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Abstract

It is often useful to know, in advance, how much effort will bequired to solve a search problem. Current
techniques for estimating the number of nodes that a boudeleith-first search will expand require copious amounts
of off-line training and only make predictions in domaingwinteger-valued heuristic estimates. We present a new
technique for estimating the number of nodes that a boundpthefirst search will expand. Our technique has two
main benefits over previous approaches: 1) it will work in d@m with real-valued heuristic estimates and 2) it
can be trained on-line during an iteration of search. We sti@at our technique can predict as well as previous
approaches when trained off-line. We also show that our rwoach can be used on-line to accurately predict the
number of nodes that an IDA* style search will encounter dossguent iterations. We demonstrate the usefulness
of this technique by controlling an IDA* search: using knedge learned on previous iterations to set the bound for
subsequentiterations. While our technique has more oadrthan previous methods for controlling IDA*, it can give
more robust performance by accurately doubling the amdusgarch effort between iterations.



0.1 Introduction

Best-first search is a fundamental tool for automated prepand problem solving. One major drawback of best-first
search algorithms such as A* [Hart et al., 1968] is that they mse an excessive amount of memory. This means
that for large problems in which many nodes must be generateid infeasible. In many of these domains, iterative
deepening A* (IDA*, [Korf, 1985]) can be applied. IDA* penfms a series of bounded depth-first searches. Each
search expands all nodes whose estimated solution £ofgtlls within the bound. After every iteration that fails to
expand a goal, the bound is increased to the mininfumalue of any node that was generated but not previously
expanded. Because it uses depth-first search, iteratiyeedary only uses an amount of memory that is linear in the
maximum search depth.

Due to the exponential nature of many search spaces, thete te be a large variability in the running time of
search algorithms even across different instances in time skeomain. Knuth [1975] points out that making even a
slight change to a search space may cause a search thallyypicaires only seconds to require centuries. This
makes it useful to have an estimate of how long a search igdoitake.

One possible use for such a prediction is to compare diffgr@rameter settings for a problem without having to
run a full search. Haslum et al. [2007] use one such techrimselect the best among different heuristics for domain
independent planning. This approach to estimating sedfett,edeveloped by Korf et al. [2001] and later extended
by Zahavi et al. [2010], is able to predict the number of exgi@mwith surprising accuracy. However, this method has
two drawbacks: 1) it requires copious amounts of off-lirsérting to learn the distribution of heuristic values andt2) i
does not extend easily to domains with real-valued hearstiimates.

Search performance predictions can also be used duringhsachange the behavior of an algorithm on-line
to better suit the characteristics of the current probleDA*Iwith Controlled ReexpansionDA* cg, [Sarkar et al.,
1991]) uses a simple model of the search tree in betweeridesaof an IDA* search to predict a good bound for
the next iteration. However, as we will see, the simple maded in IDA*:r is fragile because its accuracy relies on
properties of a search space that are not always present.

The main contribution of this work is a new type of model thah de used to estimate the number of nodes
expanded in an iteration of IDA*. We call our new model imcremental modebnd we show that it is able to
predict as accurately as the current state-of-the-art hfodthe unit-cost 15-puzzle when trained off-line. Unlitke
previous approaches, however, our incremental model canhalndle domains with real-valued heuristic estimates.
Furthermore, while the previous approaches require lamgguats of off-line training, our model may be trained on-
line during a search. We show that our model can be used toat@m IDA* search by using information learned
on completed iterations to determine a bound to use in theesjutent iteration. Our results show that our new model
accurately predicts IDA* search effort. While IDA* guidamasing our model tends to be expensive in terms of CPU
time, the gain in accuracy allows the search to remain rolrdtke the other IDA* variants which occasionally give
very poor performance, IDA* using an incremental model thei the best or it remains competitive with the best
IDA* variant on the domains used in our experiments.

0.2 Previous Work

Korf et al. [2001] give a formula (henceforth abbreviatéeE) for predicting the number of nodes IDA* will expand
with a given heuristic when searching to a given cost thrieshbhe KRE method uses an estimate of the heuristic
value distribution in the search space to determine theepaige of nodes at a given depth thatfaréle. A fertile
node is a node within the cost bound of the current searcdtioerand hence will be expanded by IDA*.

The KRE formula requires two components: 1) the heuristatridiution in the search space and 2) a function
for predicting the number of nodes at a given depth in theebfoitce search tree. They showed that off-line random
sampling can be used to learn the heuristic distributiom.tf@r experiments a sample size of ten billion states was
used to estimate the distribution of the 15-puzzle. Adddity, they demonstrate that a set of recurrence relations,
based on a feature called thgeof a node, can be used to find the number of nodes at a given otetita brute-
force search tree for a tiles puzzle or Rubik’s cube. Theltesfithe KRE formula using these two techniques gave
remarkably accurate predictions when averaged over afangber of initial states for each domain.



Zahavi et al. [2010] provide a further generalization ofltiRE formula called Conditional Distribution Prediction,
or CDP. The CDP formula uses a conditional heuristic distributiorpredict the number of nodes within a cost
threshold. The formula takes into account more informatian KRE such as the heuristic value and node type of
the parent and grandparent of each node as conditions orethéstic distribution. This extra information enables
CDP to make predictions for individual initial states andiomains with inconsistent heuristics. Using CDP, [Zahavi
et al., 2010] show that substantially more accurate priedistcan be made on the sliding tiles puzzle and Rubik’s
cube given different initial states with the same heurigtilie.

While the KRE and CDP formulas are able to give accurate ptiedis, their main drawback is that they require
copious amounts of off-line training to estimate the hdigaridistribution in a state space. Not only does this type of
training take an excessive amount of time but it also doesihmi/ the model to learn any instance-specific informa-
tion. In addition, the implementation of these formulaspecied by Zahavi et al. [2010] assumes that the heuristic
estimates have integer values so that they can be used toiimtde large multi-dimensional array. Many real-world
domains have real-valued edge costs and therefore thésedaes are not applicable in those domains.

0.2.1 Controlling Iterative Search

There are two reasons why IDA* is able to excel on classic ewac benchmarks like the sliding tile puzzle and
Rubik’'s Cube. First, when the appropriate symmetry-bmegkind pruning rules are used, both domains form search
spaces that are sparsely connected and closely resemdde ti2A* uses a depth-first search and any domain that
has many paths to the same nodes will cause the algorithmradl tims graph, re-visiting all descendant states,
until the cost bound is reached. This causes IDA* to expandymaore nodes than a graph search algorithm with
duplicate detection such as A*. We will not address thisasisuthis paper, instead assuming that the search space
contains relatively few redundant paths. This is not anaswaable assumption since many real-world domains (such
as temporal planning) have this property.

The second reason that IDA* performs well on both of these alomis that they both have a geometrically
increasing number of nodes that fall within the cost boundt &sincreased by the minimum possible amount. It
has been shown that in a non-geometrically growing dom&A; Imay perform©O(n?) expansions where is the
number of nodes expanded by A* and in a domain that grows geimalgy IDA* will expand O(n) nodes [Sarkar
et al., 1991]. Unfortunately, domains with real-valuededgsts tend to have many distirfctalues and therefore do
not grow geometrically.

The problem with IDA* in domains with many distingtvalues is well known and has been explored in past work.
Vempaty et al. [1991] present an algorithm called DFS*. DisS4 combination of IDA* and depth-first search with
branch-and-bound which sets the bounds between iterations liberally than standard IDA*. While the authors
describe a sampling approach to estimate the bound incbesiaeen iterations, in their experiments, the bound is
simply increased by doubling.

Wah and Shang [1995] present a set of three linear regreswmdels to control an IDA* search. Unfortunately,
intimate knowledge of the growth properties pfayers in the desired domain is required before the methondea
used. In many settings, such as domain-independent piaforiexample, this knowledge is not available in advance.

IDA* with Controlled Re-expansion (IDA&g, [Sarkar et al., 1991]) uses a method similar to that of DRBA* ¢
uses a simple model of the search space that trackg tlues of the nodes that were pruned during the previous
iteration and uses them to find a bound for the next iteralidA* cg uses a histogram to count the number of nodes
with each out-of-bound value during each iteration of search. When the iteratimomplete, the histogram is used
to estimate th¢g value that will double the number of nodes in the next iteratiThe remainder of the search proceeds
as in DFS*, by increasing the bound and performing brana+asund on the final iteration to guarantee optimality.

While IDA* g is simple, the model that it uses to estimate search effbesrapon two properties of the search
space to achieve good performance. The first is that the nuohibedes that are generated outside of the bound must
be at least the same as the number of nodes that were expadhtihexie are an insufficient number of pruned nodes,
IDA* cr sets the bound to the greatest prurfedalue that it has seen. This value may be too small to significa
advance the search. The second property is that no nodesd¢igenerated from the pruned successors of one iteration
should fall within the bound on the next iteration. If thisppens, then the next iteration may be much larger than
twice the size of the previous. As we will see, this can cabsesearch to overshoot the optimal solution cost on its



final iteration, giving rise to excessive search effort.

0.3 Incremental Models of Search Trees

To estimate the number of nodes that IDA* will expand with &egi cost threshold we would like to know the
distribution of f values in the search space. Assuming a consistent hepafiticodes withf values within the
threshold will be expanded. If this distribution is givenaakistogram that contains the number of nodes with ¢ach
value then we can simply sum the weight fovalues less than and equal to our cost bound to find the dewsirater
of nodes. Our new incremental model performs this task asdheability to be trained both off-line with sampling
and on-line during a search.

We estimate the distribution gf values using two steps. In the first step we learn a model ofthevf values
are changing from nodes to their offspring and in the secoep we extrapolate from the model of changefin
values to estimate the overall distribution of/alues. This means that our incremental model manipulatesrtain
distributions: we call the first one thef distribution and the second one tfiéistribution. In the next section, we will
describe the\ f distribution and give two techniques for learning it. Welwlien describe how tha f distribution
can be used to estimate tlfieistribution.

0.3.1 TheAf Distribution

The goal of learning thé f distribution is to predict how th¢ values in the search space change between nodes and
their offspring. The advantage of storidgf values instead of storing thévalues themselves is that it enables our
model to extrapolate to portions of the search space fortwihftas no training data, a necessity when using the model
on-line or with few training samples. We will use the infortioa from theA f distribution to build an estimate of the
distribution of f values over the search nodes.

The CDP technique of Zahavi et al. [2010] learns a conditidis&ribution of the heuristic value and node type of a
child nodec conditioned on the node type and heuristic estimate of thenpaodep notatedP (h(c), t(c)|h(p), t(p)).

As described by [Zahavi et al., 2010], this requires indgxirio a multi-dimensional array according/t(p) and so the
heuristic estimate must be an integer value. Our incrererddel also learns a conditional distribution, however in
order to handle real-valued heuristic estimates, our mergal model uses the integer valued search-space-sieus-t
estimate? of a node instead of its heuristic estimaie]n unit-cost domains] will typically be the same ak, however

in domains with real-valued edge costgjives an estimate of the number of search nodes on an optimsapath to a
goal wherea# gives an estimate of the remaining casts typically easy to compute while computihgThayer and
Ruml, 2009]. The distribution that is learned by the incrataémodel isP(A f(¢), t(c), Ad(c)|d(p), t(p)), that is the
distribution over the change ifivalue between a parent and child, the child node type andhaege ind estimate
between a parent and child given the distance estimate pltfent and the type of the parent node.

The only non-integer term used by the incremental modé\ f§¢). Our implementation uses a large multi-
dimensional array of fixed-sized histograms ogef(c) values. Each of the integer-valued features is used to index
into the array, resulting in a histogram of thef (c) values. By storing counts, the model can estimate the branch
ing factor of the search space by dividing the total numbenades with a givenl andt¢ by the total number of
their offspring. This branching factor is used to estim&ie number of successors of a node when buildingfthe
distribution.

Zahavi et al. [2010] found that it is often important to takéoi account information about the grandparent of a
node for the distributions used in CDP. We accomplish thifwie incremental model by rolling together the node
types of the parent and grandparent into a single type. Fample, on the 15-puzzle, if the parent state has the blank
in the center and it was generated by a state with the blank@sitle then the parent type would beide—center
node. This allows us to use an array with the same dimenéipraross domains that take different amounts of
ancestry into account.



L earning Off-line

We can learn an incrementalf model off-line using the same method for learning distiims with KRE and CDP.
This involves sampling a large number of random states frasoraain. The children (or grandchildren) of each
sampled state are generated. The change in distance esfiaiat) = d(c) — d(p), node type(c) of the child node,
node typet(p) of the parent node, and the distance estiniétg of the parent node are computed and are used to
index into a multi-dimensional array to access the histagttaat corresponds to these features. A count of 1 is then
added to the histogram for the (possibly real-valued) chamg, Af(c) = f(c) — f(p) between parent and child.

L earning On-line

An incrementalA f model can be learned on-line by looking at each node gepeardtiring search. Each time a node
is generated, thAd(c), t(c), t(p) andd(p) values are computed for the parent ngdend child node:. These values
are used to index into an array of histograms, and a count®éilded to the corresponding histogramAgf(c), as

in the off-line case. In addition to these features, whemieg aA f model on-line thedepthof the parent node in
the search tree is also known. We have found that this fegte@ly improves accuracy in some domains (such as
the vacuum domain described below) and so we always add it@sditioning feature when learning an incremental
model on-line.

Since an IDA* search will expand some of the same nodes betie®tions, much of the data used to learn the
Af distribution on-line will be encountered multiple timesce per iteration. Our implementation tracks the bound
used in the previous iteration and the model is only trainedmexpanding a node that would have been pruned on the
previous iteration. This procedure only trains a singlestiom each distinct node generation. Additionally, the dearc
spaces for many domains form graphs instead of trees. Ia tt@sains our implementation of depth-first search does
cycle checking by using a hash table of all of the nodes albegtirrent path. In order for our model to take this extra
pruning into account we only train the model on the successba node that pass the cycle detection.

L earning a Backed-off M odel

Due to data sparsity and because thé model will be used to extrapolate information about the deapace for
which it may not have any training data, a backed-off versibthe model may be needed. The backed-off model is
a more general model that is conditioned on fewer featuresolh node. When querying the model, if there is no
training data for a given set of features, the more geneddahoff model is consulted instead.

When learning a model on-line, because the model is learnéastance-specific data, we found that it was only
necessary to learn a model that backs off the depth featufgenWraining off-line, however, we learn a series of
two back-off models, first eliminating the parent node dise@aestimate and then eliminating both the parent distance
estimate and type.

0.3.2 The f Distribution

Our incremental model predicts the number of nodes withinst threshold for a given start state by estimating the
distribution of f values among the nodes in the search space. We use the itiftorriearned in theA f model to
incrementallybuild our estimation of thg distribution. This is accomplished by using tfi&alue distribution of one
search depth and the modelAff to generate the¢ value distribution for the next depth. By beginning with tloet
node, which has a knowfivalue, our procedure simulates the expansions of each tlmhto compute estimates
of the f value distribution at the next layer. The accumulation efsthdepth-baseflvalue distributions can then be
used to make our prediction.

To increase accuracy, the distributionfofalues at each depth is conditioned on node tyged distance estimate
d. This distribution estimates the number of nodes with amgjj/galue at a each depth with each distinct combination
of ¢t andd. We begin our simulation with a count of 1 fgr= f(root), t = t(root) andd = d(root). Next, theA f
model is used to find a distribution ovArf, ¢t andAd values for the offspring of each combinationt@ndd values of
the nodes at the current depth. By storihgalues, we can computéc) = d(p) + Ad(c) andf(c) = f(p) + Af(c)



SIMULATE (bound, desired, depth, accum, nodes)

. nodes’ = SIM-EXPAND(depth, nodes)

. accum’ = add(accum, nodes — nodes’)

. bound' = find_bound(accum’, bound, desired)

. if weight_left_of (bound’, nodes — nodes’) > €

depth’ = depth + 1

SIMULATE (bound’, desired, depth’, accum’, nodes”)
. else returmccum’

NouAwNE

SIM-EXPAND(depth, nodes)
8. nodes’ = new 2d histogram array
9. for eacht andd with weight (nodes[t,d]) > 0 do
10. fs = nodes|t, d]
11. 9M-GEN(depth,t,d, fs, nodes’)
12. returnnodes’

SIM-GEN(depth, t,d, fs, nodes")

13. for each type’ andAd

14. Afs = delta_f _model[t', Ad, d, t]

15. if weight(Afs) > 0 then

16. d =d+ Ad

17.  fs’ = CONVOLVE(fs, Afs)

18. nodes'[t',d'] = add(nodes'[t',d'], fs")
19. done

Figure 1: Pseudo code for the simulation procedure useditoas thef distribution.

for each parenty, with a child,c. This gives us the number of nodes with edcht andd value at the next depth of
the search.

Because thé\ f values may be real numbers, they are stored as histograns Byfanodel. In order to add(p)+
Af(c), we use a procedure that Ruml [2002] called additive cortiariu The convolution of two histograms, and
wyp, Wherew,, andw, are functions from values to weights, is a histogramwherew. (k) = ZieDomm(%) wa(7) -
wp(k — 7). By convolving thef distribution of a set of nodes with the distribution of theange inf values between
these nodes and their offspring, we get fheistribution of the offspring.

Since the maximum depth of a shortest-path search treeisatijpunknown, our simulation must use a special
criterion to determine when to stop. Ruml [2002] shows tiiatcost bound is known in advance then the distribution
of f values at each depth can be pruned above this bound. In shpath problems, this upper bound can be used to
stop the simulation. With a consistent heuristic fhealues of nodes will be non-decreasing along a path [Pe28411
Eventually the simulation will estimate fewer and fewer mewdes within the bound at each depth. When the expected
number of new nodes is only a fractional value smaller thanesothe simulation can stop. In our experiments we
usee = 10~3. Additionally, because thé value of a node can never be negative, we can prune all nodes/thild
be generated with < 0.

If the incremental model is being used to estimate the nurabandes within a cost threshold then the given
threshold is used as the upper bound for pruning the histegjréf the incremental model is being used to estimate a
bound that will give a specific number of node expansions,nithe total distribution off values contains a weight
that is greater than or equal to the desired number of nodagy@er bound can be found that has the desired weight
to its left. This bound will only decrease as the simulatioagsesses and it can be used to prune the histograms in
this setting.

Figure 1 shows the pseudo-code for the procedure that de8rttzef distribution. The entry point is thei@-
ULATE function which has the following parameters: the cost thoéd bound, desired number of nodeggsired,



the current depthdepth, a histogram that contains the accumulated distributiof @alues so faraccum, and a
2-dimensional array of histograms which stores the comfii distribution off values among the nodes at the current
depth. SMULATE begins by simulating the expansion of the nodes at the cudegsth (line 1). The result of this
is the conditional distribution of values for the nodes generated as offspring at the next d@pisef values are
accumulated into a histogram of gllvalues seen by the simulation thus far (line 2). An upper bdardetermined
based on which estimation mode is currently in use: estigatbdes or estimating a threshold (line 3). If enough
nodes are expected in the next depth then the simulatiomc@strecursively (lines 4—6), otherwise the accumulation
of all f values is returned as the final result. Eitlhetnd or desired may be given aso depending on whether the
model is being used to estimate the number of nodes or a bound.

The Sm-EXPAND function is used to build the conditional distribution oktlfi values for the offspring of the
nodes at the current simulation-depth. For each nodettgpe distance estimatifor which there exist nodes at the
current depth, the1® -GEN function is called to estimate the conditiorfadlistribution of their offspring (lines 9-11).
SIM-GEN uses theA f distribution (line 14) to compute the frequency fp¥alues for nodes generated from parents
with the specified combination of type and distance-esgmBéecause this distribution is ovArf, t andAd, we have
all of the information that is needed to construct the caaddl f distribution for the offspring (lines 16—18).

Warm Starting

As an iterative deepening search progresses, some of thevattradepths becomeompletely expandedo nodes

are pruned at that depth or any shallower depth. All of thédobim of nodes in a completely expanded depth are
completely generatedVhen learning theé\ f distribution on-line, our incremental model has the ex&gth, d and

f values for all of the layers that have been completely geedraVe “warm start” the simulation by seeding it with
the perfect information for completed layers and beginminthe first depth that has not been completely generated.
This can speed up the computation of thdistribution and can increase accuracy.

0.4 Empirical Evaluation

In the following sections we show an empirical study of ounvmeodel and some of the related previous approaches.
We begin by evaluating the accuracy of the incremental matiel trained off-line. We then show the accuracy of
the incremental model when used on-line to control an IDAdrsb.

0.4.1 Off-lineLearning

We evaluate the quality of the predictions given by the im@etal model when using off-line training by comparing
the predictions of the model with the true node expansiomtsouror each problem instance the optimal solution cost
is used as the cost bound. Because both CDP and the incrémei@l estimate all of the nodes within a cost bound,
the truth values are computed by running a full depth-firatae of the tree bounded by the optimal solution cost. This
search is equivalent to the final iteration of IDA* if the atgbm were to find the goal node after having expanded
every other node that falls within the cost bound.

Estimation Accuracy

We trained both CDP and an incremental model off-line on tkiot random 15-puzzle states. We then compared the
predictions given by each model to the true number of noddemthe optimal-solution-cost boundary for each of the
standard 100 15-puzzle instances due to Korf [1985]. Thepbafel of Figure 2 shows the results of this experiment.
The x axis is on a log scale; it shows the actual number of nadtbén the cost bound. The y axis is also on a log
scale; it shows the ratio of the estimated nhumber of noddsgt@ttual number of nodes. The closer that this ratio is
to one (recall that log,1 = 0) the more accurate the estimation was. The median ratitéincremental model was
1.435 and the median ratio for CDP was!65 on this set of instances. From the plot we can see that, onilesteimce,

the incremental model gave estimations that were nearlivalgnt to those given by CDP, the current state-of-the-art
predictor for this domain.
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To demonstrate our incremental model’s ability to make jotéxhs in domains with real-valued edge costs and
with real-valued heuristic estimates, we created a modiesion of the 15-puzzle where each move costs the square
root of the tile number that is being moved. We call this penbthe square root tiles puzzle. As described by Zahavi
et al. [2010], CDP is not able to make predictions on this darbacause of the real-valued heuristic estimates. The
right panel of Figure 2 shows the estimation to actual raiidlie predictions given by the incremental model trained
off-line on fifty billion random square root tiles states.el$ame 100 puzzle states were used. Again, both axes are on
a log scale. The median estimation factor on this set of psazh<2.807.

Small Sample Sizes

Haslum et al. [2007] use a technique loosely based on the KRfEula to select between different heuristics for
domain independent planning. When given a choice betweemguristics, we would like to select the heuristic that
will expand fewer nodes. Using KRE (or CDP) to estimate nodeaasions requires a very large off-line sample of
the heuristic distribution to achieve accurate predididince the incremental model ugevalues and a backed-off
model, however, it is able to make useful predictions witty\tle training data. To demonstrate this, we created 100
random pairs of instances from Korf’s set of 15-puzzles. Weduboth CDP and the incremental model to estimate
the number of expansions required by each instance when g#/eptimal solution cost. We rated the performance
of each model based on the fraction of pairs for which it wds &bcorrectly determine the more difficult of the two
instances.

The left plot in Figure 3 shows the fraction of pairs that werdered correctly by each model for various sample
sizes. Error bars represent 95% confidence intervals on #@mWe can see from this plot that the incremental
model was able to achieve much higher accuracy when orddrengnstances with as few as ten training samples.
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Figure 4: IDA*, IDA* cr and IDA*, growth rates and number of instances solved.

With 10,000+ training samples, CDP was able to improve itsiescy becoming nearly indistinguishable from the
incremental model. The right plot in this figure shows thénestion factor over all estimates made by each model.
While CDP achieved higher quality estimates with 10,00@ining instances, the incremental model was able to make
much more accurate predictions when trained on only 10, h@QgD00 samples.

0.4.2 On-lineLearning

In this section, we evaluate the incremental model whenadhon-line during each iteration of an IDA* search. When
it comes time to set the bound for the next iteration, theam@ntal model is consulted to find a bound that is predicted
to double the number of node expansions from that of the puaviteration. We call this algorithm IDAg. As we

will see, because the model is trained on the exact instamaelfich it will be predicting, the estimations tend to be
more accurate than the off-line estimations, even with ammmaller training set. In the following subsections, we
evaluate the incremental model by comparing IRAto IDA* and IDA* cr..

Sliding Tiles

The unit-cost sliding tiles puzzle is a domain where statitl2A* search works very well. On this set of experiments,
we used the Manhattan distance heuristic. The minimum ocaseéase between iterations is two and it leads to a
geometric increase in the number of nodes between subgstgrations.

The top left panel of Figure 4 shows the median growth fadtar,relative size of one iteration compared to the
next, on the y axis, for IDA* , IDA%gr and IDA*),. Ideally, all algorithms would have a median growth factér o
two. All three of the lines for the algorithms are drawn difgon top of one another in this plot. While both IDA
and IDA*) attempted to double the work done by subsequent iteratédirsigorithms still achieved no less than 5x
growth. This is because, due to the coarse granularitfy wdlues in this domain, no threshold can actually achieve
the target growth factor. However, the median estimaticiofa(estimatedactual) of the incremental model over all
iterations in all instances wds029. This is very close to the optimal estimation factor of one, Bhile granularity
of f values made doubling impossible, the incremental modepstidicted the amount of work with great accuracy.



The bottom panel shows the percentage of instances soltbihwhe time given on the x axis. Because ID@*and
IDA* cr must use branch-and-bound on the final iteration of seamghate unable to outperform IDA* in this domain.

Square Root Tiles

While IDA* works well on the classic sliding tile puzzle, avial modification exposes its fragility: changing the edge
costs. In this section, we look at the square root cost vadathe sliding tiles where each action costs the square
root of the number of the tile being moved. In these experisjame used the Manhattan distance heuristic taking
into account the square root of the numeric value on eachrttiies domain has many distin¢tvalues so when IDA*
increases the bound to the smallest out-of-bofindlue, it will visit a very small number of new nodes with the
samef in the next iteration. We do not show the results for IDA* oiistdomain because it gave extremely poor
performance. IDA* was unable to solve any instances withelmur timeout and at least one instance requires more
than a week to solve. Even with the branch-and-bound reqeaing, IDA*) and IDA*cg easily outperform IDA* by
increasing the bound more liberally between iterations.

The second column of Figure 4 presents the results for |[pA&Nnd IDA*cr. While IDA* cr gave slightly better
performance with respect to CPU time, its model was not abpedvide very accurate predictions. The growth factor
between iterations for IDAZgz was no smaller than eight times the size of the previoustiteravhen the goal was
to double. The incremental model, however, was able to Keegtowth factor very close to doubling. The median
estimation factor wa8.871 for the incremental model which is much closer to the optiesdimation factor of 1 than
when the model was trained off-line. We conjecture that the@hwas able to learn features that were specific to the
instance for which it was predicting.

One reason why IDA#r was able to achieve competitive performance in this donslrecause, by increasing
the bound very quickly, it was able to skip many iterationsedrch that IDAf, performed. IDA%r performed no
more than 10 iterations on any instance in this set wheredsjpperformed up to 33 iterations on a single instance.
Although the rapid bound increase was beneficial in the sguaant tiles domain, in a subsequent section, we will see
that increasing the bound too quickly can severely hindopmance.

Vacuum Maze

The objective of the vacuum maze domain is to navigate a rilbotigh a maze in order for it to vacuum up spots
of dirt. In our experiments, we used 20 instances of 500x5889a® that were built with a depth-first search. Long
hallways with no branching were then collapsed into singlges with a cost equivalent to the hallway length. Each
maze contained 10 pieces of dirt to be vacuumed and the gaasstere all states with no dirt. The median number
of states per instance waé million and the median optimal solution cost w2&027. The heuristic was the size of
the minimum spanning tree of the locations of the dirt anduuat. Thepathmaxprocedure was used to make the
values non-decreasing along a path.

The third column of Figure 4 shows the median growth factat mmmber of instances solved by each algorithm
for a given amount of time. Again, IDA* is not shown due to itsry poor performance in this domain. Because
there are many dead ends in each maze the branching factos idamain is very close to one. The model used by
IDA* cr gave very inaccurate predictions and the algorithm ofteneiased the bound by too small of an increment
between iterations. IDAZr performed up to 386 iterations on a single instance. Withetkeeption of a dip near
iterations 28—38, the incremental model was able to acelyrfihd a bound that doubled the amount of work between
iterations. The dip in the growth factors may be attributelistogram inaccuracy on the later iterations of the search
The median estimation factor of the incremental model W&68, which is very close to the perfect factor of one.
Because of the poor predictions given by the IRA'Model it was not able to solve instances as quickly as |RA*
on this domain.

While our results demonstrate that the incremental modet gary accurate predictions in the vacuum maze
domain, it should be noted that, due to the small branchiopfaiterative searches are not ideal for this domain. A
simple implementation of frontier A* [Korf et al., 2005] wadble to solve each instance in this set in no more than
1,887 CPU seconds.



Uniform Trees

We also designed a simple synthetic domain that illustrdte $rittleness of IDA&r. We created a set of trees with
3-way branching where each node has outgoing edges of cast26f and 100. The goal node lies at a depth of 19
along a random path that is a combination of 1- and 20-cost add the heuristic used ts= 0 for all nodes. We
have found that the model used by IDAswill often increase the bound extremely quickly due to thrgéal 00-cost
branches. Because of the extremely large searches crgatPédbcr we use a five hour time limit in this domain.

The right-most column Figure 4 shows the growth factors amtlver of instances solved in a given amount of
time for IDA* )y, IDA* crand IDA*. Again, the incremental model was able to achiewy @ecurate predictions with
a median estimation factor 6f978. IDA* y was able to solve ten of twenty instances and IDA* solved teigithin
the time limit. IDA*, solved every instance in less time than IDA*. IDA%was unable to solve more than two
instances within the time limit. This was because the modetilby IDA*:g grew the bounds in between iterations
extremely quickly, as can be seen in the growth factor pltt@upper right in Figure 4.

Although IDA* tended to have reasonable CPU time perforneaincthis domain, its growth factors were very
close to one. The only reason that IDA* achieved reasonabf®pnance is because expansions in this synthetic tree
domain required virtually no computation. This would notdieserved in a domain where expansion required any
reasonable computation (i.e. many of the heuristics useddimain independent planning).

0.43 Summary

When trained off-line the incremental model was able to maileglictions that were nearly indistinguishable from
CDP, the current state-of-the art, on the 15-puzzle domhiraddition to this, the incremental model was able to
estimate the number of node expansions on a real-valuezhvanfi the sliding tiles puzzle where each move costs the
square root of the tile number being moved. When presentidpairs of 15-puzzle instances, the incremental model
trained with 10 samples was more accurately able to predittiwinstance would require fewer expansions than CDP
when trained with 10,000 samples.

The incremental model made very accurate predictions s@lbdomains when trained on-line and when used to
control the bounds for IDA*, our model made for a robust sea¥hile the alternative approaches occasionally gave
extremely poor performance, IDA* controlled by the incrertad model achieved the best performance of the IDA*
searches in the vacuum maze and uniform tree domains andowgmetitive with the best search algorithms for both
of the sliding tiles domains.

0.5 Discussion

To ensure the termination of the simulation procedure, tiseemental model assumes that the heuristic used in the
search problem is consistent [Pearl, 1984]. Since the sitioul terminates when it predicts that a sufficiently small
fraction of nodes will be generated within the current uppeund, it is necessary that thfevalues consistently
increase. If this did not happen, the simulation may comtiftuever because there is always a chance for a sufficient
number of new nodes to be generated within the bound. Adgistie simulation to handle inconsistent heuristics
would be interesting future work.

In search spaces with small branching factors such as theumamaze domain, the backed-off model seems to
have a greater impact on the accuracy of predictions thaearch spaces with larger branching factor such as the
sliding tiles domains. Because the branching factor in #eaum maze domain is small, however, the simulation must
extrapolate out to great depths (many of which the model babeen trained on) to accumulate the desired number
of expansions. The simple backed-off model used here magebred depth. While this tended to give accurate
predictions for the vacuum maze domain, a different model bearequired for other domains.

0.6 Conclusion

In this paper, we presented a new incremental model for gtiadithe distribution off values and hence the number of
nodes that bounded depth-first search will visit. Our new @hcgdcomparable to state-of-the-art methods in domains
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where those methods apply. The three main advantages otaumodel are that it works naturally in domains with
real-valued heuristic estimates it is accurate with fewning samples and it can be trained on-line. We demonstrated
that training the model on-line can lead to more accuratdiptions. Additionally, we have shown that the incremental
model can be used to control an IDA* search, giving a robugdréthm, IDA* . Given the prevalence of real-valued

costs in real-world problems, on-line incremental modeés an important step in broadening the applicability of
iterative deepening search.
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