that all of
the child scoresat eat node of the previous seart will have beencomputed
in order to guide that seart (step 9). We will usethesescoresas samplesto
estimate the probability distribution over possiblecostsfor ead child rank
at ead level of the tree. In the experiments reported here, these estimated
distributions were represerted as histograms (seethe appendix for details).
The expected e ectiv e branching factor at ead level, call it by, canthen be
computed using the probability that ead possiblenumber of children is the



most we can a ord, * which we write as p(maxis i):

p(maxisi) = p(canaordi) (1 p(canaordi+ 1))
max-nuryCChildr eng
b = i p(maxis i)
i=1

If a node at level k is a leaf with probability leaf-proby, then the number of
nodesat that level, nodes, can be computed from the number of nodes at
the previous level that aren't leaves, times their fertilit y:

1
nodeg 1 (1 leaf-prob, ;) b 1

The leaf-prob, parameters can be easily estimated during the previous it-
eration. By summing the nodes, over the levels of the tree (and adding in
the leaves generatedat ead level), we can estimate the number of nodes
that will be visited for a given cost bound. Note that, although we estimate
on-line the node costswe expect to obsene in the tree, the underlying leaf
costmodel itself is xed asexactly the maximum node costin the path, and
is not adjusted during seard. The initial iteration of the algorithm (step 1)
visits all leaves of predicted cost zero.

Other schemesin addition to iterativ e broadening can be viewed as ap-
proximations to indecision seard. The randomized restarting technique of
Gomes,Selman,and Kautz (1998) and the GRASP methodology of Feoand
Resende(1995) both randomly permute all children whosescoresare within
a speci ed distance from the preferred child, betweeniterations of seard.
These techniques depend on an equivalence parameter that must be tuned
using pilot experimens, and restarting alsodependson a time limit param-
eter. Also, becausethey regard closely-scoringchildren as equivalent, these
techniquesthrow away information that can be systematically exploited by
indecision seard.

Experiments were also performed using a cost model that predicted the
cost of a leaf to be the sum of the child costsalong its path, rather than
just the maximum. This model seemedto perform similarly, and is more

nodes
nodes

1When recording the costs of a node's children, we assumethey are independert and
store them in separate distributions. But when calculating the number of children we can
aord, we want to know the conditional probabilit y that we can aord a child given that
we could a or d the previous children. To calculate this properly, we should instead store
the dierence in cost between ead child and the previous one. (Thanks to Chung-chieh
Shan for this insight.) Empirically , however, the two strategies seemto perform similarly,
and the naive approach is faster, asit avoids a convolution.



cumbersometo manipulate, so we omit further discussionof it (see Ruml
(forthcoming) for details).

3.1 Evaluation

We can useconstraint satisfaction problemsto evaluate indecisionseard, as
they are commonly solved using a heuristic scoringfunction to rank children
in increasingorder of “constrainingness.'We will examinetwo domains: latin
square completion and random binary CSPs.

3.1.1 Latin Squares

A latin squareis ann by n array in which ead cell hasoneof n colors. Each
row and column must contain ead color exactly once. Gomesand Selman
(1997) proposedthe completion of partially- lled latin squaresas a chal-
lenging benchmark problem, noting that it provides both regular structure,
due to the row and column constraints, and random elemers, due to the
preassignedcells. We used forward-cheding, choosing variables to assign
according to the most-constrained variable heuristic of Brelaz (1979) and
ranking valuesaccordingto the logarithm of the promise heuristic of Geelen
(1992). Following Meseguerand Walsh (1998), we used 1,000latin squares,
ead with 30% of the cellsassigned, Iltering out any unsatis able problems.
We tested depth- rst seard (DFS), two version of Korf's improved limited
discrepancyseard (ILDS), onetaking discrepanciesat the top rst and the
other taking them at the bottom rst, depth-bounded discrepancy seard
(DDS), and indecision seard.?

The performance of the algorithms is shown in Figure 2 in terms of
the fraction of problems solved within a given number of node generations.
Small horizontal error bars mark 95%con dence intervals around the means.
Depth- rst seart waslimited to 10,000nodesper problem, henceits meanis
alower bound. From the gure, we seethat 25% of the problemswere solved
by visiting a single leaf (the greedysolution). Depth- rst seard enumerates
leaves very e cien tly, but is notoriously brittle and becomeshopelesslost
on many problems (Gomeset al., 2000). The discrepancyseart algorithms
immediately retreat to the root. Indecision seard rst exploresall ties,
which may occur at intermediate levels of tree. As the seardies progress,
the algorithms biasedtoward discrepanciesat the top seemto be paying a

°Due to an historical accidernt, indecision search attempted to double the number of
leavesvisited on ead iteration, rather than the number of nodes. It is not clear that this
a ected the results.
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Figure 2: Distribution of seart times whencompleting21 21latin squares
with 30% of the cells preassigned.

price, astheir progresscomesin spurts. Indecisionseart makese cien t use
of the heuristic scoreinformation, exhibiting a smooth performancepro le,
and it solvesall the problemswithin 4,000nodes(note the logarithmic scale).
Similar behavior was obsened on smaller instances,although the advantage
of indecision seart over the discrepancy methods seemedto increaseas
problems grew larger.

3.1.2 Binary CSPs

Binary CSPshave received much attention in the literature and wereusedby
Meseguerand Walsh (1998) to evaluate depth-bounded discrepancyseart
and interleaved depth- rst seard. They tested on satis able problemsof the
n; m; p1; p2i type. These problems have n variables, ead with m possible
values. Exactly p1n(n 1)=2 of the possiblepairs of variablesare constrained
and exactly pom? of the possiblevalue combinations are disallowed for eat
of those pairs. As p, increasestoward 0.36, the constraints becometighter
and the problems becomemore dicult to solve, exposing di erences in
performance between the algorithms. We will use the same heuristics as
employed above with latin squares.



CSPClass| DFS| ILDS| DDS | Indec.
h30; 15; :4;:35 9,840 10,504| 26,981| 8,839
hb0;12;:2;:361 | 80,851 | 164,538| 973,437 | 113,450
h1L0Q, 6; :06; :36i 57,118| 37,811| 418,829| 24,065

Table 1: The mean number of nodes generatedto solve 100 instances of
three classesof binary CSP.

Figure 3: A simple model: leaf cost is the sum of edge costs which are
parameterizedby depth and child rank.

The performanceof the algorithms on three problem classesis summa-
rized in Table 1. Indecision seart surpassedLDS and DDS on all classes,
and proves superior to DFS on the rst and third. On the secondclass,
indecision seart takes on averageonly 1.4 times as many nodes as DFS,
well within the worst-casefactor of three.

On both bendhmark domains,the indecisionseard instantiation of BLFS
seemgo provide a seart order that is either superior to existing techniques
or closely competitive. Next we will considera cost model that is not xed
in advance, but is learned during the seard itself.

4 BLFS with a Learned Mo del

In somedomains, the child ranking function doesnot return a quartitativ e
score, and the only information that is readily available to guide seart is
the costs of the leavesthat have beenvisited. Following Ruml (2001a), we
will usetheseobsened coststo estimate the cost of taking a discrepancyat
ead level of the tree. More precisely we will usea cost model that assumes
that the cost of a leaf is the sum of the costsof the edgestaken to read it,
and we will assumethat the cost of an edgedependsonly on its depth and
its rank in the sorted list of children. An examplefor a binary tree appears



in Figure 3. A tree of depth d and branching factor b requiresdbparameters,
onefor ead edgeat ead level. This generalizesDFS, ILDS, and DDS.
Becausethese edge costs will vary depending on the problem, we will
estimate them during the seard. In step 1 of BLFS, we will visit 10 random
leaves. Each path forms a linear equation in the parametersof the model. If
leaf; is the cost of the ith leaf visited, then three random paths might yield:

Lq + Lo + Ry = Ieafl
L1 + R, + Lj = Ieaf2
Ry + Loy + Lg = Ieaf3

After visiting ead leaf (in either step 1 or 7), we will update the parame-
ters using a simple on-line linear regressionalgorithm. (In the experimens
reported below, the method of Murata et al. (1997) was used. It gave very
slightly better results when learning from random paths than the methods
discussedby Sutton (1992).) To help ensurethat the current cost bound
yields the predicted number of nodes, a static copy of the model is made
at the start of ead iteration to guide the seard. To further aid learning,
the costs estimated in the experiments belowv were further constrained at
the start of ead iteration to be increasingwith child rank at ead depth.
(In other words, it was assumedthat the underlying ranking function was
helpful rather than deceptive.)

This cost model also easily supports the operations required for BLFS.
The costof the bestleafin any subtreeis just the sum of the edgestraversed
so far plus the sum of the costs of the cheapest options at ead of the
remaining levels. These optimal completions can be precomputed at the
start of ead iteration. To estimate the number of nodesthat will be visited
for a given bound, we just estimate the branching factor at ead level, asfor
indecision seard. We can considerthe cost bound to be an allowance that
is spent aswe descendthe tree. By estimating the distribution of allowance
valuesexpectedat ead level of the tree, we can estimate how many children
whose best completion will be a ordable at that level. (As in indecision
seart, these distributions are manipulated as histograms, as described in
the appendix.) At the root, the allowancedistribution is a spike at the given
cost bound. The distribution of allowance at the next level is just the sum,
over the possible children, of the portion of the current distribution that
falls above the best completion cost for that child, translated toward zero
by that cost. Each distribution in the sum is weighted by the proportion of
the probability that survived the truncation.

10
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Figure 4. Greedy partitioning of 128 numbers

4.1 Evaluation

We evaluated the algorithm on two di erent formulations of the combinato-
rial optimization problem of number partitioning. The objective is to divide
a given set of numbers into two disjoint groups sud that the dierence
between the sums of the two groups is as small as possible. It has been
used by many authors as a benchmark for seart algorithms (Johnson et
al., 1991;Korf, 1996;Walsh, 1997;Ruml, 2001a). Following Ruml, we used
instances with 128 44-digit numbers or 256 82-digits numbers. Arbitrary

precision integer arithmetic was used in the implemertation, and results
were normalized as if the original numbers had beenbetween0 and 1. The
logarithm of the partition di erence was usedas the leaf cost.

4.1.1 Greedy Num ber Partitioning

The rst formulation of partitioning asa seard is a straightforward greedy
encaling in which the numbers are sorted in descendingorder and then
eadh decisionplacesthe largest remaining number in a partition, preferring
the partition with the currently smaller sum. Figures 4 and 5 comparethe

11
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performanceof BLFS with DFS, ILDS, DDS, and the adaptive probing al-
gorithm of Ruml (2001a), which guides seard using a similar learned cost
model but is stochastic and incomplete. Error bars in the gures indicate
95% con dence intervals around the mean. Although BLFS does not sur-
passDFS in this seard space,it doesseemto consisterily track DFS asthe
problem sizeincreases,unlike ILDS and DDS, whosesolution quality actu-
ally decrease®n the larger problems. BLFS also doesnot seemto su er in
comparisonto adaptive probing, even though it has a further guararntee of
completeness.

4.1.2 CKK Num ber Partitioning

A more sophisticated represertation for number partitioning was suggested
by Korf (1995), basedon the heuristic of Karmarkar and Karp (1982). The
essetial ideais to postponethe assignmem of numbersto particular parti-
tions and merely constrain pairs of number to lie in either di erent bins or
the samebin. Numbers are consideredin decreasingorder and constrained
setsare reinsertedin the list accordingto the remaining di erence they rep-
resen. Figure 6 and 7 comparethe performanceof BLFS with DFS, ILDS,

13
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BLFS IDA*
f (n) | bestleaf belov n  best path through n
model | from user additive
g(n) | learned from problem
h(n) | learned from user
updating bound | estimation add
rational optimal

Table 2: A comparisonof BLFS and ID A*.

and DDS. (Adaptiv e probing takestoo long to learn to follow the powerful
heuristic in this spaceand would be o the top of both plots.) Whereas
BLFS wastracking DFS in the greedyseard space,it performs comparably
to ILDS when using this CKK represetiation on smaller problems. And on
larger problems, BLFS surpassesall the other algorithms.

In summary, we have seenthat BLFS can successfullyadapt to di erent
seart spaces,even given only obsened leaf costs. It is more robust than
other algorithms, always performing competitiv ely with or better than the
best previousstrategy. Of course,comparisonsagainstadditional algorithms
and tests in domains of more practical utilit y will yield a fuller perspective.

5 Relations to Shortest-P ath Algorithms

Although BLFS was designedfor conmbinatorial optimization and constraint
satisfaction, its basic framework of iterativ ely expanding bounded seard
is also found in the iterativ e-deegning A* (ID A*) algorithm for shortest-
path problems (seeTable 2). Both algorithms visit nodesin an order that
approximates increasingpredicted cost. IDA* is guided by a node evaluation
function, traditionally notated f (n), which is the sum of two parts: the
path cost from the start state to n, notated g(n), and a heuristic estimate
of the cost of the best path from n to the goal, notated h(n). If h(n) never
overestimates, IDA* returns an optimal path. By the nature of its task,
IDA* assumesthe cost of a path is linear in the edge costs. The node
ewvaluation in BLFS re ects the cost of the best leaf in the node's subtree,
and its model was divided into additive componerts in this paper only for
e ciency (as we sav when precomputing the optimal path completions for
BLFS). Becausethe edgecostsare not inherent in the problem, the model
must be learned. And becausethe cost model is explicit and known, the
cost bound can be updated e cien tly even when few nodes have the same

15



cost, unlike with IDA*.

This uni cation clari es the commonconfusionthat many newcomersto
Al feel when they seethe term “heuristic seard' applied to both shortest-
path problemswith an explicit h(n) and alsoto procedureslike DFS with a
node ordering function. BLFS makesit clear that a node ordering function
is just a rough indicator of the cost of the best leaf in the subtree, and by
adhering to this semairics, it approximates a rational seard order.

6 Possible Extensions

It would be very interesting to explore other models besidesthose inves-
tigated here. It should be straightforward to conmbine on-line learning of
weights with the heuristic child scoresusedin indecisionseard. This would
relax the assumption that heuristic scoresare strictly comparable across
levels. Multiple models could be trained simultaneously and the one with
the lowest error on the previous iteration could be usedto guide seard. By
constraining adjacert coststo be similar, fewer parameterswould be needed
in the model, and it might be feasibleto considerlearning models for both
value choice and variable choice (Ruml, 2001b).

BLFS currently does not take into accourt the uncertainty in its cost
model or the possible bene ts of visiting a leaf predicted to be poor. A
drastically misestimated cost can causethe seart to avoid the correspond-
ing edgeand fail to correct the estimate. One way to remedy this would
be to use as a node evaluation the probability that the node leadsto the
optimal leaf. This could be computed from a child cost model by estimating
variance and assumingnormality, following Ruml (2001a). The cost bound
on ead iteration would becomea probability bound. This seemssimilar to
the methods proposedby Bedrax-Weiss(1999), although her algorithm was
trained and scheduled o -line.

Tedniquesfor managingthe trade-o betweentime and expected solu-
tion improvemert are orthogonal to this work, and could be applied on top
of it. Mayer (1994) and Hansson(1998) have done preliminary work in this
direction.

7 Conclusions

We introduced best-leaf- rst seard (BLFS), a new framework for seard-
ing the bounded-depth trees that arise in combinatorial optimization and

16



constraint satisfaction problems. BLFS generalizesprevious work, and rep-
reserns the rst successfurational approac to seart for this setting. Em-
pirical results show that, evenwith simple cost models, BLFS performs well
on a variety of synthetic benchmark problems, yielding results competitiv e
with or superior to the best previous method for ead problem. It retains
completenesswhile adapting on-line to individual problem instances, and
usesan explicit model of its assumptions. Perhapsmost importantly, BLFS
shaws how seart for conmbinatorial optimization and constraint satisfaction
can be viewed from a perspective similar to that of traditional heuristic
seart for shortest-path problems, asthe strategy of a rational agen trying
to e cien tly take advantage of heuristic information for problem-solving.
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9 App endix: Histogram Implemen tation

The probability distributions described in the text are estimated on-line us-
ing histograms. When adding samplesto an empty histogram, individual

data values are recorded until a xed sizelimit is reaced (100 in the ex-
periments reported here). At this point, eat value becomeshe certer of a
bin which reaches halfway to its neighboring values. (Bins on the endsare
symmetrical.) When additional samplesare added,the weights of the appro-
priate bins are increased. When the weight of a single bin exceedgswice the

lowest weight of any adjacert pair of bins, the heavy bin is split into equal
halves and the light pair is collapsed. Operations such as the addition of
distributions are fairly straightforward but tedious to program. Four cases
must be considered,as the two distributions involved may ead consist of
point-lik e valuesor bins. Consideringhistogram elemeris in a random order
avoids biasing bin accuracy Time complexity is bounded by the square of
the histogram size limit. Sourcecode will be made freely available at the

author's website.
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