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Sequential Decision-Making
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Sequential Decision-Making

Sequential Decision-Making under Uncertainty
?

How Canl...?

» Move around in the physical world (navigation)

v

Play and win a game

v

Control the throughput of a power plant (process control)

v

Manage a portfolio (finance)

v

Medical diagnosis and treatment
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Sequential Decision-Making

Reinforcement Learning (RL)

Action

F

% Reward Envi

State

» RL: A class of learning problems in which an agent interacts
with a dynamic, stochastic, and incompletely known
environment

» Goal: Learn an action-selection strategy, or policy, to
optimize some measure of its long-term performance

» Interaction: Modeled as a MDP

M. Ghavamzadeh — Risk-averse Decision-making & Control

A

Adobe




Sequential Decision-Making

Markov Decision Process

» An MDP M is a tuple (X, A, R, P, ).
» X: set of states

A: set of actions

v

» R(x,a): reward random variable, r(z,a) = E[R(z,a)]
» P(-|z,a): transition probability distribution

» Py(-): initial state distribution

v

Stationary Policy: a distribution over actions, conditioned on
the current state u(-|z)

A
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Sequential Decision-Making

Discounted Reward MDPs

For a given policy u

Return

D*(x) = ¥ R(zs,a1) | w0 = =, p
=0
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Sequential Decision-Making

Discounted Reward MDPs

For a given policy u

Return

D*(x) = ¥ R(zs,a1) | w0 = =, p
=0

Risk-Neutral Objective

* = arg max Z Py(z)VH(z)
H zeX

where V¥ (z) = E[DH(z)].
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Sequential Decision-Making

Discounted Reward MDPs
For a given policy u

Return

D) =3 ' Riae,ar) | wo = 2, p
t=0

Risk-Neutral Objective (for simplicity)

p* = arg max V*(20)
m

20 is the initial state, i.e., Py(z) = d(x — 20).
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Sequential Decision-Making

Average Reward MDPs
For a given policy u

Average Reward

ZRt|M

pp) = lim fE

T—oo T
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Sequential Decision-Making

Average Reward MDPs
For a given policy u

Average Reward

ZRt|M

pp) = lim fE

T—oo T

ZW“(;U, a) r(z,a)
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Sequential Decision-Making

Average Reward MDPs
For a given policy u

Average Reward

pp) = lim *E

T—oo T

ZRt | ,u] = Zﬂ“(x,a) r(x,a)

7w (x, a): stationary dist. of state-action pair (x,a) under policy .
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Sequential Decision-Making

Average Reward MDPs
For a given policy u

Average Reward

pw) = Jim L E

T—oo T

ZRt | ,u] = Zﬂ“(x,a) r(x,a)

7w (x, a): stationary dist. of state-action pair (x,a) under policy .

Risk-Neutral Objective

i = arg max p(j)
w
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Sequential Decision-Making

Return Random Variable

return random variable

27 (x,a¢) | mo =, p
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Sequential Decision-Making

Return Random Variable

return random variable

27 (x,a¢) | mo =, p

Policy 14

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z'th(xt,at) | zo =z, p
t=0

Policy 1t

Trajectory 1 ==7Y _#veem, _.

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z'th(xt,at) | zo =z, p
t=0

Policy [t

Trajectory 1 ==7Y __evee=, .

Trajectory 2 ==\ oV

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z’th(xt,at) | zo =z, p
t=0

Policy [t

Trajectory 1 «=7Y _#Veem, _,
Trajectory 2 «=7N __#Veemy .

Trajectory 3 ==7Y _#Veem, _.

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z’th(xt,at) | zo =z, p
t=0

Policy [t

Trajectory 1 ==Y __#%ec=, _.
Trajectory 2 «=7N __#Vewm, _,
Trajectory 3 ==Y _.#Vee=, _.

Trajectory 4 «=7% __#Veem, _,

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z’th(xt,at) | zo =z, p
t=0

Policy 1t

Trajectory 1 ==7% Vo=, .
Trajectory 2 «=7Y %=, _,
Trajectory 3 ==7Y __eVeamy .

Trajectory 4 == __#Vew=,__,

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z’th(xt,at) | zo =z, p
t=0

Policy 1t

Trajectory 1 ==7% __#%Veom, .
Trajectory 2 ==7N __oveam, .
Trajectory 3 ==7Y _oVee=, .

Trajectory 4 ==7% __#Veom, .

Return "‘

isk-averse Decision-making & Control Adobe




Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z’th(xt,at) | zo =z, p
t=0

Policy 1t

Trajectory 1 ==7N __eVeom, .
Trajectory 2 —“\_«*‘__-\'_,

Trajectory 3 ==Y _vew=,__,

Trajectory 4 ==7N __eVeom, .

Return "‘
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Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z’th(xt,at) | zo =z, p
t=0

Policy 1t

Trajectory 1 ==7% o Vew=, .
Trajectory 2 «==7V __#Veemy .,
Trajectory 3 ==7Y _#Veem, .

Trajectory 4 ==7V __#Veem, .,

Retur|
turn "‘

isk-averse Decision-making & Control Adobe




Sequential Decision-Making

Return Random Variable

return random variable

D#(x) = Z'th(xt,at) | zo =z, p
t=0

Policy 1t

Trajectory 1 ==7% __#veom, .

Trajectory 2 «=7% __eveam, _.

\

L=

Trajectory 3 ==7% __#Veom, .

Probability
N

Trajectory 4 «==7% __#veom, .

..........-‘\

eoe
\

Mean
Return

Return
Fa\
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Risk-Sensitive Sequential Decision-Making
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return random variable

DH(x) = Z’th(xt,at) | zo =z, p
t=0
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return random variable

DH(x) = Z’th(xt,at) | zo =z, p
t=0

> a criterion that penalizes the variability induced by a given policy
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return random variable

DH(x) = Z’th(xt,at) | zo =z, p
t=0

> a criterion that penalizes the variability induced by a given policy

> minimize some measure of risk as well as maximizing the usual
optimization criterion
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Risk-Sensitive Sequential Decision-Making
Risk-Sensitive Sequential Decision-Making
Objective: to optimize a risk-sensitive criterion such as

> expected exponential utility (Howard & Matheson 1972, Whittle 1990)
» variance-related measures (Sobel 1982; Filar et al. 1989)

» percentile performance (Filar et al. 1995)
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making
Objective: to optimize a risk-sensitive criterion such as

> expected exponential utility (Howard & Matheson 1972, Whittle 1990)
» variance-related measures (Sobel 1982; Filar et al. 1989)

» percentile performance (Filar et al. 1995)

Open Question 777

construct conceptually meaningful and computationally tractable criterial
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making
Objective: to optimize a risk-sensitive criterion such as

> expected exponential utility (Howard & Matheson 1972, Whittle 1990)
» variance-related measures (Sobel 1982; Filar et al. 1989)

» percentile performance (Filar et al. 1995)

Open Question 777

construct conceptually meaningful and computationally tractable criterial

mainly negative results
(e.g., Sobel 1982; Filar et al., 1989; Mannor & Tsitsiklis, 2011)
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return  random variable

o)
D¥(z) = Zth(xt,at) |zo =2, u

t=0

Probability

Return

max Mean(D")
uw
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return  random variable

o)
D¥(z) = Zth(xt,at) |zo =2, u
=0

Probability
Probability
~
-

Return Return

max Mean(D*)
o

max Mean(D")
® s.t. Var,(D*) < p

A
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return  random variable

o)
D¥(z) = Zth(xt,at) |zo =2, u
=0

Probability
Probability
~
—
Probability
N

Mean
Return Return Return

max Mean(D")
o

max Mean(D*)
= s.t. Var,(D!) <

A
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return  random variable

o)
D¥(z) = Zth(xt,at) |zo =2, u
=0

Probability
Probability
~
~
Probability
N

Return Return 0.1 Return

max Mean(D")
o

max Mean(D")
& s.t. Var,(D!) <

A
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return  random variable

o
Zth(xt,at) | zo =2, p

D#(x) =
t=0
i
i
i
> i | 2 2 —~.
= [ = N 3 P
2 i ] ! 2 R
2 i a / \ 2 S |
3 [ [ / \ o - i
o .
¢ i '\ & / \ CVaR b
[ / \ e o
. . \
i , \ 27 AN
) \ _.- ~ U : —
T var M,
Return Return To.1 ean Return

max Mean(D") i Mean(D*)

H s.t. Var,(D*) < g

Control

avamzadeh — Risk-averse Decisiol

A

Adobe




Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

return  random variable

o)
D¥(z) = Z’th(xt,at) |zo =2, u

t=0
i
i
i
Z i z - £ -
3 X 3 N 3 N
'3 l ! -§ / Y '3 VR !
= ! = \ = ‘ |
e il < / \ & CVaR i
| ‘\ 7 \ JI A \
N . )
// . ’./'/ .- RS Il N
T
Return Return VQRO»I Mean Return
max Mean(D*") max Mean(D*)
max Mean(DV) & g
# st. Varg(D*) < B st. CVaRq(DH) >3

A
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

loss  random variable

E ’Y (z4,a¢) | 20 = 2, p

Probability
Probability
Probability

CVaR

i : N

B . / N . .

ooy / \ i | .
0 . =

> > 1

Loss Mean VaR

. min Mean(D# min Mean (D"
min Mean(D") u (D) n (D)

Loss

H s.t. Var(D*) < B s.t. CVaRq(D*) < 8
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Risk-Sensitive Sequential Decision-Making

Risk-Sensitive Sequential Decision-Making

long history in operations research
> most work has been in the context of MDPs (model is known)

> much less work in reinforcement learning (RL) framework

Risk-Sensitive RL
> expected exponential utility (Borkar 2001, 2002)
> variance-related measures (Tamar et al., 2012, 2013; Prashanth & MGH, 2013, 2016)
» CVaR optimization (Chow & MGH, 2014; Tamar et al., 2015)

» coherent risk measures (Tamar, Chow, MGH, Mannor, 2015, 2017)
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Mean-Variance Optimization

Mean-Variance Optimization

A
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Mean-Variance Optimization Discounted Reward Setting
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Mean-Variance Optimization Discounted Reward Setting

Discounted Reward Setting

A
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Mean-Variance Optimization Discounted Reward Setting

Discounted Reward MDPs

Return

D*(x) = ¥ R(zs,ar) | w0 = 2,
=0

Mean of Return (value function)

VH(z)=E [D“(a:)]

Variance of Return (measure of variability)

A(z) = B[D*(2)?] — VA(x)? = UM(x) — V()2
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Mean-Variance Optimization Discounted Reward Setting

Policy Evaluation (Estimating Mean and Variance)

1. A. Tamar, D. Di Castro, and S. Mannor. “Temporal Difference Methods for the
Variance of the Reward To Go”. ICML-2013.

2. A. Tamar, D. Di Castro, and S. Mannor. “Learning the Variance of the
Reward-To-Go”. JMLR-2016.

A
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Mean-Variance Optimization Discounted Reward Setting

Value Function

Return -
D*(z) = S ' Rxe,ar) | wo =, p
t=0
Value Function (mean of return) VE: X - R

VH#(z) = E[D"(z)]
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Mean-Variance Optimization Discounted Reward Setting

Action-value Function

Return
o0
D*(w,a) =Y v'R(zi,a0) | 2o =z, ag = a, p
t=0
Action-value Function (mean of return) QM X xA—R
Q" (z,a) = Z’yT‘Xt,At)|X0—£L‘ Ag=a, p

t=0
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Mean-Variance Optimization Discounted Reward Setting

Bellman Equation

For a policy u

» Bellman Equation for Value Function

Vi (z) = )+ > P, p(x) VF(a)
r'eX

» Bellman Equation for Action-value Function

Q“(:ca)—rxa—f—’yz (2'|z,a)VH(z")

r’'eXx

r(x,a) +’yz 2|z, a)Q" (2, p(a"))

r'eX
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Mean-Variance Optimization Discounted Reward Setting

Variance of Return

Variance of Return (measure of variability)

UH(z)

Square Reward Value Function

UH(z) = E[D*(x)?]

Square Reward Action-value Function

WH(z,a) = E[D*(z,a)?]
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Mean-Variance Optimization Discounted Reward Setting
Bellman Equation for Variance (sobel, 1952)
For a policy u

» Bellman Equation for Square Reward Value Function

U () = r(z, p(2))* +4° > P('), p(@)) UM (2')
r’eX
+ 297 (2, p(z Z P (2! |z, p(x)) VH(z")
r’eX

» Bellman Equation for Square Reward Action-value Function

WH(z,a) = r(z,a)* +~2 Z P(2'|z,a)U* (")
r'eX

+2yr(z,a) Y P(a'|z,a)V*(a)
T'eEX
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Mean-Variance Optimization Discounted Reward Setting

Dynamic Programming for Optimizing Variance (sobel, 1952)

V' is amenable to optimization with policy iteration

Vi (z) > V2 (z), Ve e X = Q"'(x,a) > Q"*(x,a), V€ X, Vac A

A is not amenable to optimization with policy iteration

AV (x) > A" (z), Ve e X =5 A"(z,a) > A"?(z,a), Vz € X, Va € A
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Mean-Variance Optimization Discounted Reward Setting

Dynamic Programming for Optimizing Variance

U alone does not satisfy the implication

U (z) > U"(x), Ve e X =5 W' (z,a) > W' (z,a), Ve € X, Va € A

but U and V together do

Vit (z) > V*(z), Vo € X
= W"Y(z,a) > W"?(z,a), Vz € X, Va € A
U (z) > U"*(z), Ve € X
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Mean-Variance Optimization Discounted Reward Setting

Bellman Equation for Variance

Bellman equation for U* is linear in V# and U*

Ut(z) =r(z, p(z +72 Z P (2|, p())Ur (o)

z'eX

+ 2yr(z, p(z)) Z P (2|, p(z)) VH (o)

r'eX
Bellman equation for A* is not linear in V* and A#

A () =Ur(z) = VH(2)’
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Mean-Variance Optimization Discounted Reward Setting

TD Methods for Variance

V@) = r(z @) + 7 ex P |2, p(@) Vi)
u _ 2 2 / ot (1)
Ut(z) = r(z,pw@)” +9° Y cx P |z, p(z)) U (2)
2y (@ (@) Dy Pl (@) VA ()

» solution to (1) may be expressed as the fixed point of a linear
mapping in the joint space V and U

A
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Mean-Variance Optimization Discounted Reward Setting

TD Methods for Variance

Vi(z) = )+ Z P (2|2, p(x)) V" (2)
[T 2] (2)
Ut(z) = ( +'y? Z P ", (e U“(x') (1)

+  29r(z, p(x)) Z P (2|2, p(z)) V¥ (z")

z'eXx

[THZ]y (x)

» solution to (1) may be expressed as the fixed point of a linear
mapping in the joint space V and U

7R SR 2= (zy eRI¥ Zp eRIYY | TRz =2Z

A
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Mean-Variance Optimization Discounted Reward Setting

TD Methods for Variance

Vi) = z)) +v > Pa'|z, u(x)V* ()
z'eXx
(T4 21y ()
U@) = (o p@)’+9° Y P'le, p(@) U (@) (1)
' eX

+  2yr(z, p(x)) Z P(a' |2, u(z)) V¥ (")

z'eXx

[THZ]y (=)

» projection of this mapping onto a linear feature space is contracting
(allowing us to use TD methods)

Sy ={v ¢g(z) |veR2,zeX} , Su={u ¢u(z)|uecRkR™ zec}
My R > 8y, Ty :RY 5 55 H:(HOV HOU) . Z=N1T"Z

A
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Mean-Variance Optimization Discounted Reward Setting

TD(0) Algorithm for Variance

TD(0) for Variance (Tamar et al., 2013)

Ver1 = v + (1) dy (1) U1 = Ug + C(t)€rPu(T¢)

where the TD-errors 0; and ¢; are computed as
¢ T T
0t = (T, a5) + YUy Go(Tet1) — vy Do(Tt)

e = (e, ar)? + 297 (e, ar)v] o (T41) + VU Gul(@is1) — uf du(we)
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Mean-Variance Optimization Discounted Reward Setting

Relevant Publications

1. T. Morimura, M. Sugiyama, H. Kashima, H. Hachiya, and T. Tanaka.
“Parametric return density estimation for reinforcement learning”. arXiv, 2012

2. M. Sato, H. Kimura, and S. Kobayashi. “TD algorithm for the variance of
return and mean-variance reinforcement learning”. Transactions of the Japanese
Society for Artificial Intelligence, 2001.

3. M. Sobel, “The variance of discounted Markov decision processes”. Applied
Probability, 1982.

4. A. Tamar, D. Di Castro, and S. Mannor. “Temporal Difference Methods for the
Variance of the Reward To Go”. ICML, 2013.

5. A. Tamar, D. Di Castro, and S. Mannor. “Learning the Variance of the
Reward-To-Go”. JMLR, 2016.

A
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Mean-Variance Optimization Discounted Reward Setting

Policy Gradient Algorithms

1. A. Tamar, D. Di Castro, and S. Mannor. “Policy Gradients with Variance
Related Risk Criteria”. ICML-2012.

A
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Mean-Variance Optimization Discounted Reward Setting

Discounted Reward MDPs

Return

D*(x) = ¥ R(zs,ar) | w0 = 2,
=0

Mean of Return (value function)

VH(z)=E [D“(a:)]

Variance of Return (measure of variability)

A(z) = B[D*(2)?] — VA(x)? = UM(x) — V()2
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Mean-Variance Optimization Discounted Reward Setting

Discounted Reward MDPs

Risk-Sensitive Criteria

1. Maximize V*#(z%) st. AH(20) <a

2. Minimize A#(2%) st. VH(2%) >«

3. Maximize the Sharpe Ratio: V*(2°)/\/A#(20)

4. Maximize VH(2%) — aA#(2)
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Mean-Variance Optimization Discounted Reward Setting

Mean-Variance Optimization for Discounted MDPs

Optimization Problem

max V#(z%) st A*z%) <a
o
penalty function

L 1700,0 0.0
max Ly(0) = V(") = AT (A"(2") — a)

A class of parameterized stochastic policies
{u(-|lz;0), z€ X, 6 € © CR™}

A
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Mean-Variance Optimization Discounted Reward Setting

Mean-Variance Optimization for Discounted MDPs

Optimization Problem

max V#(z%) st A*z%) <a
o
penalty function

L 1700,0 0.0
max Ly(0) = V(") = AT (A"(2") — a)

A class of parameterized stochastic policies
{u(-|lz;0), z€ X, 6 € © CR™}

To tune 0, one needs to evaluate
VoLr(0) = VoV (2®) — AI" (A% (2°) — a) VoA? (2°)

A
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Mean-Variance Optimization Discounted Reward Setting

Computing the Gradient

Computing the Gradient VL, (0)

VeV?(a®) = E¢ [D(€) Vo log P(£]6)]

VoA?(2°) = E¢ [D(€)? Vg log P(€]9)] — 2V?(a°) VoV (2°)

A System Trajectory of length 7 generated by policy 6:

&= (zo =2 a0 ~ p(|zo), x1,a1 ~ p(:-|21), .., 2ro1, a1 ~ p(-lar 1))
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Mean-Variance Optimization Discounted Reward Setting

Computing the Gradient

Computing the Gradient VL, (0)

VoV (a°) = E¢ [D(€) Vg logP(£]0)]
VoA?(2°) = B¢ [D(€)? Vo log P(¢]0)] — 2V (2%) VoV (2?)

VologP(£]0) = ZV(;I() plag|xe; 0)

t=0

A System Trajectory of length 7 generated by policy 6:

£=(z0= 2% a0 ~ pu(-|xo), 21,01 ~ p(|T1), ..o ety @r1 ~ p(-lzr-1))

M. Ghavamzadeh — Risk-averse Decision-making & Control Adobe




Mean-Variance Optimization Discounted Reward Setting

Risk-Sensitive Policy Gradient Algorithms

VoL (0) = VoV (2°) — AT (A?(2%) — o) Ve A? (2°)
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Mean-Variance Optimization Discounted Reward Setting
Risk-Sensitive Policy Gradient Algorithms
VoL (0) = VoV (2°) — AT (A?(2%) — o) Ve A? (2°)

VoV (a0) = E¢ [D(€) Vo logP(£]0)]
VoA (20) = E¢ [D(€)? Vg log P(£]0)] — 2V (2°) VoV (2)
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Mean-Variance Optimization Discounted Reward Setting

Risk-Sensitive Policy Gradient Algorithms
VoL (0) = VoV (2°) — AT (A?(2%) — o) Ve A? (2°)

VoV (a0) = E¢ [D(€) Vo logP(£]0)]
VoA (20) = E¢ [D(€)? Vg log P(£]0)] — 2V (2°) VoV (2)

At each iteration k, the algorithm

> Generates a trajectory & by following the policy 0% and

» Update the parameters as
Vir1 = Vi + C2(k) (D) — Vi)
Apg1 = Ay + Ca(k) (D)2 = V2 — Ay)
Oie1 = 01 + 1 () (D(&) = M Bicyr — @) (D(Er)? — 201D (6r) ) Vo log P(€x 61)
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Mean-Variance Optimization Discounted Reward Setting

Risk-Sensitive Policy Gradient Algorithms
At each iteration k, the algorithm

> Generates a trajectory & by following the policy 0% and

» Update the parameters as
Virr = Vi + Ga(k) (D(&x) — V)
Rit1 = Ap + C2(k) (D(&)? — V2 — Ag)
Oi41 = O + 1 (k) (D(&k) = AT’ (R1 = ) (D(ER)? = 201 D(€)) ) Vi log P(¢x61)

step-sizes {C2(k)} and {¢1(k)} are chosen such that the mean and variance
updates are on the faster time-scale than the policy parameter.

C1(k) = o(¢2(k)) or equivalently klim k) _

M. Ghavamzadeh — Risk-averse Decision-making & Control
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Mean-Variance Optimization Discounted Reward Setting
RiSk—SenSitive PO|ICy Gradient A|gor|thms (Optimizing Sharpe Ratio)
At each iteration k, the algorithm

> Generates a trajectory & by following the policy 65 and

» Update the parameters as
Vierr = Vi + G (k) (D (&) — Vi)

A1 = A + C2(k) (D)2 — V2 — Ay)

k Vir1D(€k)? — 2D(&,) V2
Op11 =0 + —— k) <D(§k) ML) Vg log P(€x|6x)
\/Ak+1 2kt
Y er———— |
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Mean-Variance Optimization Discounted Reward Setting
RiSk—SenSitive PO|ICy Gradient A|gor|thms (Optimizing Sharpe Ratio)
At each iteration k, the algorithm

> Generates a trajectory & by following the policy 65 and

» Update the parameters as
Vierr = Vi + G (k) (D (&) — Vi)

A1 = A + C2(k) (D)2 — V2 — Ay)

. Vier1D ()2 — 2D(&,) V2
Goas = Ox + ¢ (k) <D(£k) Ve («Sk)A Er)Viiy
2Ag 41

VAk+1

> Vo log P(&x|0k)

|two time-scale stochastic approximation algorithml
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Experimental Results
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Mean-Variance Optimization Discounted Reward Setting

Simple Portfolio Management Problem (tamar et al., 2012)

Problem Description

State: z; € RVN1?

x,ED € [0,1] fraction of investment in liquid assets

2, zN T € [0,1] fraction of investment in non-liquid assets

with time to maturity 1,..., N time steps

xENH) deviation of interest rate of non-liquid assets from its mean
Action: investing a fraction « of the total available cash in a non-liquid asset
Cost: logarithm of the return from the investment

Aim: find a risk-sensitive investment strategy to mix liquid assets with fixed
interest rate & risky non-liquid assets with time-variant interest rate

M. Ghavamzadeh — Risk-averse Decision-makin Control Adobe
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Discounted Reward Setting

Results - Simple Portfolio Management Problem

non-liquid

liquid

Dynamics of the investment

M. Ghavamzadeh
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Mean-Variance Optimization Discounted Reward Setting
Summary - Risk-Sensitive Policy Gradient Algorithms

> Algorithms can be implemented as single time-scale
(generating several trajectories from each policy & then update)

> )\ is assumed to be fixed (selecting )\ from a list)
(learning \ adds another time-scale to the algorithm)

» The unit of observation is a system trajectory (not state-action pair)
» algorithms are simple (+)
> better-suited to un-discounted problems (episodic)

» unbiased estimates of the gradient (+)

» high variance estimates of the gradient
(variance grows with the length of the trajectories) -)
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Actor-Critic Algorithms

. Prashanth L. A. and MGH. “Actor-Critic Algorithms for Risk-Sensitive MDPs".

NIPS-2013.

. Prashanth L. A. and MGH. “Variance-constrained Actor-Critic Algorithms for
Discounted and Average Reward MDPs”. MLJ-2016.

A
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Mean-Variance Optimization for Discounted MDPs

Optimization Problem

max V*(z%) st A*aY) <a

1

max mgin L) = V() + A(A%(20) - @)

A class of parameterized stochastic policies
{u(|z;0), € X, 6 € © CR™}

A
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Mean-Variance Optimization for Discounted MDPs

Optimization Problem

max V*(z%) st A*aY) <a

1

max mgin L) = V() + A(A%(20) - @)

A class of parameterized stochastic policies
{u(|z;0), € X, 6 € © CR™}

One needs to evaluate Vo L(0,)\) and V,L(6, \) to tune 6 and A

A
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Mean-Variance Optimization for Discounted MDPs

Optimization Problem

max V*(z%) st A*aY) <a

”w
max min (6, \ 2 00 + A(A(20) — a)

A class of parameterized stochastic policies
{u(|z;0), € X, 6 € © CR™}

One needs to evaluate Vo L(0,)\) and V,L(6, \) to tune 6 and A

The goal is to find the saddle point of L(6, \)

A
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Computing the Gradients

Computing the Gradient VL(6, \)

(1 —~)VeV(2? Zﬂ' z,a|lz®) Vg log u(alz; 0) Q°(x, a)
(1 —~+*)VeU?(2° Zﬂ' z,alz®) Vg log u(alz; 0) W (z,a)

+ 2y Z (z,alz®) P(z'|z,a) r(z,a) VoV (2')

z,a,z’

79 (z,alz’) and 7(x,a|z") are v and v* discounted visiting state

distributions of the Markov chain under policy 6
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Why Estimating the Gradient is Challenging?

Computing the Gradient VL(6, \)

(1—7)VeVo(z Zﬂ' z,a|z’) Vg log u(alz; 0) Q°(x, a)

(1 —~+*)VeU?(2° ZTI’ (z,a|2°) Vg log p(alz; 6) WP (x,a)

+ 2y Z (z,alz®) P(z'|z,a) r(z,a) VoV (2')

z,a,z’

79 (z,alz’) and 7(x,a|z") are v and v* discounted visiting state

distributions of the Markov chain under policy 6
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Mean-Variance Optimization Discounted Reward Setting

Why Estimating the Gradient is Challenging?

Computing the Gradient VL(6, \)

(1—7)VeVo(z Zﬂ' z,a|z’) Vg log u(alz; 0) Q°(x, a)

(1 —~+*)VeU?(2° ZTI’ (z,a|2°) Vg log p(alz; 6) WP (x,a)

+ 2y Z (z,a|z°) P(z'|z,a) r(z,a) VoV (z))

z,a,z’

79 (z,alz’) and 7(x,a|z") are v and v* discounted visiting state

distributions of the Markov chain under policy 6
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Simultaneous Perturbation (SP) Methods

Idea: Estimate the gradients VoV ?(2°) and VoU?(2°) using two simulated
trajectories of the system corresponding to policies with parameters 6 and
0t =0+ B8A, B>0.

Our actor-critic algorithms are based on two SP methods

1. Simultaneous Perturbation Stochastic Approximation (SPSA)

2. Smoothed Functional (SF)

M. Ghavamzadeh — Risk-averse Decision-m & Control
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Mean-Variance Optimization Discounted Reward Setting

Simultaneous Perturbation Methods

SPSA Gradient Estimate
‘79+BA(xO) . V@(x0>

89(1-) ‘70 (.2?0) ~ ﬁA(i) 9

i = 1, v |
A is a vector of independent Rademacher random variables

SF Gradient Estimate

~ A@ I )
Bpy VO(2°) = T(V9+'BA(1‘O)—V9($0)>, i=1,...,K

A is a vector of independent Gaussian A/(0,1) random variables
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Mean-Variance Actor-Critic Algorithm

BA:

Trajectory 1

Trajectory 2

Critic

Actor

o Critic Actor
> &~ ulad 79+)}_>{6f e v, uy ‘—’ Update 6,

___,’ ar ~ p(-|xe; 0;) ’ﬂ,’ Sty €1, Vg, Up ‘_, or (9)

0t+1
using (8)

Critic
take action a¢ ~ u(-|z¢; 0t), observe reward r(z¢, a¢) and next state z;41

take action a;f ~ u(:|z;";6;"), observe reward 7(z;, a;") and next state

+
Tii1

update the critic parameters vy, v?’ for value and wuy, uj’ for square value
functions in a TD-like fashion

estimate VV?(20) and VU?(20) using SPSA or SF and update the policy
parameter 6 and the Lagrange multiplier A

A
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Mean-Variance Optimization Discounted Reward Setting

Mean-Variance Actor-Critic Algorithm

Critic Updates (Tamar et al., 2013)

Vi1 = Vs + C3(1) 0t o (x4) 'U:;q = U:— + G (t)5t+¢11 (x:')
U1 = ur + C3(t)€rdu(x4) Uj_+1 =ut + C3(t)€j—¢u(xr)

where the TD-errors d;, ;" , e, €; are computed as

xj’,a:—) + 'YU:—T¢1J(1':_+1) - U:—T(ﬁv(m:—)
e = 1z, a1)” + 29724, an)vy do(@er1) + 770 Gul(@esr) — uf dul(z)

2 T 2 4T T
=z, af)* + 2yr(ad, e v gu(aiin) + 77w gulzifi) — ul ' gulad)
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Mean-Variance Actor-Critic Algorithm

Actor Updates

68, =T, {9@ + ;Z((‘Z) ((1 + 20007 o (20)) (v — ) T b (2°) — Ae(uf — ut)T(bu(mO))}
t

(SPSA)
) ) (2)
9521 =T; |:6'£1) + % ((1 + 2/\tv;r¢v (aco)) (v;F — vt)Tqbv(a:O) - /\t(u,;F - ut)T(,bu(xO))
(SF)

At41 = Ta [At + i (t) (%Td)u(xo) — (o] $u(2)? - 0‘)]

A
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Mean-Variance Actor-Critic Algorithm

Actor Updates

o5, = Tu[of + ;2(” (4 27T 80 0 = )T 60 (%) = Mt — ) 602 |

N
(SPSA)
) ) (1)
9521 =T; |:6'£1) + % ((1 + 2/\tv;r¢v (aco)) (v;F — vt)Tqbv(a:O) - /\t(u,;F - ut)T(,bu(xO))

(SF)
At+1 =T\ [At + i (t) (U:%(Q«“O) — (o] $u(2)? - a)]
step-sizes {C3(t)}, {C2(t)}, and {(1(¢)} are chosen such that the critic, policy

parameter, and Lagrange multiplier updates are on the fastest, intermediate,

and slowest time-scales, respectively.
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Mean-Variance Actor-Critic Algorithm

Actor Updates

o5, = Tu[of + ;2(” (4 27T 80 0 = )T 60 (%) = Mt — ) 602 |

N
(SPSA)
) ) (1)
9521 =T; |:6'£1) + % ((1 + 2/\tv;r¢v (aco)) (v;F — vt)Tqbv(a:O) - /\t(u,;F - ut)T(,bu(xO))

(SF)
At+1 =T\ [At + i (t) (U:%(Q«“O) — (o] $u(2)? - a)]
step-sizes {C3(t)}, {C2(t)}, and {(1(¢)} are chosen such that the critic, policy

parameter, and Lagrange multiplier updates are on the fastest, intermediate,

and slowest time-scales, respectively.

|three time-scale stochastic approximation algorithml
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Mean-Variance Optimization Average Reward Setting

Outline

Sequential Decision-Making
Risk-Sensitive Sequential Decision-Making

Mean-Variance Optimization

Discounted Reward Setting
Policy Evaluation (Estimating Mean and Variance)
Policy Gradient Algorithms
Actor-Critic Algorithms

Average Reward Setting
Mean-CVaR Optimization

Expected Exponential Utility
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Average Reward Setting

A
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Mean-Variance Optimization Average Reward Setting
Average Reward MDPs

Average Reward

pp) = Jim L E

T—oo T

ZRt|N

Long-Run Variance (measure of variability)

._.

= Y (z,a)[r(@,a)—p(n)]” = lim fE

T—
)| M]
t:O

The frequency of visiting state-action pairs, 7" (x,a), determines the

variability in the average reward.

M. Ghavamzadeh — Risk-averse Decision-making & Control Adobe
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Average Reward MDPs

Average Reward

ZRt|M

pp) = Jim B

T—oo T

Z m(x,a) r(z,a)

Long-Run Variance (measure of variability)

Ap) = 3w (@) [r(e,0) — p()]* = Jim B

T—oo T

Tz_:l Iu]

t=0

= n(p) — p(p)?, where  n(u) = Y 7(z,a) r(z,a)’

M. Ghavamzadeh — Risk-averse Decision-making & Control Adobe
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Mean-Variance Optimization for Average Reward MDPs

Optimization Problem

max p(p) st Alp) <a

R

max mgin L(6,\) —p(6) + A(A(0) — )

One needs to evaluate Vg L(6,\) and VAL(6, \) to tune 6 and A

A
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Computing the Gradients

Computing the Gradient VoL (6, )\)

Vp(0) = > w(w,a;60)V log p(alx; 0)Q(x, a; 6)

Vn(0) = > w(x,a;0)V log p(ala; )W (z, a; 0)

z,a

U*" and W* are the differential value and action-value functions associated
with the square reward, satisfying the following Poisson equations:

n(p) + U*(z Zu alz) |r(x,a)? + ZP(&:’|$, a)UH*(x")

n(w) + WH(z,a) = r(z,a)® + ZP(m’|w,a)U“(x’)

M. Ghavamzadeh — Risk-averse Decision-making & Control

A

Adobe
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Mean-Variance Actor-Critic Algorithm

Input: policy p(+];0) and value function feature vectors ¢, (-) and ¢y (-)
Initialization: policy parameters § = 6p; value function weight vectors v = vg and
u = ug; initial state xg ~ Py(z)
fort=0,1,2,... do

Draw action a¢ ~ pu(-|z¢; 0¢) and observe reward R(zt,a¢) and next state z;41

Average Updates: pyy1 = (1 — Ca(t))pt + Ca(t)R(zs, ar)
e = (1= Ca() e + Ca(t) R(we, ar)?
TD Errors:  6; = R(wt,at) — pro1 + v) ¢o(@ir1) — vf dolat)
et = R(ze,at)® = N1 + uf du(@ir1) — uf dulzr)
Critic Update: w11 = vt + C3(2)01 v (24), ut+1 = ut + C3(t)erdu(xt)
Actor Update: 011 = F(Gt — Ca() (= St + Aelertpe — 25t+15t¢t)))
At+1 =Ty (At + () Fer1 — Pr1 — a))

end for
return policy and value function parameters 6, A, v, u

A
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Mean-Variance Actor-Critic Algorithm

Input: policy p(+];0) and value function feature vectors ¢, (-) and ¢ (-)
Initialization: policy parameters § = 6p; value function weight vectors v = vg and
u = up; initial state xg ~ Py(z)
fort=0,1,2,... do

Draw action a¢ ~ p(-|z¢; 0¢) and observe reward R(zt,a¢) and next state z;41

Average Updates: pyq1 = (1 — Ca(t))pe + Ca(t) R(ze, ar)
M1 = (1= Ca(0) e + Ca(t) R(we, ar)?
TD Errors: 6 = R(wt,at) — pro1 + vg ¢o(@i1) — vf dolat)
et = R(zt,at)? — fop1 + u;¢u($t+l) - UtT‘bu(wt)
Critic Update: vir1 = vt + C3(1)6e o (1), ug1 = ut + (3(t)erdu ()
Actor Update: 011 = F(Gt — () (= Sevpe + Aelertpe — 25t+15t¢t)))
At+1 =Ty (At + G () Ter1 — Pro1 — a))

end for
return policy and value function parameters 6, A\, v, u

A
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Mean-Variance Actor-Critic Algorithm

Input: policy p(+];0) and value function feature vectors ¢, (-) and ¢ (-)
Initialization: policy parameters § = 6p; value function weight vectors v = vg and
u = up; initial state xg ~ Py(z)
fort=0,1,2,... do

Draw action a¢ ~ p(-|z¢; 0¢) and observe reward R(zt,a¢) and next state z;41

Average Updates: pyq1 = (1 — Ca(t))pe + Ca(t) R(ze, ar)
M1 = (1= Ca(0) e + Ca(t) R(we, ar)?
TD Errors: 6 = R(wt,at) — pro1 + vg ¢o(@i1) — vf dolat)
et = R(zt,at)? — fop1 + u;¢u($t+l) - UtT‘lSu(wt)
Critic Update: vir1 = vt + C3(1)6e o (1), ug1 = ut + (3(t)erdu ()
Actor Update: 011 = F(Gt — () (= Sevpe + Aelertpe — 25t+15t¢t)))
At+1 =Ty (At + G () Ter1 — Pro1 — a))

end for
return policy and value function parameters 6, A\, v, u

three time-scale stochastic approximation algorithm |

A
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Experimental Results
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Traffic Signal Control Problem (prashanth & mcH, 2016)

Problem Description

State: vector of queue lengths and elapsed times
Tt =(q1,- -y qN,t1, .-, EN)

Action: feasible sign configurations

Cost:
h(ze) =r1 * [ Z ro * q;(t) + Z s2xq;(t)] 4+ s1% [ Z ro * t;(t) + Z s xt;(t)]
i€lp iglp i€lp iglp

Aim: find a risk-sensitive control strategy that minimizes the total
delay experienced by road users, while also reducing the
variations
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Results - Discounted Reward Setting

0.25 - —— SPSAG
—— RS-SPSA-G
600 [ -
02| /\ i
5 M
= 0.15 - - 400 |- -
= =
2
3 / a
= |
0.1} | .
/ \ 200 - g
\
J10-2 1 B
510 | —e— SPSAG
0 —#—RS-SPSA-G ||
0 1 1 1 | 1 1 1 1 1 L L
25 30 35 40 45 50 55 60 0 1,000 2,000 3,000 4,000 5,000
DY (z0) time
Distribution of D?(z°) Total arrived drivers

Total Arrived Drivers
Algorithm Risk-Neutral Risk-Sensitive
SPSA-G 754.84 + 317.06 622.38 + 28.36
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Results - Discounted Reward Setting

—— SFG
0.25| |
° —RS-SF-G 800

0.2} -

600 | e
z
= 0.15 - —
.-g o
€ g 400 i
&
200 |- e
5. i
—e— SFG
OF —m—RS-SF-G |
- P Il Il Il Il 1 1
20 30 0 50 0 1,000 2,000 3,000 4,000 5,000
D(a%) time
Distribution of D(z°) Total arrived drivers

Total Arrived Drivers
Algorithm Risk-Neutral Risk-Sensitive
SF-G 832.34 +82.24 810.82 + 36.56
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Average Reward Setting

Results - Actor-Ciritic vs. Policy Gradient

0.25

0.2

Probability
o
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5-1072

65 70

Distribution of D?(z?)
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Results - Average Reward Setting

0.25
300 |-

0.2 4
z 200
= 015 B - [
E 3
£ <

o1r b 100

5-1072 1 i —eo— AC
Us —m—RS-AC |
OZU 30 40 50 60 70 0 1,000 2,000 3,000 4,000 5,000
P time
Distribution of p Average junction waiting time
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Conclusions

For discounted and average reward MDPs, we
> define a set of (variance-related) risk-sensitive criteria
> show how to estimate the gradient of these risk-sensitive criteria
> propose actor-critic algorithms to optimize these risk-sensitive criteria
> establish the asymptotic convergence of the algorithms

» demonstrate their usefulness in a traffic signal control problem
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Mean-CVaR Optimization

Probability

Probability

T
Mean VaR | Loss

max Mean(D") min Mean(D*")
2 "
s.t. CVaRg(D") > 8 s.t. CVaR,(D") < B

Mean-CVaR Optimization

1. Y. Chow and MGH. “Algorithms for CVaR Optimization in MDPs"”. NIPS-2014.

2. Y. Chow, MGH, L. Janson, and M. Pavone. “Risk-Constrained Reinforcement Learning
with Percentile Risk Criteria”. JMLR-2017.

3. A. Tamar, Y. Glassner, and S. Mannor. “Optimizing the CVaR via Sampling”. AAAI-2015.
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Mean-CVaR Optimization

Value-at-Risk (VaR)

A
/'\\_
PN
z| i
= H \
el ! \
© | \
S| h
o | |\.\
! | N CVaR
| e
i | .\’\»L‘
< . [
1 >
Mean VaR Loss

Cumulative Distribution

Value-at-Risk at the Confidence Level a € (0,1)

VaR,(Z) = min{z | F(z) > a}
A
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Mean-CVaR Optimization

Properties of VaR
VaR,(Z) =min{z | F(z) > a}
» when F' is continuous and strictly increasing, VaR,(Z) is the
unique z satisfying F'(z) = «

> otherwise, VaR,(Z) can have no solution or a whole range of
solutions

» often numerically unstable and difficult to work with

> is not a coherent risk measure

» does not quantify the losses that might be suffered beyond its value
at the (1 — a)-tail of the distribution (Rockafellar & Uryasev, 2000)

A
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Mean-CVaR Optimization

Conditional Value-at-Risk (CVaR)

Probability

. CVaR
R
.

Mean VaR ! Loss

Conditional Value-at-Risk at the Confidence Level a € (0,1)

CVaRa(Z) =E[Z | Z > VaRa(Z)] coherent risk measure
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Mean-CVaR Optimization

Conditional Value-at-Risk (CVaR)

Probability

Mean VaR ! Loss

Conditional Value-at-Risk at the Confidence Level a € (0,1)
CVaRa(Z) =E[Z | Z > VaRa(Z)] coherent risk measure

A Different Formula for CVaR (Rockafellar & Uryasev, 2002)

max(Z—v,0)

CVaRa(Z) = min Ha(Z,v) £ min {u + ﬁE[ (Z —v)* ]}

veR ve
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Mean-CVaR Optimization

Conditional Value-at-Risk (CVaR)

Probability

Mean VaR ! Loss

Conditional Value-at-Risk at the Confidence Level a € (0,1)

CVaRa(Z) =E[Z | Z > VaRa(Z)] coherent risk measure

A Different Formula for CVaR (Rockafellar & Uryasev, 2002)

max(Z—v,0)

CVaRa(Z) = min Ha(Z,v) £ min {u + ﬁE[ (Z —v)* }}

veR ve

H.(Z,v) is finite and convex, hence continuous, as a function of v
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Mean-CVaR Optimization

Mean-CVaR Optimization

Optimization Problem (Rockafellar & Uryasev, 2000, 2002)

muin VH(20) s.t. CVaR, (D*(2°)) < B
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Mean-CVaR Optimization

Mean-CVaR Optimization

Optimization Problem (Rockafellar & Uryasev, 2000, 2002)

muin VH(20) s.t. CVaR, (D*(2°)) < B

Nice Property of CVaR Optimization (Biuerle & Ott, 2011)

> there exists a deterministic history-dependent optimal policy for
CVaR optimization

» does not depend on the complete history, just the accumulated
discounted cost

t—1
at time ¢, only depends on x; and Z’ka(SEk, ak)
k=0

A
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Mean-CVaR Optimization

Mean-CVaR Optimization

Optimization Problem

m&n VH(%)  st. CVaR.(D*(z?)) <
min V(%) s.t. H, (DG(:CO),Z/) <p

0,v

max min (L(Q, v, \) 2 VO (x%) + A(Ha (DQ(CCO)7 v) — /8))

A>0 O,
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Mean-CVaR Optimization

Mean-CVaR Optimization

Optimization Problem
minV*(z%)  st.  CVaR,(D"(2°)) < B
“w
rgin V0 (x0) s.t. H, (D% (2%),v) < B

max min (L(Q, v, \) 2 VO (x%) + A(Ha (DQ(CCO)7 v) — /8))

A>0 O,
The goal is to find the saddle point of L(6,v, \)
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Mean-CVaR Optimization

Computing the Gradients

Computing the Gradients V4L(0,v,\), 8,L(0,v,)), VAL(6,v,\)

VoL(0,v,\) = VoV (2®) + ﬁVgE[(DQ(xO) - u)+]

O, L(0,1,\) = )\(1 + ! - O.E[(D (") - ,,)+])

> ,\<1 - ﬁP(DG(xO) > y))

V)\L(a,l/,)\) =v+ (1ia)E|:(D9(xO) = y)+] —/8

S means that the term is a member of the sub-gradient set 9, L(0, v, \)
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Mean-CVaR Optimization

Policy Gradient Algorithm for Mean-CVaR Optimization

Input: parameterized policy u(:|-;0), confidence level «, loss tolerance 8

Init: Policy parameter 0 = 6y, VaR parameter v = v, Lagrangian parameter A = Ao
fori=0,1,2,... do

for j=1,2,... do

Generate N trajectories {&;; }] 1, Starting at xo = 20 & following the policy 0;
end for

N

v Update: v; 1 =1, [w E10) (Ai - (13\7;)]\, 2:: 1{D(&:) > Vz})}

0 Update: 0;41 =1 {9 — Gl ( ZW log Py (&5,:) =0, D(&5,4)

Jj=1
A N
+ W Z Vo logPy(&j,)le=0, (D(&),s) — vi)1{D (&) > Vz}):|

A Update: N4 =1, |:)\i +G (L)( -8 +

N
AN Z (&,4) — i)l{D(fj,i) > Vz}):|
end for

j=1
return parameters v, 6, A

| three time-scale stochastic approximation algorithm |
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Mean-CVaR Optimization

Main Problem of VaR and CVaR Optimization

» sampling-based approaches to quantile estimation (including VaR and

cvar) suffer from high variance

» only aN among N samples are effective
(more variance for o close to 1)

» using importance sampling for variance reduction
(Bardou et al., 2009; Tamar et al., 2015)

N

> 1{D(g) > Vi}):|

j=1

Ai

v Update: viv1 =1y |:I/i — C3(l) (}\1 — m
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Mean-CVaR Optimization

Other Notes on Mean-CVaR Optimization Algorithm

» estimating v is in fact estimating VaR,,

> we can also estimate v using the empirical a-quantile

)
£

nF
N
Z {D(fz) < z} (empirical C.D.F.)
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Mean-CVaR Optimization

Actor-Critic Algorithms for Mean-CVaR Optimization

Original MDP M= (X, AC, P F)
Augmented MDP M= (X,AC,P,P)
X =X xR, A=A, Po(x,8) = Po(z)1{sp = s}

otherwise.

P(a'|z,a) if s’ =(s—C(z,a))/v,

P(2',s'|z,s,a) .
0 otherwise.

_ +/(1 — if x =
C(z,s,a) { (= 5) /A=a) ife=ar,
z: a terminal state of M

s7: value of the s-part of the state at a terminal state zp after T steps

1 T-—1
t
sp = —% [1/ — E o C(xt,at)}
vy
- Fal
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Mean-CVaR Optimization

Actor-Critic Algorithms for Mean-CVaR Optimization

vP (%)

E[(DG(.'I:O) - I/)+]

VoL(0,v,X) = Vg | E[D?(z")] +

A
(1-a)

A
(1-a)

VO (20,v)

VAL, v,\)=v— B+ Vx| E[D"(")] +

E [(DG (20) — l/)+]

V72", v): value function of policy @ at state (2°,v) in augmented MDP M
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Mean-CVaR Optimization

Experimental Results

A

M. Ghavamzadeh — Risk-averse Decision-makin Control Adobe




American

Mean-CVaR Optimization

Option Pricing Problem (chow & m6H, 2014)

Problem Description

State: vector of cost and time z; = (¢, t)

Action:

accept the present cost or wait (2 actions)

Cost:

Dynamics:

Aim:

ct if price is accepted or t =T,
c(ze) = .
pr  otherwise.

Tip1 = (Ct+1,t—|- 1), and

fuct w.p. p,
Ct+1 =
fact w.p. 1—p.

find a risk-sensitive control strategy that minimizes the total
cost, while also avoiding large values of total cost

M. Ghavamzadeh — Risk-averse Decision-making & Control

A

Adobe




Mean-CVaR Optimization

Results - American Option Pricing Problem

Policy Gradient mean-CVaR optimization « =0.95, =3

1.5 10000

—Expectation W Expectation
—CVaR(0.95) HCVaR(0.95)
8000
2
2 4
2 A & 6000
= /) S
S | g
3 f \ £ 4000
805 |
D‘ i
2000
—02 2 4 6 00 2 6
Cost Cost
Distribution of DY () Histogram of D?(2°)

RS-PG vs. Risk-Neutral PG: slightly higher cost — significantly lower variance
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Mean-CVaR Optimization

Results - American Option Pricing Problem

Actor-Critic mean-CVaR optimization « = 0.95, =3

1.5 10000

—Expectation i W Expectation
—CVaR(0.95) [IJCVaR(0.95)
- —CVaR(0.95) SPSA 8000 BCVaR(0.95) SPSA
2 -
3 & 6000
= g
5 g 4000
s i
'§ 0.5
o
2000
L.
—01 1 2 3 0O 2 6
Cost Cost
Distribution of DY () Histogram of D?(2°)

RS-AC vs. Risk-Neutral AC: slightly higher cost — lower variance

A
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Mean-CVaR Optimization

Results - American Option Pricing Problem

[WMExpectation [EMExpectation
[BCVaR(0.95) [CICVaR(0.95)
BCVaR(0.95) SPSA|

Frequency
B
Frequency

5; L

Tail of De(azo) Tail of De(xo)
ED"G")] | oD@ | CVaRID" @)
PG 1.177 1.065 4.464
PG-CVaR 1.997 0.060 2.000
AC 1.113 0.607 3.331
AC-CVaR-SPSA 1.326 0.322 2.145
AC-CVaR 1.343 0.346 2.208

Risk-Neutral PG and AC have much heavier tail than RS-PG and RS-AC

A
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Expected Exponential Utility

Expected Exponential Utility

A
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Expected Exponential Utility

Expected Exponential Loss

Objective: to find a policy p* such that

* . . 1 T-1
u" = arg min ()\” 2 limsup — logE |e” Zi=0 WtC(Xt’”(Xt))})
13 n—oo BT
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Expected Exponential Utility

Expected Exponential Loss

Objective: to find a policy p* such that

u* = arg min ()\“ 2 lim sup =N logE {eﬂ T WtC(X"”(Xt))}>
13 n—oo BT

Similarity to Mean-Variance Optimization

1

3T logE {eﬁ poriy 7tC(X”‘(Xf))} ~ ]E[D”(:EOH + gVar [D“(xo)] +0(B%)
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Expected Exponential Utility

Expected Exponential Loss

Objective: to find a policy p* such that

u* = arg min ()\“ 2 lim sup =N logE {eﬂ T WtC(X"”(Xt))}>
13 n—oo BT

Similarity to Mean-Variance Optimization

1

3T logE {eﬁ poriy 7tC(X”‘(Xf))} ~ ]E[D”(:EOH + gVar [D“(xo)] +0(B%)

| How to choose the mean-variance tradeoff 3 777 |
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Expected Exponential Utility

Expected Exponential Loss

Objective: to find a policy p* such that

-1
" = argmin (/\“ 2 limsup %log]E eXio C(X”‘(Xt))])

o n— 0o

DP Equation: is non-linear eigenvalue problem

Ky 7k — mi C(z,a) ’ k0 1 v X d inisti
AV (z) min (e ZG;P(QU |z, a)V*(x )) , Vxe (deterministic)

* . eC@a) ’ w1 .
V*(z) = min (Z wlalx) e Z P(z'|z,a)V*(2") |, Vo € X (stochastic)

acA z'eXx
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Expected Exponential Utility

Value lteration for Expected Exponential Loss

» Fix 2° € X and pick an arbitrary initial guess V;
> At each iteration k, for all z € X, do

Vi1 (2) = min (eC(“) > P(x'|x,a>vk<x’>)

z'ex

‘7k+1(95)

Vit1(z) = ‘~/k+1(:v0)

> converges to V* with \* = V*(20)
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Expected Exponential Utility

Policy Iteration for Expected Exponential Loss
> Pick an arbitrary initial guess g

> At each iteration k, solve the principle eigenvalue problem
(policy evaluation)

MeVi(@) = e @) S P (@) Via!), Vo€ X, with Vi(2®) = 1

z'eXx

> Forall x € X, set (policy improvement - greedification)

tik+1(x) € argmin <ec(z’a) Z P(;B/x,a)Vk(x/))

a€A z'ex

» (Vi, \x) converges to (V*,\*) with V*(z%) = 1
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Expected Exponential Utility

Q-Learning for Expected Exponential Loss

Action-value Function

C(z,a)
e
Q' (w.a) = o 3 Pl )V ()

z'eX

DP Equation
C(z a)
Q" (x,a) = ZP ", a) me (x',a")
' eX
Q-value lteration (Vzrex,Vac A , fix 20¢€ X, a® € A)
@k+1(x7a) = 60(270‘) Z P(ZU/|.’L'7CL) min Qk(x/aal)7 Qk+1(x7a) = M
S wea Qrsi (a0, a0)

Q-Learning

eC(z a)

Qs (:0) = Qu(0:0) + <) o gy L Q) ~ Qo))
fA
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Expected Exponential Utility

Actor-Critic for Expected Exponential Loss

DP Eq. for Policy 6

eC(ac,a) , ,
V(x) = Z u(a|m;9)T Z P(a'|z,a)V ()

acA z'eXx

Markov Chain Induced by Policy 6

> aca ilalz; 0)e? > P2z, a)VO (')

P’(a'|z) = A0V (z)

with stationary distributions d?(z) and ©%(z,a) = d?(2)u(al|z; 0)
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Expected Exponential Utility

Actor-Critic for Expected Exponential Loss

Gradient of the Performance Measure

VoA’

Volog(\?) = G Zﬂ' z,a)Vou(alz; )¢’ (z,a)
= Z ﬂe(x,a)V9,u(a\m;0)[q0(x,a)—qe(xo,ao)]
z,a#a0
where
0 C(ac a) 0
' 0,0) = oy 2 PV @)

z'eX
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Expected Exponential Utility

Actor-Critic for Expected Exponential Loss

Critic Update

eC(@t.at)

a(@e,ar) = qer, ar) + Calt) ( Q@i ) o, at>)

e

Actor Update

011 = 0 — Q1 (t)Vop(ar|ze;0) [¢° (e, ar) — ¢° (2°,a°)]

Two Time-Scale Stochastic Approximation

=0 im S10) =
Gu(t) = o(Ca(t)) , Jim 0 0
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