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Separating Hyperplane
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Hyperplane: β0 + x>β = 0
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Blue: β0 + x>β > 0



Separating Hyperplane
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Red: β0 + x>β < 0



�estion

I Which other classification methods classify using a separating
hyperplane?



Best Separating Hyperplane
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I Data is separable
I Why would either one be be�er than others?



Separating Hyperplane Methods

How is it computed?
I Logistic regression:

Maximum likelihood

I LDA:

Maximum likelihood

I Support vector machines: Maximum margin
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Computing Maximum Margin Hyperplane
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I Class labels: yi ∈ {−1,+1} (not {0, 1})
I Solve a quadratic program (assume one of the features is a

constant to get the equivalent of an intercept)

max
β,M

M

s.t. yi(β
>x) ≥M

‖β‖2 = 1



Non-separable Case
I Rarely lucky enough to get separable classes
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Almost Unseparable Cases

I Maximum margin can be bri�le even when classes are
separable
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Introducing Slack Variables

I Maximum margin classifier

max
β,M

M

s.t. yi(β
>x) ≥M

‖β‖2 = 1

I Support Vector Classifier a.k.a Linear SVM

max
β,M,ε≥0

M

s.t. yi(β
>x) ≥ (M − εi)

‖β‖2 = 1

‖ε‖1 ≤ C

I Slack variables: ε
I Parameter: C

What if C = 0?
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E�ect of Decreasing Parameter C
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What About Nonlinearity?
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Dealing with Nonlinearity

I Introduce more features, just like with logistic regression
I It is possible to do be�er with SVMs
I Primal�adratic Program

max
β,M

M

s.t. yi(β
>x) ≥M

‖β‖2 = 1

I Equivalent Dual �adratic Program (usually max-min, not
here)

max
α≥0

M∑
l=1

αl −
1

2

M∑
j,k=1

αjαkyjyk〈xj , xk〉

s.t.
M∑
l=1

αlyl = 0



SVM Dual Representation
I Dual�adratic Program (usually max-min, not here)
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I Representer theorem: (classification test):

f(z) =

M∑
l=1

αlyl〈z, xl〉 > 0

I Only need the inner product between data points
I Define a kernel function by projecting data to higher

dimensions:
k(x1, x2) = 〈φ(x1), φ(x2)〉
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Kernelized SVM

I Dual�adratic Program (usually max-min, not here)

max
α≥0

M∑
l=1

αl −
1

2

M∑
j,k=1

αjαkyjykk(xj , xk)

s.t.
M∑
l=1

αlyl = 0

I Representer theorem: (classification test):

f(z) =

M∑
l=1

αlylk(z, xl) > 0



Kernels

I Polynomial kernel

k(x1, x2) =
(
1 + x>1 x2

)
I Radial kernel

k(x1, x2) = exp
(
−γ‖x1 − x2‖22

)
I Many many more



Polynomial and Radial Kernels
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SVM vs LDA: Train

False positive rate
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Multiple Classes

I One-vs-one

I One-vs-all



SVM vs Logistic Regression
I Logistic regression: Minimize negative log likelihood
I SVM: Minimize hinge loss
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yi(β0 + β1xi1 + . . . + βpxip)

Bo�om line: use SVM when classes are be�er separated or there a
good kernel


